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2. Àíàëèç ìíîæåñòâåííûõ ïåðèîäè÷åñêèõ ðåøåíèé, ïðèìåíåíèå
òåîðèè êîñèììåòðèè

Äèíàìè÷åñêàÿ ñèñòåìà ~̇u = ~F ~u êîñèììåòðè÷íà, åñëè èìååòñÿ
~L :

(
~L, ~F

)
= 0. Åñëè íàéäåòñÿ ðàâíîâåñèå ~u∗ (~F ~u∗ = 0), òàêîå ÷òî

~L ~u∗ 6= 0, òî ýòà ñèñòåìà èìååò íåïðåðûâíîå ñåìåéñòâî
ðàâíîâåñèé [Þäîâè÷, Ìàò. çàìåòêè, 1991; Yudovich, Chaos, 1995].

Òåîðèÿ êîñèììåòðèè äëÿ èññëåäîâàíèÿ âîçìîæíîñòè
ñîñóùåñòâîâàíèÿ êîíêóðèðóþùèõ ïîïóëÿöèé â ñòàöèîíàðíîì ðåæèìå
� Frischmuth, Kovaleva, Tsybulin, Nonlinear analysis: RWA, 2011
� Áóäÿíñêèé, Öèáóëèí, Áèîôèçèêà, 2015

Áóäåò ëè êîñèììåòðè÷íàÿ ñèñòåìà èìåòü ñåìåéñòâî ïåðèîäè÷åñêèõ
ðåæèìîâ è ðåàëèçóåòñÿ ëè ñîñóùåñòâîâàíèå ïîïóëÿöèé õèùíèêîâ.
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Ìîäåëü âçàèìîäåéñòâèÿ ïîïóëÿöèé õèùíèêîâ è æåðòâ

Ñèñòåìà äëÿ m æåðòâ è n −m õèùíèêîâ

u̇i = −q′i + fi ≡ Fi , qi = −kiu′i + uiϕ
′
i , i = 1, ..., n, (1)

fi = µiui ū

(
1− ū

p (x)

)
−

n∑
j=m+1

lijuiuj , i = 1, ...,m, ū =
m∑
i=1

ui , (2)

fi =
m∑
j=1

µijuiuj − liui , i = m + 1, ..., n, (3)

ϕi = αip (x) +
n∑

i=1

βijuj , i = 1, ..., n, x ∈ [0, a] , (4)

ui (x , t) � ïëîòíîñòü ðàñïðåäåëåíèÿ i-é ïîïóëÿöèè, t � âðåìÿ,
qi � ìèãðàöèîííûå ïîòîêè, ki � êîýôôèöèåíòû äèôôóçèè,
µ � êîýôôèöèåíòû ðîñòà,
l � êîýôôèöèåíòû ñìåðòíîñòè,
p (x) > 0 � ôóíêöèÿ ðåñóðñà,
αi , βij � êîýôôèöèåíòû íàïðàâëåííîé ìèãðàöèè,

αi = 0, i = m + 1, ...., n.
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Ìîäåëü âçàèìîäåéñòâèÿ ïîïóëÿöèé õèùíèêîâ è æåðòâ

Óñëîâèÿ ïåðèîäè÷íîñòè

ui (x , t) |x=0 = ui (x , t) |x=a, i = 1, ..., n, (5)

qi (x , t) |x=0 = qi (x , t) |x=a, i = 1, ..., n. (6)

Íà÷àëüíûå óñëîâèÿ

ui (x , t)|t=0 = u0i (x), i = 1, ..., n. (7)

Ïðè n = 2, m = 1 [Áàçûêèí À.Ä., Ìàðêìàí Ã.Ñ., 1980].
Íàéäåíû ðåøåíèÿ òèïà ¾ïðåäåëüíûé öèêë¿.

Äàëåå ÷èñëåííîå èññëåäîâàíèå ïðîâîäèëîñü ïðè n = 3, m = 1.
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Êîñèììåòðèÿ

Ëåììà

Êîñèììåòðèåé ñèñòåìû äâóõ ïîïóëÿöèé õèùíèêîâ è îäíîé
ïîïóëÿöèè æåðòâû ÿâëÿåòñÿ âåêòîð-ôóíêöèÿ

~L = (0, ζ2, ζ3) , (8)

ζ2 = e−ϕ2/k2k3u3, (9)

ζ3 = −e−ϕ3/k3k2u2, (10)

åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ íà ïàðàìåòðû ìîäåëè:

k2
k3

=
ϕ2

ϕ3
=
µ21

µ31
=

l2
l3
. (11)

Ïðàâûå ÷àñòè ñèñòåìû

~F = (F1,F2,F3) , Fi = −q′i + fi (12)
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Êîñèììåòðèÿ

Äîêàçàòåëüñòâî.

Îðòîãîíàëüíîñòü âåêòîðíîãî ïîëÿ ñèñòåìû è êîñèììåòðèè(
~F , ~L
)
=

∫ a

0

[
ζ2
(
−q′2 + f2

)
+ ζ3

(
−q′3 + f3

)]
dx = I1 + I2 (13)

Çäåñü

I1 =

∫ a

0

[
e−ϕ2/k2k3u3f2 − e−ϕ3/k3k2u2f3

]
dx , (14)

I2 =

∫ a

0

(
ζ′2q2 + ζ′3q3

)
dx = I2,1 + I2,2 + I2,3 + I2,4, (15)

ãäå

I2,1 =

∫ a

0

[
−e−ϕ2/k2k3u

′
3k2u

′
2 + e−ϕ3/k3k2u

′
2k3u

′
3

]
dx , (16)

I2,2 =

∫ a

0

[
e−ϕ2/k2k3u

′
3u2ϕ

′
2 − e−ϕ3/k3k2u

′
2u3ϕ

′
3

]
dx , (17)

I2,3 =

∫ a

0

[
−
(
e−ϕ2/k2

)′
k3u3k2u

′
2 +

(
e−ϕ3/k3

)′
k2u2k3u

′
3

]
dx , (18)

I2,4 =

∫ a

0

[(
e−ϕ2/k2

)′
k3u3u2ϕ

′
2 −

(
e−ϕ3/k3

)′
k2u2u3ϕ

′
3

]
dx . (19)
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Êîñèììåòðèÿ

Äîêàçàòåëüñòâî.

Ðàâåíñòâî íóëþ èíòåãðàëà I2,1

I2,1 =

∫ a

0

[
−e−ϕ2/k2k3u

′
3k2u

′
2 + e−ϕ3/k3k2u

′
2k3u

′
3

]
dx (20)

Ó÷åò óñëîâèé êîñèììåòðèè

I2,1 =

∫ a

0

[
−e−ϕ2/k2k3u

′
3k2u

′
2 + e−ϕ2/k2k3u

′
3k2u

′
2

]
dx = 0 (21)

Àíàëîãè÷íî ïîêàçûâàåòñÿ

I2,4 = 0, I2,2 + I2,3 = 0

k2
k3

=
ϕ2

ϕ3
=
µ21

µ31
=

l2
l3

(11)

Åïèôàíîâ À.Â.,
Öèáóëèí Â.Ã. (Ìåõìàò ÞÔÓ)

Ñåìåéñòâî ïåðèîäè÷åñêèõ ðåæèìîâ â ïðîñòðàíñòâåííî
íåîäíîðîäíîé ìîäåëè êîíêóðåíöèè õèùíèêîâ Àáðàó-Äþðñî, 2015 8 / 20



Îáùèé ñëó÷àé n ïîïóëÿöèé

Ëåììà

Êîñèììåòðèåé ñèñòåìû ÿâëÿåòñÿ âåêòîð-ôóíêöèÿ

~L = (0, 0, ..., 0, ζm+1, ζm+2, ..., ζn) , (22)

ζi = e−ϕi/ki

n∑
j=m+1

sign (i − j) kjuj , i = m + 1,m + 2, ..., n, (23)

(24)

åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ íà ïàðàìåòðû ìîäåëè:

ki
kj

=
ϕi

ϕj
=
µik

µjk
=

li
lj
, i , j = m + 1, ..., n, k = 1, ...,m. (25)
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×èñëåííûé ìåòîä

Ìåòîä ïðÿìûõ, ñõåìà ñìåùåííûõ ñåòîê ïî ïðîñòðàíñòâåííîé êîîðäèíàòå.

Îñíîâíàÿ è âñïîìîãàòåëüíàÿ ñåòêè

xr = rh, r = 1, ...,N, h = a/N, (26)

xr−1/2 = rh − h/2, r = 1, ...,N + 1, (27)

Ðàçíîñòíûé îïåðàòîð

(du)r =
ur+1/2 − ur−1/2

h
, r = 1, ...,N − 1, (du)N =

u1/2 − uN−1/2

h
, (28)

Îïåðàòîð âû÷èñëåíèÿ ñðåäíåãî

(δu)r =
ur+1/2 + ur−1/2

2
, r = 1, ...,N − 1, (δu)N =

u1/2 + uN−1/2

2
. (29)
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×èñëåííûé ìåòîä

Ñèñòåìà ðàçíîñòíûõ óðàâíåíèé

u̇i,r = [−dqi + fi ]r , i = 1, ..., n, r = 1, ...,N, (30)

fi,r = µiui,r ūr f0,r − ui,r

n∑
j=m+1

lijuj,r , i = 1, ...,m, r = 1, ...,N, (31)

ūr =
m∑
i=1

ui,r , r = 1, ...,N, (32)

f0,r = 1− 1

Pr

m∑
j=1

uj,r , Pr =

[
1

h

∫ xr+1/2

xr−1/2

dx

p (x)

]−1

, r = 1, ...,N, (33)

fi,r =
m∑
j=1

µijui,ruj,r − liui,r , i = m + 1, ..., n, r = 1, ...,N, (34)
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×èñëåííûé ìåòîä

Àïïðîêñèìàöèÿ ïîòîêîâ

(qi )r−1/2 =

−kidui + αidpδui +
n∑

j=1

βijdujδui


r−1/2

,

i = 1, ...,m, r = 1, ...,N,

(qi )r−1/2 =

−kidui + n∑
j=1

βijdujδui


r−1/2

,

i = m + 1, ..., n, r = 1, ...,N.
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×èñëåííûé ýêñïåðèìåíò

Îäíà æåðòâà u = u1 è äâà õèùíèêà v = u2, w = u3

p (x) = 1 + 0.2 sin

(
2πx

a

)
, a = 1

Ïàðàìåòðû ðîñòà

µ1 = 3, µ21 = 2.5, µ31 = 2,

Ïàðàìåòðû ñìåðòíîñòè

l12 = l13 = 1, l2 = 1, l3 = 0.8,

Ïàðàìåòðû ìèãðàöèè

α = 0.1, β11 = β22 = β23 = β32 = β33 = 0,

β12 = −0.2, β13 = −0.3, β21 = 0.4, β31 = 0.32.

Äèôôóçèîííûå ïàðàìåòðû

k1 = 0.2, k2 = 0.3,

Óñëîâèå êîñèììåòðèè âûïîëíÿåòñÿ ïðè k3 = 0.24.
Åïèôàíîâ À.Â.,

Öèáóëèí Â.Ã. (Ìåõìàò ÞÔÓ)
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Ñåìåéñòâî ïåðèîäè÷åñêèõ ðåæèìîâ

Òðàåêòîðèè äâóõ ðåøåíèé (ïóíêòèð), U = uN/2, V = vN/2, W = wN/2

0 0.4 0.8
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1

1.2

x

p (x)

Ôóíêöèÿ ðåñóðñà
0 0.5 1

0

0.5

1
A

B

C

D

V

W

Ñåìåéñòâî

Ðåæèì k3 Êîñèììåòðèÿ Ìàêñ. ìóëüòèïëèêàòîðû

A 0.24 + 1.002, 0.998, 0.020
B 0.24 + 1.002, 0.998, 0.025
C 0.12 � 1.000, 0.967, 0.016
D 0.12 � 1.040, 1.000, 0.031
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Ïðîåêöèè ôàçîâûõ òðàåêòîðèé

0 0.4 0.8
0

0.5

1

A

B

U

V

0 0.4 0.8
0

0.4

0.8
A

B

U

W

Åïèôàíîâ À.Â.,
Öèáóëèí Â.Ã. (Ìåõìàò ÞÔÓ)

Ñåìåéñòâî ïåðèîäè÷åñêèõ ðåæèìîâ â ïðîñòðàíñòâåííî
íåîäíîðîäíîé ìîäåëè êîíêóðåíöèè õèùíèêîâ Àáðàó-Äþðñî, 2015 15 / 20



Ïðîñòðàíñòâåííî-âðåìåííûå ðàñïðåäåëåíèÿ

Ñîñóùåñòâîâàíèå õèùíèêîâ; k3 = 0.24
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Çàâèñèìîñòü ïåðèîäà êîëåáàíèé îò íîìåðà íà ñåìåéñòâå

0 0.4 0.8

11

12

13

 1

 2

θ

T

Ôóíêöèÿ ðåñóðñà
1) p (x) = 1 + 0.2sin(2πx)
2) p (x) = 1 + 0.5sin(2πx)
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Âûòåñíåíèå ïîïóëÿöèè õèùíèêà v

p (x) = 1 + 0.2sin(2πx), k3 = 0.12
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Âëèÿíèå ðåñóðñà íà ñêîðîñòü âûòåñíåíèÿ õèùíèêà

p (x) = 1 + 0.2sin(2πx), k3 = 0.12
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p (x) = 1 + 0.5sin(2πx), k3 = 0.12
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Âûâîäû

Äëÿ êîñèììåòðè÷íîé ñèñòåìû äèíàìèêè õèùíèêîâ è æåðòâ íà
êîëüöåâîì àðåàëå îáíàðóæåíû ìíîæåñòâåííûå ïåðèîäè÷åñêèå
ðåæèìû

Ïðîèçâåäåí ðàñ÷åò ìóëüòèïëèêàòîðîâ, ïîäòâåðæäàþùèé
ñóùåñòâîâàíèå íåïðåðûâíîãî ñåìåéñòâà ðåæèìîâ

Äëÿ ðåøåíèé ñåìåéñòâà óñòàíîâëåíî ñîñóùåñòâîâàíèå
êîíêóðèðóþùèõ ïîïóëÿöèé õèùíèêîâ

Ïðè ðàçðóøåíèè ñåìåéñòâà (íàðóøåíèå êîñèììåòðèè)
íàáëþäàåòñÿ ìåäëåííàÿ äèíàìèêà ñ ïðîäîëæèòåëüíûì âðåìåíåì
ñîñóùåñòâîâàíèÿ êîíêóðèðóþùèõ ïîïóëÿöèé õèùíèêîâ
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