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Preliminary study of systems y′′ = F(x, y)
Equivalence transformations

1 Linear change of the dependent variables

ỹ = Py

2 the change
ỹ = y + g(x)

3 the change
x̃ = ϕ(x), ỹ = yψ(x),

where
ϕ′′

ϕ′
= 2

ψ′

ψ
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ỹ = Py

2 the change
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Determining equations (y = (y, z))

Fz(ξ
′z + zk4 + yk3 + ζ2) + Fy(ξ

′y + zk2 + yk1 + ζ1)
+2Fxξ − ξ′′′y + 3ξ′F − ζ ′′1 − k1F − k2G = 0,

Gz(ξ
′z + zk4 + yk3 + ζ2) + Gy(ξ

′y + zk2 + yk1 + ζ1)
+2Gxξ − ξ′′′z + 3ξ′G− ζ ′′2 − k3F − k4G = 0,

where an admitted generator has the form

X = 2ξ(x)∂x+(yξ′(x)+k1y+k2z+ζ1(x))∂y+(ξ′z+k3y+k4z+ζ2(x))∂z,
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Simplifications of a generator (y = (y, z))
Case ξ 6= 0

The equivalence transformations

x1 = α(x), y1 = yβ(x), z1 = zβ(x),

where
α′′β = 2α′β′, (α′β 6= 0), 2ξβ′/β + ξ′ = 0

reduces the generator Xo to

Xo = ∂x + (a11y + a12z)∂y + (a21y + a22z)∂z.

The determining equations become(
(Ay)t∇

)
F + Fx − AF = 0, (1)

where

A =

(
a11 a12
a21 a22

)
, ∇ =

(
∂y

∂z

)
.
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Simplifications of a generator (y = (y, z))
Case ξ 6= 0. Simplifications of the matrix A

The change ỹ = Py gives

P−1
((

(Ãỹ)t∇̃
)

F̃ + F̃x − ÃF̃
)

= 0,

where
Ã = PAP−1, F̃(x, ỹ) = PF(x,P−1ỹ).

J1 =

(
a 0
0 b

)
, J2 =

(
a c
−c a

)
, J3 =

(
a 1
0 a

)
, (2)
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Simplifications of a generator (y = (y, z))
Case ξ 6= 0 and A = J1

ayFy + bzFz + Fx = aF,
ayGy + bzGz + Gx = bG.

The general solution of these equations is

F(x, u, v) = eaxf (u, v), G(x, u, v) = ebxg(u, v)

u = ye−ax, v = ze−bx.

Xo = ∂x + ay∂y + bz∂z.



Simplifications of a generator (y = (y, z))
Case ξ 6= 0 and A = J2

F(x, u, v) = eax (cos(cx)f (u, v) + sin(cx)g(u, v)) ,
G(x, y, z) = eax (− sin(cx)f (u, v) + cos(cx)g(u, v))

u = e−ax(y cos(cx)− z sin(cx)), v = e−ax(y sin(cx) + z cos(cx)),

Xo = ∂x + (ay + cz)∂y + (−cy + az)∂z.



Simplifications of a generator (y = (y, z))
Case ξ 6= 0 and A = J3

F(x, u, v) = eax (f (u, v) + xg(u, v)) , G(x, y, z) = eaxg(u, v),

u = e−ax(y− zx), v = e−axz

Xo = ∂x + (ay + z)∂y + az∂z.



Linear system of equations with constant coefficients
Simplifications

y′′ = A(x)y′ + B(x)y,

y = C(x)y1,

y′′1 = Āy′1 + B̄y1,

Ā = C−1(AC − 2C′), B̄ = C−1(BC + AC′ − C′′).

C′ =
1
2

AC,

d
dx

B̄ = C−1(BA− AB)C. ⇔ BA = AB
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Linear system of equations with constant coefficients
Noncommutative matrices

Theorem. A linear system with non-commuting constant matrices A
and B admits a nontrivial symmetry if this system is equivalent to a
linear system with the matrices A and B of the form

A =

(
0 0
0 4

)
, B =

(
b22 + 4 b12

0 b22

)
, (b12 6= 0). (3)

The admitting symmetries (except generic) of the system with
matrices (3) are

if b22 6= −15/4 : X1 = e−2xz∂y;

if b22 = −15/4 : X1 = e−2xz∂y,
X2 = e−x (2∂x − y∂y + 3z∂z) .



Linear system of equations with nonconstant coefficients

{
F = α11y + exz,
G = e−xα21y + α22z,

=⇒ ∂x − z∂z{
F = y(sin(x) + c2) + z(cos(x)− c1),
G = y(cos(x) + c1) + z(− sin(x) + c2)

=⇒ 2∂x + z∂y − y∂z{
F = y(α11 + x) + z(α12 + (α22 − α11)x− x2),
G = y + z(−x + α22)

=⇒ ∂x + z∂y{
F = yc + z,
G = −y + zc

=⇒ z∂y − y∂z
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Linear system of equations. Algebraic approach
Simplifications of the linear system y′′ = A(x)y

x̃ = ϕ(x), ỹ = ψ(x)y

ϕ′′

ϕ′
= 2

ψ′

ψ
,

y′′ = Ay⇒ ỹ′′ = Ãỹ

Ã = ϕ′−2
(

A− ρ′′

ρ
E
)
, ρ =

1
ψ
.

trace(A) = 0

Wafo Soh & Mahomed (2000)
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Linear system of equations. Algebraic approach
Determining equations

A =

(
a(x) b(x)
c(x) −a(x)

)
,

X = 2ξ(x)∂x + (yξ′(x) + q1y + q2z)∂y + (ξ′z + q3y + q4z)∂z

2a′ξ + 4aξ′ + bq3 − cq1 = 0,
2b′ξ + 2aq1 + b(4ξ′ + q4 − q2) = 0,
2c′ξ − 2aq3 + c(4ξ′ − q4 + q2) = 0.

ξ = a1x2 + a2x + a3

X = a1X1 + a2X2 + a3X3 + q3X4 + q1X5 +
q2 − q4

2
X6 +

q2 + q4

2
X7,

X1 = x(x∂x + y∂y + z∂z), X2 = 2x∂x + y∂y + z∂z, X3 = ∂x,
X4 = y∂z, X5 = z∂y, X6 = y∂y − z∂z, X7 = y∂y + z∂z.
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Linear system of equations. Algebraic approach
Optimal system of one-dimensional subalgebras

X1 X2 X3

X1 0 −2X1 −X2
X2 2X1 0 −2X3
X3 X2 2X3 0

X4 X5 X6

X4 0 X6 −2X4
X5 −X6 0 2X5
X6 2X4 −2X5 0.

1.1. X2 + γ(X4 − X5) 3.1. X1 ± X3 + γ(X4 − X5)
1.2. X2 + γX5 3.2. X1 ± X3 + γX5
1.3. X2 + γX6 3.3. X1 ± X3 + γX6
1.4. X2 3.4. X1 ± X3

2.1. X3 + γ(X4 − X5) 4.1. X4 − X5
2.2. X3 + γX5 4.2. X5
2.3. X3 + γX6 4.3. X6
2.4. X3
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Linear system of equations. Algebraic approach
Solutions of the determining equations

Example X2 + γ(X4 − X5)

2xa′ + 4a + γ(b + c) = 0,
xb′ + 2b− γa = 0,
xc′ + 2c− γa = 0.

a =
C1 sin(γ ln x) + C2 cos(γ ln x)

x2 ,

b =
k − 2C1 cos(γ ln x) + 2C2 sin(γ ln x)

2x2 ,

c =
−k − 2C1 cos(γ ln x) + 2C2 sin(γ ln x)

2x2 .

F = y(sin(x) + c2) + z(cos(x)− c1),
G = y(cos(x) + c1) + z(− sin(x) + c2),

2∂x + z∂y − y∂z
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Linear system of equations. Algebraic approach
Algebras of dimension n ≥ 2

X2 + x4X4 + x5X5 + x6X6,
X3 + k(y4X4 + y5X5 + y6X6),

k = 0 =⇒ A = const
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Linear system of three equations

 y′′

z′′

u′′

 =

 a11(x) a12(x) a13(x)
a21(x) a22(x) a23(x)
a31(x) a32(x) a33(x)

 y
z
u


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