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Çàäà÷à óñâîåíèÿ äàííûõ

Îñîáåííîñòè çàäà÷ óñâîåíèÿ äàííûõ

Öåëü ïðèìåíåíèÿ àëãîðèòìîâ óñâîåíèÿ äàííûõ - óëó÷øåíèå ïðîãíîçà
íà îñíîâå ìàòåìàòè÷åñêîé ìîäåëè c èñïîëüçîâàíèåì äàííûõ
èçìåðåíèé.

Ðåøåíèå çàäà÷è îáðàùåíèÿ îïåðàòîðà íàáëþäåíèé â áîëüøèíñòâå
ñëó÷àåâ íååäèíñòâåííî (Äàííûõ èçìåðåíèé íåäîñòàòî÷íî äëÿ
íàõîæäåíèÿ âñåõ íåèçâåñòíûõ).

Èíòåðåñ ïðåäñòàâëÿåò òåêóùåå (è áóäóùèå) ñîñòîÿíèÿ ñèñòåìû.

Âàæíî îðãàíèçîâàòü ðåøåíèÿ òàê, ÷òîáû ïîëó÷àòü ðåøåíèå â
�ðåàëüíîì âðåìåíè�, ò.ê. ñèòóàöèÿ áûñòðî óñòàðåâàåò.

Æåëàòåëüíî ðàçðàáàòûâàòü àëãîðèòìû óñâîåíèÿ, êîòîðûå áóäóò
èñïîëüçîâàòü ñóùåñòâóþùèå ìàòåìàòè÷åñêèå ìîäåëè èëè
�âñòðàèâàòüñÿ� â íèõ.
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Çàäà÷à óñâîåíèÿ äàííûõ

Ìîäåëè êîíâåêöèè-äèôôóçèè-ðåàêöèè

Ìíîãîìåðíûå ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâàþùèå ïðîöåññû
òðàíñïîðòà è òðàíñôîðìàöèè òåïëà, âëàãè, ðàäèàöèè è ïðèìåñåé
èìåþò ñëåäóþùóþ îáùóþ ñòðóêòóðó:

L(~Y )~φ ≡ ∂~φ

∂t
+ div(~φ~u − µgrad ~φ) = S(~φ) + ~fa +~r ,

~φ0 = ~φ0a + ~ξ, Rbound ( ~φ) = ~ga + ~ε, ~Y = ~Ya + ~ζ.

Äàííûå èçìåðåíèé ñâÿçàíû ñ ôóíêöèåé ñîñòîÿíèÿ îïåðàòîðîì
íàáëþäåíèé H

~Ψm = [H(~φ)]m + ~η,

~φ - ôóíêöèÿ ñîñòîÿíèÿ ìîäåëè, {~u, µ} = ~Y - ïàðàìåòðû ìîäåëè, S -

îïåðàòîð òðàíñôîðìàöèè, ~fa, ~ga, ~φ
0
a - àïðèîðíûå çíà÷åíèÿ èñòî÷íèêîâ,

~Ψm- äàííûå íàáëþäåíèé,
~r , ~ξ, ~ε, ~ζ, ~η - ôóíêöèè óïðàâëåíèÿ, êîòîðûå ââîäÿòñÿ â æåñòêóþ
ñòðóêòóðó ìîäåëè äëÿ óñâîåíèÿ äàííûõ.
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Ñõåìà ðàñùåïëåíèÿ

Àääèòèâíî-óñðåäí¼ííàÿ ñõåìà ðàñùåïëåíèÿ

Íà âðåìåííîì èíòåðâàëå t j ≤ t ≤ t j+1 ðàññìîòðèì
àääèòèâíî-óñðåäí¼ííóþ ñõåìó ðàñùåïëåíèÿ (àíàëîãè÷íî
[Ñàìàðñêèé,Âàáèøåâè÷, 2003]), äëÿ ðàçáèåíèÿ

∑2
α=1 γα + γ = 1.

Ïðîöåññû êîíâåêöèè-äèôôóçèè

γα
∂~φα
∂t

+ Lα ~φα = ~fα +~rα, ~φα
(
t j
)

= ~φ
(
t j
)
, α = 1, 2.

Ïðîöåññû ðåàêöèè

γc
∂~φc
∂t

= S(~φc), ~φc
(
t j
)

= ~φ
(
t j
)
.

Àïïðîêñèìàöèÿ ñëåäóþùåãî øàãà

~φ =
2∑

α=1

γα~φα + γc ~φc .
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Ñõåìà ðàñùåïëåíèÿ Óñâîåíèå äëÿ îäíîìåðíîé ìîäåëè êîíâåêöèè-äèôôóçèè

Íåÿâíûé àëãîðèòì óñâîåíèÿ äàííûõ äëÿ îäíîìåðíîé
ìîäåëè êîíâåêöèè-äèôôóçèè

Íåñòàöèîíàðíàÿ îäíîìåðíàÿ ìîäåëü êîíâåêöèè-äèôôóçèè

γα
∂~φα
∂t

+ Lα ~φα = ~fα +~rα, ~φα
(
t j
)

= ~φ
(
t j
)
, α = 1, 2.

àïïðîêñèìèðóåòñÿ íà ïðîñòðàíñòâåííî-âðåìåííîé ñåòêå. Äëÿ ýòîãî
èñïîëüçóþòñÿ

Êîíå÷íî-ðàçíîñòíàÿ ñõåìà (ñõåìà íàïðàâëåííûõ ðàçíîñòåé).

Äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà.

êîòîðûå ïðèâîäÿò ê òðåõäèàãîíàëüíûì ìàòðè÷íûì ñèñòåìàì

−aiφj+1
i+1 + biφ

j+1
i = φji + τ r j+1

i , i = 0,

−aiφj+1
i+1 + biφ

j+1
i − ciφ

j+1
i−1 = φji + τ r j+1

i , i = 1, . . . ,N − 2,

biφ
j+1
i − ciφ

j+1
i−1 = φji + τ r j+1

i , i = N − 1,
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó óñëîâíîé îïòèìèçàöèè

J(φj+1, r j+1) =
∥∥Hφj+1 −Ψ

∥∥2 + α
∥∥r j+1

∥∥2 .
îòíîñèòåëüíî îãðàíè÷åíèÿ - ëèíåéíîé àïïðîêñèìàöèè ìîäåëè

Lφj+1 = φj + τ f j+1 + r j+1.

Ââîäÿ ìíîæèòåëè Ëàãðàíæà φj+1∗, ñòàöèîíàðíóþ òî÷êó
ðàñøèðåííîãî ôóíêöèîíàëà ìîæíî ïðåäñòàâèòü â âèäå(

L − 1
2α

2H∗H L∗

)(
φj+1

φj+1∗

)
=

(
φj + τ f j+1

2H∗Ψ

)
.

Ðåøåíèå φj+1 ñèñòåìû òàêæå ÿâëÿåòñÿ ðåøåíèåì

(H∗H + αL∗L)φj+1 = H∗Ψ + αL∗(φj + τ f j+1)

è ìèíèìóìîì öåëåâîãî ôóíêöèîíàëà

J
(
φj+1

)
=
∥∥Hφj+1 −Ψ

∥∥2 + α
∥∥Lφj+1 − (φj + τ f j+1)

∥∥2 .
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Îáîçíà÷èì ìèíèìóì ôóíêöèîíàëà J(φj+1) ÷åðåç φj+1(α).

β(α) :=
∥∥Hφj+1(α)−Ψ

∥∥2 , ξ(α) :=
∥∥Lφj+1(α)− (φj + τ f j+1)

∥∥2 ,
Φ(α) := J(φj+1(α)) = β(α) + αξ(α).

Òåîðåìà (Àíàëîãè÷íî [Òèõîíîâ,Ãîí÷àðñêèé,Ñòåïàíîâ,ßãîëà, 1990])
Ïóñòü H,L - ìàòðèöû, ïðè÷¼ì L îáðàòèìà

Åñëè óâåëè÷èâàåì �âåñ� ìîäåëè, òî ðåøåíèå �ïðèòÿãèâàåòñÿ ê
òðàåêòîðèè ìîäåëè� è óñòîé÷èâîñòü ðåøåíèÿ óâåëè÷èâàåòñÿ:

lim
α→+∞

ξ(α) = 0,

lim
α→+∞

Φ(α) = lim
α→+∞

β(α) =
∥∥HL−1(φj + τ f j+1)−Ψ

∥∥2 .
Åñëè óìåíüøàåì �âåñ� ìîäåëè, òî äàííûå (è øóì â íèõ)
�âîñïðîèçâîäÿòñÿ� òî÷íåå :

lim
α→0+0

αξ(α) = 0, lim
α→0+0

Φ(α) = lim
α→0+0

β(α) = 0.
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Âûáîð ïàðàìåòðà óñâîåíèÿ ïî ïðèíöèïó íåâÿçêè

Ôóíêöèè íåïðåðûâíû ïðè α > 0

Ôóíêöèÿ Φ(α) âûïóêëà è äèôôåðåíöèðóåìà Φ′(α) = ξ(α).

Ôóíêöèÿ ξ(α) ìîíîòîííî íåâîçðàñòàåò è ôóíêöèè Φ(α), β(α)
ìîíîòîííî íåóáûâàþò ïðè α > 0. Íà èíòåðâàëå (0, α0) ïðè
Lq(α) 6= f ôóíêöèè Φ(α) ñòðîãî ìîíîòîííû.

ïîýòîìó

Âûáåðåì öåëåâîé óðîâåíü íåâÿçêè δ∗.∥∥Hφj+1 −Ψj+1
∥∥ = δ∗.

Ïàðàìåòð óñâîåíèÿ âû÷èñëÿåòñÿ ñëåäóþùèì àëãîðèòìîì

α1 = 1,

αk+1 :=
δ∗

‖Hφj+1 −Ψj+1‖
αk .
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

3DVAR �Íåÿâíàÿ� ñõåìà (weak constraints)

�Íåÿâíàÿ� ñõåìà (weak constraints)(
L − 1

2α
2H∗H L∗

)(
φj+1

φj+1∗

)
=

(
φj + τ f j+1

2H∗Ψ

)
,

ôóíêöèîíàë Òèõîíîâà

J(φj+1) =
∥∥Hφj+1 −Ψ

∥∥2 + α
∥∥Lφj+1 − (φj + τ f j+1)

∥∥2 .
Îïåðàòîð ïðÿìîé çàäà÷è â ðåãóëÿðèçàòîðå óìåíüøàåò �øîêîâûå�
ýôôåêòû îò âêëþ÷åíèÿ äàííûõ â ìîäåëü.

Òðåáóåòñÿ ðåøàòü ñèñòåìó ïðÿìîé è ñîïðÿæ¼ííîé çàäà÷
(ñãåíåðèðîâàòü êîòîðóþ äëÿ �ãîòîâûõ� ìîäåëåé ìîæåò áûòü
ñëîæíî).
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Ðåøåíèå çàäà÷è óñâîåíèÿ äàííûõ

Äëÿ ñëó÷àÿ êîíòàêòíûõ èçìåðåíèé ìîæíî ââåñòè ìàñêó ñèñòåìû
èçìåðåíèé M j+1

i ðàâíóþ 1 â òî÷êå èçìåðåíèÿ è 0 â îñòàëüíûõ.
Ðåøåíèå çàäà÷è óñâîåíèÿ äàííûõ - ìèíèìóì ôóíêöèîíàëà

Φ(φj+1, r j+1) =

N−1∑
i=1

(
φj+1
i −Ψj+1

i

σi

)2

M j+1
i + α

N−1∑
i=1

(
r j+1
i

)2 τ

2
,

îòíîñèòåëüíî ñõåìû äëÿ ïðÿìîé çàäà÷è ãäå σi - ñòàíäàðòíûå
îòêëîíåíèÿ îøèáîê èçìåðèòåëüíîãî óñòðîéñòâà.
Ââîäÿ ìíîæèòåëè Ëàãðàíæà (ñîïðÿæåííûå ôóíêöèè):

Φ̄(φj+1, r j+1, φ∗j+1) =

(
N−1∑
i=0

(
φj+1
i −Ψj+1

i

σi

)
2M j+1

i + α
N−1∑
i=0

(
r j+1
i

)
2

)
τ

2

+
N−1∑
i=0

(
−aiφj+1

i+1 + biφ
j+1
i − ciφ

j+1
i−1 − φ

j
i − τ r

j+1
i

)
φ∗j+1
i .
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Ìàòðè÷íàÿ ñèñòåìà

Ñèñòåìó ïðÿìîé è ñîïðÿæ¼ííîé çàäà÷è ìîæíî îáúåäèíèòü â
ìàòðè÷íîå óðàâíåíèå

−AiΦ
j+1
i+1 + BiΦ

j+1
i = F j+1

i ,

−AiΦ
j+1
i+1 + BiΦ

j+1
i − CiΦ

j+1
i−1 = F j+1

i ,

BiΦ
j+1
i − CiΦ

j+1
i−1 = F j+1

i ,

ãäå

Ai =

(
ai 0
0 ci+1

)
, Bi =

(
bi −τ
Mi τ
ασ2

i

bi

)
, Ci =

(
ci 0
0 ai−1

)
,

Φj+1
i =

(
φj+1
i

φ∗j+1
i

)
, F j+1 =

(
φji

Mi τ
ασ2

i

Ψj+1
i

)
,

êîòîðîå ðåøàåòñÿ ìåòîäîì ìàòðè÷íîé ïðîãîíêè.
Ïåíåíêî À.Â. (ÈÂÌèÌÃ ÑÎ ÐÀÍ) ÓÑÂÎÅÍÈÅ ÄÀÍÍÛÕ Äþðñî 2013 11 / 43



Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Ñöåíàðèè óñâîåíèÿ äàííûõ (X,T) ñ ïîäâèæíûìè
èçìåðèòåëÿìè

Ðèñ. 1: Ðåçóëüòàò óñâîåíèÿ äàííûõ îò ïîäâèæíîãî èçìåðèòåëÿ äëÿ
ðàçëè÷íûõ íàïðàâëåíèé �âåòðà�. Òî÷íûå ðåøåíèÿ (ñâåðõó), ðåøåíèÿ,
óñâîåííûå â ìîäåëü ñ íóëåâûìè äàííûìè (ñíèçó) [äèïëîì Àéíóð

Êóññàèíîâîé,2013].
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ

Ñöåíàðèè óñâîåíèÿ äàííûõ (X,T) ñ ôèêñèðîâàííûìè
èçìåðèòåëÿìè

Ðèñ. 2: Ðåçóëüòàò óñâîåíèÿ äàííûõ ñ ôèêñèðîâàííûìè èçìåðèòåëÿìè
äëÿ ðàçëè÷íûõ íàïðàâëåíèé �âåòðà�. [äèïëîì Àéíóð

Êóññàèíîâîé,2013].
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ Äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà

ßâíàÿ äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà äëÿ ðåøåíèÿ
çàäà÷è õèìè÷åñêîé êèíåòèêè

Äëÿ àïïðîêñèìàöèè óðàâíåíèé õèìè÷åñêîé êèíåòèêè

∂φl
∂t

+ P(φl )φl − Π(φl ) = 0,

P(φ) ≥ 0,Π(φ) ≥ 0, φ ≥ 0.

Áûëà èñïîëüçîâàíà äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà

φj+1
l = φjl e

−P(φj

l
)∆t +

1− e−P(φj

l
)∆t

P(φjl )∆t
Π(φjl )∆t.
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ Äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà

Ìîäåëü õèìè÷åñêèõ ðåàêöèé Ðîáåðòñîíà

Ðàññìîòðèì îïåðàòîð

S :
y1
y2
y3

7→
−0.04y1 + 104y2y3

0.04y1 − 104y2y3 − 3 · 107y22
3 · 107y22

Ñèñòåìà óðàâíåíèé äëÿ ìîäåëè õèìè÷åñêèõ ðåàêöèé Ðîáåðòñîíà

y ′ = S (y) , y(t) ∈ R3

y(0) =
(
1 0 0

)∗
Ñèñòåìà îäíîìåðíîé ïðîñòðàíñòâó êîíâåêöèè-äèôôóçèè-ðåàêöèè
(ñèñòåìà �Ðîáåðòñîíà�)

∂ϕ

∂t
+ div(uϕ− µ gradϕ) = S (ϕ) , ϕ(t, x) ∈ R3.
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ Äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà

Óñâîåíèå äàííûõ äëÿ ñèñòåìû �Ðîáåðòñîíà�
Óñëîâèÿ ýêñïåðèìåíòà

Ñèñòåìà èçìåðåíèé:

Èçìåðÿåòñÿ êîíöåíòðàöèÿ îäíîé èç ñóáñòàíöèé â êàæäîé 10îé òî÷êå
ñåòêè. Äàííûå èçìåðåíèé òî÷íû.

Ìåòåîïàðàìåòðû:

u = 2 µ = 50

Êðàåâûå óñëîâèÿ:

Îäíîðîäíûå óñëîâèÿ Íåéìàíà

Ïàðàìåòðû ñåòîê:

nT = 4001 T = 3.
nX = 101 X = 100.
nC = 3
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Óñâîåíèå äàííûõ è Òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ Äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà

Óñâîåíèå äàííûõ äëÿ ñèñòåìû �Ðîáåðòñîíà�
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ïàðàìåòð óñâîåíèÿ èç ñòàòèñòè÷åñêèõ ñîîáðàæåíèé

Åñëè ïðåäïîëîæèòü, ÷òî äàííûå èçìåðåíèé - ýòî òî÷íîå ðåøåíèå
â íåêîòîðîì íàáîðå òî÷åê, âîçìóù¼ííîå ãàóññîâûì øóìîì.

Ψj
m = φj

i(m) + σmξm, ξm ∼ N(0, 1),

òîãäà ñ âåðîÿòíîñòüþ q:

δ∗ =

√√√√√ M∑
m=1

Ψj
m − φji(m)

σm

2

<
√
χ2inv (M, p),

ãäå χ2inv (M, p) - ðåøåíèå óðàâíåíèÿ

P(χ2N < χ2inv (M, p)) = p.

Ïàðàìåòðîì óñâîåíèÿ ñòàíîâèòñÿ âåðîÿòíîñòü p �ïîëó÷èòü� â
êà÷åñòâå îöåíêè îøèáêè å¼ îöåíêó ñâåðõó.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ïàðàìåòð óñâîåíèÿ ïðè �ìàëûõ îøèáêàõ�
Óñëîâèÿ ýêñïåðèìåíòà

Ñèñòåìà èçìåðåíèé

m 1 2 3 4 5 6 7 8 9 10 11 12
iXm 33 33 67 67 25 25 75 75 40 60 40 60
iYm 33 67 33 67 25 75 25 75 60 40 40 60
σm 0.1 1. 0.5 1. 1. 2. 1. 0.5 1. 0.5 3. 0.1

Ìåòåîïàðàìåòðû

u = 0.1 v = 0.1 µ = 0.1

Ïàðàìåòðû ñåòîê

nT = 100 T = 1.
nX = 100 X = 1.
nY = 100 Y = 1.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ñöåíàðèé ïî îòñëåæèâàíèþ ïîñëåäñòâèé âçðûâà (X,Y,T)

Ðèñ. 4: Ñöåíàðèé óñâîåíèÿ äàííûõ ñ 12þ ðåãóëÿðíî ðàñïîëîæåííûìè
èçìåðèòåëüíûìè èíñòðóìåíòàìè äëÿ ìîäåëè ñ íóëåâûìè èñòî÷íèêàìè.
Óñâîåííîå ðåøåíèå - çåëåíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñëåâà).
�òî÷íîå ðåøåíèå� - êðàñíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñïðàâà) è

ñóïåðïîçèöèÿ òî÷íîãî è óñâîåííîãî ðåøåíèÿ (öåíòð).
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ñöåíàðèé ïî îòñëåæèâàíèþ ïîñëåäñòâèé âçðûâà (X,Y,T)

Ðèñ. 4: Ñöåíàðèé óñâîåíèÿ äàííûõ ñ 12þ ðåãóëÿðíî ðàñïîëîæåííûìè
èçìåðèòåëüíûìè èíñòðóìåíòàìè äëÿ ìîäåëè ñ íóëåâûìè èñòî÷íèêàìè.
Óñâîåííîå ðåøåíèå - çåëåíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñëåâà).
�òî÷íîå ðåøåíèå� - êðàñíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñïðàâà) è

ñóïåðïîçèöèÿ òî÷íîãî è óñâîåííîãî ðåøåíèÿ (öåíòð).
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ñöåíàðèé ïî îòñëåæèâàíèþ ïîñëåäñòâèé âçðûâà (X,Y,T)

Ðèñ. 4: Ñöåíàðèé óñâîåíèÿ äàííûõ ñ 12þ ðåãóëÿðíî ðàñïîëîæåííûìè
èçìåðèòåëüíûìè èíñòðóìåíòàìè äëÿ ìîäåëè ñ íóëåâûìè èñòî÷íèêàìè.
Óñâîåííîå ðåøåíèå - çåëåíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñëåâà).
�òî÷íîå ðåøåíèå� - êðàñíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñïðàâà) è

ñóïåðïîçèöèÿ òî÷íîãî è óñâîåííîãî ðåøåíèÿ (öåíòð).
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ñöåíàðèé ïî îòñëåæèâàíèþ ïîñëåäñòâèé âçðûâà (X,Y,T)

Ðèñ. 4: Ñöåíàðèé óñâîåíèÿ äàííûõ ñ 12þ ðåãóëÿðíî ðàñïîëîæåííûìè
èçìåðèòåëüíûìè èíñòðóìåíòàìè äëÿ ìîäåëè ñ íóëåâûìè èñòî÷íèêàìè.
Óñâîåííîå ðåøåíèå - çåëåíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñëåâà).
�òî÷íîå ðåøåíèå� - êðàñíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñïðàâà) è

ñóïåðïîçèöèÿ òî÷íîãî è óñâîåííîãî ðåøåíèÿ (öåíòð).
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ñöåíàðèé ïî îòñëåæèâàíèþ ïîñëåäñòâèé âçðûâà (X,Y,T)

Ðèñ. 4: Ñöåíàðèé óñâîåíèÿ äàííûõ ñ 12þ ðåãóëÿðíî ðàñïîëîæåííûìè
èçìåðèòåëüíûìè èíñòðóìåíòàìè äëÿ ìîäåëè ñ íóëåâûìè èñòî÷íèêàìè.
Óñâîåííîå ðåøåíèå - çåëåíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñëåâà).
�òî÷íîå ðåøåíèå� - êðàñíîå ñ òî÷êàìè èçìåðåíèé - ãîëóáûì (ñïðàâà) è

ñóïåðïîçèöèÿ òî÷íîãî è óñâîåííîãî ðåøåíèÿ (öåíòð).
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ïàðàìåòð óñâîåíèÿ ïðè �ìàëûõ îøèáêàõ�

Ðèñ. 5: Çàâèñèìîñòü îøèáêè ðåøåíèÿ îò ïàðàìåòðà óñâîåíèÿ íà
�ìàëûõ îøèáêàõ�.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ïàðàìåòð óñâîåíèÿ ïðè �áîëüøèõ îøèáêàõ�

Ñèñòåìà èçìåðåíèé

m 1 2 3 4 5 6 7 8 9 10 11 12
iXm 33 33 67 67 25 25 75 75 40 60 40 60
iYm 33 67 33 67 25 75 25 75 60 40 40 60
σm 0.5 5. 2.5 5. 5. 10. 5. 2.5 5. 2.5 15. 0.5

Ìåòåîïàðàìåòðû
u = 0.1 v = 0.1 µ = 0.1

Ïàðàìåòðû ñåòîê
nT = 100 T = 1.
nX = 100 X = 1.
nY = 100 Y = 1.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Ïàðàìåòð óñâîåíèÿ

Ïàðàìåòð óñâîåíèÿ ïðè �áîëüøèõ îøèáêàõ�

Ðèñ. 6: Çàâèñèìîñòü îøèáêè ðåøåíèÿ îò ïàðàìåòðà óñâîåíèÿ íà
�áîëüøèõ îøèáêàõ�.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Âëèÿíèå ñèñòåìû èçìåðåíèé

Cèñòåìà èçìåðåíèé ïðè �ìàëûõ îøèáêàõ�

Ñèñòåìà èçìåðåíèé

m 1 2 3 4 5 6 7 8 9 10 11 12
iXm 33 33 67 67 25 25 75 75 40 60 40 60
iYm 33 67 33 67 25 75 25 75 60 40 40 60
σm 0.1 1. 0.5 1. 1. 2. 1. 0.5 1. 0.5 3. 0.1

Ïàðàìåòðû óñâîåíèÿ

log10 r = −10. p = 0.3

Ìåòåîïàðàìåòðû
u = 0.1 v = 0.1 µ = 0.1

Ïàðàìåòðû ñåòîê
nT = 100 T = 1.
nX = 100 X = 1.
nY = 100 Y = 1.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Âëèÿíèå ñèñòåìû èçìåðåíèé

Cèñòåìà èçìåðåíèé ïðè �ìàëûõ îøèáêàõ�

Ðèñ. 7: Çàâèñèìîñòü îøèáêè ðåøåíèÿ îò ÷èñëà ïîñòîâ íàáëþäåíèé íà
�ìàëûõ îøèáêàõ�. ×åì áîëüøå ïîñòîâ íàáëþäåíèé, òåì òî÷íåå.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Âëèÿíèå ñèñòåìû èçìåðåíèé

Cèñòåìà èçìåðåíèé ïðè �áîëüøèõ îøèáêàõ�

Ñèñòåìà èçìåðåíèé

m 1 2 3 4 5 6 7 8 9 10 11 12
iXm 33 33 67 67 25 25 75 75 40 60 40 60
iYm 33 67 33 67 25 75 25 75 60 40 40 60
σm 0.7 7. 3.5 7. 7. 14. 7. 3.5 7. 3.5 21. 0.7

Ïàðàìåòðû óñâîåíèÿ

log10 r = −10. p = 0.3

Ìåòåîïàðàìåòðû
u = 0.1 v = 0.1 µ = 0.1

Ïàðàìåòðû ñåòîê
nT = 100 T = 1.
nX = 100 X = 1.
nY = 100 Y = 1.
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Ìíîãîìåðíûå çàäà÷è óñâîåíèÿ Âëèÿíèå ñèñòåìû èçìåðåíèé

Cèñòåìà èçìåðåíèé ïðè �áîëüøèõ îøèáêàõ�

Ðèñ. 8: Çàâèñèìîñòü îøèáêè ðåøåíèÿ îò ÷èñëà ïîñòîâ íàáëþäåíèé íà
�áîëüøèõ îøèáêàõ�. Óâåëè÷åíèå êîëè÷åñòâà èçìåðåíèé óëó÷øàåò

�ðåãóëÿðèçîâàííîå� ðåøåíèå.
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Çàêëþ÷åíèå

Çàêëþ÷åíèå

Êîìáèíèðîâàíèå ñõåì ðàñùåïëåíèÿ è ñõåì óñâîåíèÿ äàííûõ
ïîçâîëÿåò ïîëó÷àòü âû÷èñëèòåëüíî ýôôåêòèâíûå àëãîðèòìû äëÿ
çàäà÷ óñâîåíèÿ äàííûõ êîíòàêòíûõ èçìåðåíèé â ìîäåëè
êîíâåêöèè-äèôôóçèè-ðåàêöèè.

Çàäà÷è óñâîåíèÿ äàííûõ ðåøàþòñÿ â óñëîâèÿõ íåïîëíîé
èíôîðìàöèè. Íåäîñòàòîê èíôîðìàöèè âîñïîëíÿåòñÿ
ìàòåìàòè÷åñêèìè ìîäåëÿìè (åñòåñòâåííûìè Òèõîíîâñêèìè
ðåãóëÿðèçàòîðàìè).

Ðàáîòîñïîñîáíîñòü ðàçðàáîòàííûõ àëãîðèòìîâ ïîäòâåðæäàåòñÿ
÷èñëåííûìè ýêñïåðèìåíòàìè.
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Çàêëþ÷åíèå

Áëàãîäàðíîñòè

Áëàãîäàðþ çà âíèìàíèå!

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà Ïðîãðàììîé � 4 Ïðåçèäèóìà ÐÀÍ è � 3 ÎÌÌ

ÐÀÍ, ãðàíòîì ÐÔÔÈ 11-01-00187, èíòåãðàöèîííûìè ïðîåêòàìè ÑÎ ÐÀÍ � 8

è 35.
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Ëèòåðàòóðà

Ñïèñîê ëèòåðàòóðû I

V. Penenko, N. Obraztsov, A variational initialization method for the
�elds of meteorological elements , Soviet Meteor and Hydr N 1, (1976)
1-11.

V. Penenko, A. Baklanov, E. Tsvetova, A. Mahura Direct and Inverse
Problems in a Variational Concept of Environmental Modeling, Pure
Appl. Geophys. (2012) 169:447-465

Òèõîíîâ À. Í., Ãîí÷àðñêèé À. Â., Ñòåïàíîâ Â. Â., ßãîëà À. Ã.
¾×èñëåííûå ìåòîäû ðåøåíèÿ íåêîððåêòíûõ çàäà÷¿ (1990)

Freitag, M. and Potthast, R.: Synergy of Inverse Problems and Data
Assimilation Techniques in �Large Scale Inverse Problems -
Computational Methods and Applications in the Earth Sciences�,
Radon Series on Computational and Applied Mathematics 13, Hrsg. v.
Cullen, Mike / Freitag, Melina A / Kindermann, Stefan / Scheichl,
Robert http://www.degruyter.com/view/product/182025

Ïåíåíêî À.Â. (ÈÂÌèÌÃ ÑÎ ÐÀÍ) ÓÑÂÎÅÍÈÅ ÄÀÍÍÛÕ Äþðñî 2013 34 / 43



Ëèòåðàòóðà

Ñïèñîê ëèòåðàòóðû II

Africa Perianez, Hendrik Reich, Roland Potthast: Error Analysis and
Adaptive Localization for Ensemble Methods in Data Assimilation,
submitted for publication.

Ñàìàðñêèé À.À., Âàáèùåâè÷ Ï.Í. ¾Âû÷èñëèòåëüíàÿ
òåïëîïåðåäà÷à¿,Ì.: Åäèòîðèàë ÓÐÑÑ, (2003)

V. V. Penenko Variational methods of data assimilation and inverse
problems for studying the atmosphere, ocean, and environment Num.
Anal. and Appl., 2009 V 2 No 4, 341-351.

V. Penenko, E. Tsvetova, Discrete-analytical methods for the
implementation of variational principles in environmental applications
Journal of Computational and Applied Mathematics 226 (2009)
319-330
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Ëèòåðàòóðà

Ñïèñîê ëèòåðàòóðû III

A. Penenko Some theoretical and applied aspects of sequential
variational data assimilation (In Russian), Comp. tech. v.11, Part 2,
(2006) 35-40.

V. Penenko, E. Tsvetova,Variational methods for construction of
monotone appoximations for atmospheric chemistry models, 2013, V 2,
No 3 (in press)
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Ëèòåðàòóðà

Îñíîâíûå ïîäõîäû ê óñâîåíèþ äàííûõ

Äèíàìèêî-ñòîõàñòè÷åñêèé (îöåíêà ïàðàìåòðîâ ñòàòèñòè÷åñêèõ
ìîäåëåé) [Ghil, Malanotte-Rizzoli,1991] è äð.

Ôèëüòðû òèïà Êàëìàíà (ïî äàííûì èçìåðåíèé îöåíèâàþòñÿ
ïàðàìåòðû íîðìàëüíûõ ðàñïðåäåëåíèé).
Ôèëüòðû ÷àñòèö (ïî äàííûì èçìåðåíèé âçâåøèâàþòñÿ ýëåìåíòû
àíñàìáëÿ ðåøåíèé).

Âàðèàöèîííûå (ðåøåíèå çàäà÷è óñâîåíèÿ ðàçûñêèâàåòñÿ êàê
ìèíèìóì íåêîòîðîãî öåëåâîãî ôóíêöèîíàëà) [Â.Â.Ïåíåíêî,
Îáðàçöîâ, 1976], [Le Dimet, Talagrand, 1986], [Talagrand, Courtirer,
1987], [Rabier et al., 2001] è äð.

3D-4DVAR (øèðèíà îêíà óñâîåíèÿ).
Ñëåäîâàíèå òðàåêòîðèè (strong/weak-constrained).
. . .

Ãèáðèäíûå ïîõîäû EnVar è ò.ä.
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3DVAR Ñõåìû âêëþ÷åíèÿ äàííûõ íàáëþäåíèé â ìîäåëè

�Íåÿâíàÿ� ñõåìà (weak constraints)(
L − 1

2α
2H∗H L∗

)(
φj+1

φj+1∗

)
=

(
φj + τ f j+1

2H∗Ψ

)
,

ôóíêöèîíàë Òèõîíîâà

J(φj+1) =
∥∥Hφj+1 −Ψ

∥∥2 + α
∥∥Lφj+1 − (φj + τ f j+1)

∥∥2 .
�ßâíàÿ� ñõåìà (strong constraints)

Lφ̃j+1 = φj + τ f j+1,

φj+1 = φ̃j+1 + K
(
Hφ̃j+1 −Ψ

)
,

ôóíêöèîíàë Òèõîíîâà [Perianez,Reich,Potthast, 2013]

J(φj+1) =
∥∥∥H(φj+1 − φ̃j+1) + Hφ̃j+1 −Ψ

∥∥∥2 + α
∥∥∥φj+1 − φ̃j+1

∥∥∥2
K
.
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3DVAR �ßâíàÿ� ñõåìà (strong constraints)

�ßâíàÿ� ñõåìà (strong constraints)

Lφ̃j+1 = φj + τ f j+1,

φj+1 = φ̃j+1 + K
(
Hφ̃j+1 −Ψ

)
,

ôóíêöèîíàë Òèõîíîâà [Perianez,Reich,Potthast, 2013]

J(φj+1) =
∥∥∥H(φj+1 − φ̃j+1) + Hφ̃j+1 −Ψ

∥∥∥2 + α
∥∥∥φj+1 − φ̃j+1

∥∥∥2
K
.

Íîðìó â ðåãóëÿðèçàòîðå íóæíî âûáðàòü â ñîîòâåòñòâèè ñ
ïðîñòðàíñòâåííîé ñòðóêòóðîé ðåøåíèÿ (íàïðèìåð, ñ ïðèìåíåíèåì
àíñàìáëåâûõ ìåòîäîâ ñ çàïóñêîì áîëüøîãî ÷èñëà ïðÿìûõ çàäà÷).

Äîñòàòî÷íî �óìåòü� ðåøàòü çàäà÷ó ïðÿìîãî ìîäåëèðîâàíèÿ
(ãîòîâûìè ïðîãðàììàìè).
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ßâíàÿ äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà äëÿ ðåøåíèÿ
çàäà÷è õèìè÷åñêîé êèíåòèêè

∂φ

∂t
+ P(φ)φ− Π(φ) = 0, P(φ) ≥ 0,Π(φ) ≥ 0, φ ≥ 0.

Äîìíîæèâ íà èíòåðâàëå tj ≤ t ≤ tj+1 íà ñîïðÿæåííóþ φ∗ è
ïðîèíòåãðèðîâàâ ïî ÷àñòÿì, ïîëó÷èì òîæäåñòâî, âåðíîå äëÿ âñåõ φ∗

φ(tj+1)φ∗(tj+1)− φ(tj)φ
∗(tj) +

∫ tj+1

tj

φ

[
−∂φ

∗

∂t
+ P(φ)φ∗

]
dt−

−
∫ tj+1

tj

Π(φ)φ∗dt = 0.

Åñëè âûáðàòü φ∗ êàê ðåøåíèå

−∂φ
∗

∂t
+ P(φ)φ∗ = 0, φ∗(tj+1) = 1,
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ßâíàÿ äèñêðåòíî-àíàëèòè÷åñêàÿ ñõåìà äëÿ ðåøåíèÿ
çàäà÷è õèìè÷åñêîé êèíåòèêè

Òîãäà

φj+1 = φjφ∗j +

∫ tj+1

tj

Π(φ)φ∗dt

Åñëè àïïðîêñèìèðîâàòü φ∗ ðåøåíèåì ñèñòåìû ñ ïîñòîÿííûì
êîýôôèöèåíòîì, òî

φj+1 = φje−P(φj )∆t +

∫ tj+1

tj

Π(φ)e−P(φj )(∆t−t)dt

Ïîñëå àïïðîêñèìàöèè èíåãðàëüíîãî ñëàãàåìîãî

φj+1 = φje−P(φj )∆t +
1− e−P(φj )∆t

P(φj)∆t
Π(φj)∆t.
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Èññëåäîâàíèå ñõîäèìîñòè äëÿ îäíîé çàäà÷è õèìèè
àýðîçîëåé

Ïîäãîòîâëåíî Äóëüöåâîé Ã.Ã. ÈÕÊèÃ ÑÎ ÐÀÍ Ïðîåêò 35 ÑÎ ÐÀÍ
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×èñëåííîå èññëåäîâàíèå ñõîäèìîñòè

Ðèñ. 4: Èññëåäîâàíèå ñõîäèìîñòè â çàâèñèìîñòè îò
÷èñëà òî÷åê ñåòêè. T = 1000 sec. Nt=1e+3 (Êðàñíûé), 1e+4

(Çåëåíûé), 1e+5 (Ãîëóáîé), Wolfram Research Mathematica 9 ODE
Solver (×åðíûé).
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