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������ ��������� ������������ ���������M ����
�����������  ������� ������ �� Rem = 21900
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��������� ����������� ����N�����O ��������
������ �����O �������O ��������
#������ $!#!� #������� %!%!� &������� '!%!� (������ )!)! � � � � �


P ������Q����� ��R���� L�S������ ������M��M
S����� � �����Q�������L����������� ���������
���O���M��M �������� � ����������T��������� S��
����������
#������ $!#!� "������� "!*!� ������ �!%!� +�,
�-�� %!'! � �D

����������� ��S������O �O�� ��� L�S������ �����
��M��M S����� �� �S���� ���O���M��M �������� �
����������T��������� S�����������
#������ $!#!� "������� "!*!� ���	����� �!+!� ��
�������
�!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��������� ������������� �������������� O�����
��������� ��S��T���� ���L���N�� ������ ������
��� ����  ������O ���Q��M ���O�����M �������
��� ��������M S�����M�� ��� �����R������� ��U�
�����
#������	���  !%!�  .�
�  !%!� ���������� �!�!� /�	��
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������������ ����������M N������N�� � �����
VT9 ������ ��V�M N������N�� �����L��� ������
Q������M ���Q�����
#����� $!%!� &�����	���� %!'! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
@

���������� �����M �O��� ��� ��R���� �������M
��������  ������O ���O�����O �������O
#������� �!�!� %-���� %!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
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��������M ��������M ����� ��R���� �����N������
��O S���� ��O����� ����R��M �����
#����� '!"!� '��	�� $!�!� 0�-�� %!1! � � � � � � � � � � � � � � � � � � � � � � � � � F@

��������� ��������� �����T ��������� S���Q���
��O �����N
%-����� 1!%!�  ������� "!$!� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � F�

������ ��������� ������9V�M �������� �� ���
����������T �����������O R���  ���Q��M S���
"��2��� "!�!� ���3���� �!�!� 4�����-3�� �!�! � � � � � � � � � � � � � � � � � ��
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��������� ������������ ����M? �S��Q�����O
��� ��������� �����O ��� �� ������O ������
L�M���O ���V���O
"���2 �!%!�  ���-��� �!%! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �D

������������ S������M���� �������� ���� � ���
����R���� �T�S�W������������ �������� � ���
���TS������ ������ �������O W������� � �����
����T���� ����O���
"���2 �!%!� 5�� �!'! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���������T��� W����������� � �����T9 W�������
��M ������N�� � ������O �����O��O
"��2�	��� 6!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �D

�������������� ������������ �����N������N��
����
"�������� '!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � D


��������� ������������ ��Q���� ��S��O ����
��M ���������� ��������� ������
 ������ �!%!� �����3�� �!%! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � DD

�������������� �����T ����X�� ��S ��������� ��
������������� ������ ����S��T��M L���� � ����
��� W����������� �S������� S�������
 .�
�  !%!� 1�.��� '!�!� ���������� �!�!� ��
���� %!'! � � E�

����S����� ����  ��S������O �O���O � ����� �O
������Q������ �����S�
 ��������� 1!%! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ED

��S���S������������M �������� ��� ������� �����
��M  �������M ������� ���������
6��.����� (!"!� $�	�
��� �!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �F

����M��� ������������O ��Q���  ���������
������ �����������M ������ ��������N�� O�V���
��
6������� �!%!� 7�2���� %!"! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �@@

�������������� ������������ S������M����
���O��V���� ��S������ �����T�� � �V����� �
����VT9 Y,��������
*�,���� �!�!� 6���� 6!8! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �@�

��L����N������ ������������ �S���T����� S���
���O ���T���  �������O �������������O ���
���������O ������ � �����TS������ ������
Z[\]^Z[\,�[
*���	�� '!#!� 1�
����� '!%!� ��
9��� $!6! � � � � � � � � � � � � � � � � � � � � �@D



���������� �

����T9������ ������������ �W������� � ������
�������M �������������
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� ��������O �����������O ���������� ��R����
���N��������� �������� �����N�����LL�S���
����N��
&����� 1!�!� &����� #!1!� +������� �!�! � � � � � � � � � � � � � � � � � � � � ��E

�������������� ������������ ���M ��O�������
��S������� �������Q����� � �������� S�������
��L��
1�.����� "!"!� :������ 6!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��


���������� L���N�� ���� �����N���T��O � �O���
�O ������M
1�;��� %! "!� �������, �! '! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��E

�������������� ������������ �������O������O
���W�����������O �������� � ����� � ����� ������
����  S�����O ������M ���L�S���
�������� �!%!� <��� �!$! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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��������� ������������� ���N���� ����� � ����
���������� ��� ��Q���� �������� L�����  �����
� ������������� ������
�=��� >!>! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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���������������� ������ ������������� ����
��� � ����VT9 ����W������O �����N�M
���	����� (!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �F�

�����N������ ��R���� S���� ������M������S�N��
� �������M ����M��O ����������M�������
���	����� (!�!� &����� 1!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��


������������ �����������M ������M������ ����
���� W����������� ����� ����M ���������  ���S��
������� �����N  ���M��O
����� 6!�!� ���	���� �!%!� 1�	�� &!%! � � � � � � � � � � � � � � � � � � � � � � � � � ���

�������������� ������������ ��M�����M �����
�����
����	��� "!%!� #���� %!%!� �������� 6!�!� #����� �!�!� � � � � � � �D�

��S�������M �������������� ��R���� S�����O����
����Q�9V�M �����
+����� %!%! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �DE

���������T��� �����T ���������� ������N�� �
���������M �������T9 �����  ������ ��������S�
+������?�� �!8!�  �2������ %!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �E�
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������N�� � ���L���N�� �����M �O��� ��� ����
����� ���������������
)�.���� �!�!� &������ %!"! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� ��R���� ��R��M �����M S����� ��� ������
��� �������
������� �!�!� $�3�� %!+!� #�	?���  !�! � � � � � � � � � � � � � � � � � � � � � � � � �@�

��������� ������������ ���������O ����� S��
��Q����O �����N ������� �����N�M �� ��������
����
���-���� %!�! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �@E

�����S�N�� �������������M ������ Q������ ����
������ �� ����T9����O � ���L�������� �����������
��
�
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��������R������ ����������������� ������ ���
���L����M N������N�� � ��������������� ��������
������ S����S�����  ������O ��������M ��� ����
��R�����M S�����M��� �������������� ���� ����
�� ����������
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��������T��� ��������� ��� ������������ ����
��O ��XO�����O S���� W�������������L�� � WS ��
_Y`
�������� $!%!� '�������� '!'!� ������ �!�! � � � � � � � � � � � � � � � � � � � ���

���� �S ���O��� � ������� ������V���� � S�����
��M���� �T���
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Tr = T0(σ) + h(σ, ϕ),
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Tgr = 288K $ )."&$%73;#45 >"7($.#&!5 α = 6, 5 ∗ 10−3 a�w5m? h(σ, ϕ) =
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�3K 7#73$=7  43$ )=K&4 G!3K =7 �@ 3.& - H7-&!&!/ =7G$-./ �@ -'&!%�
�(! #!/ 67"7%&."$-&$%!/ (3K !1.#%$ $#&.#-$)#!-&$ KH./%$ �7(3.K K)�

3K.&-K 0'#%1$K &!%7? !G".(.3K.57K -3.('Jn$5 ! "7=!5

Φ(λ, μ, σ) =
2πaμ

g

∫ σ

0

psvdσ.

!=5'n.#$. !&#!-$&-K % G!3J-75 7&5!-0."#!/ 1$"%'3K1$./� �"7($.#&
&.5G."7&'"4 '5.#;27.&-K? H&! G"$)!($& % =75.(3.#$J 1$"%'3K1$$ �7(�
3.K� �&"'/#!. &.H.#$. ) -&"7&!-0.". !-37 3K.&-K $ -5.n7.&-K % G!3J-75�
�-$3.#$. G!3K"#!>! )$6"K #7 3J(7.&-K &!3;%! ) -.)."#!5 G!3'27"$$� 
".='3;&7&. !-37 3.#$K &"!G$H.-%!/ 1$"%'3K1$$ ) -&"7&!-0."' )4#!-$&-K
5.#;2.. %!3$H.-&)! )!(K#!>! G7"7? H&! 5!:.& '5.#;2$&; "7=!>".) &"!G$�
H.-%!/ -&"7&!-0."4�

�� �#&'9*. ./#?'* �&�1#. %& *3:#%#%*. !#:>#�&!���
!�(>($-#��

�437 $--3.(!)7#7 H')-&)$&.3;#!-&; KH./%$ �7(3.K % $=5.#.#$K5 &.5G.�
"7&'"4 &"!G!-0."4� �-#!)#4. H."&4 $=5.#.#$K %3$57&7 � o&! ').3$H.#$.
&.5G."7&'"4 )."6#./ &"!G!-0."4 ) &"!G$%76? $? -!!&).&-&).##!? ').3$H.#$.
-&7&$H.-%!/ '-&!/H$)!-&$? 7 &7%:. '5.#;2.#$. =!#73;#!>! >"7($.#&7 &.5G.�
"7&'"4 ) G"$=.5#!5 -3!.� �3K &!>!? H&! 4 !1.#$&; )3$K#$. %3$57&$H.-%$6
$=5.#.#$/ #7 1$"%'3K1$J &"!G!-0."4?  437 $-G!3;=!)7#7 -G.%&"73;#7K
5!(.3; ! n./ 1$"%'3K1$$ 7&5!-0."4� �".$5'n.-&)!5 &7%$6 5!(.3./ K)3K�
.&-K &!? H&! !#$ 6!"!2! !G$-4)7J& %"'G#!57-2&7 #4. )!3#!)4. G"!1.--4
) 7&5!-0.".� �!-%!3;%' $#&.".-#! G!-5!&".&; -.=!##4. $=5.#.#$K KH./%$
�7(3.K?  437 G!-&"!.#7 G7"75.&"$=71$K &.5G."7&'"4 "7($71$!##!>! "7)#!�
).-$K - 'H.&!5 -.=!##!>! 6!(7�  (7##!5 o%-G."$5.#&.  43$ =7(7#4 >"7#$H�
#4. '-3!)$K? 'H$&4)7Jn$. !"!>"70$H.-%$. #.!(#!"!(#!-&$ #7 G!)."6#!-&$
S.53$�




� 	
��������� ������� ��������������� ������������	

 %!#&"!3;#!5 o%-G."$5.#&. &.5G."7&'"7 "7($71$!##!>! "7)#!).-$K
$5.37 )$(	

TR = Ttr + (Ts − Ttr)
σ − σT
1− σT

,

Ts =

{
243 + 60 cos(ϕ) + 30 sin(ϕ) sin(t∗), ϕ > 0
228 + 75 cos(ϕ) + 25 sin(ϕ) sin(t∗), ϕ < 0

, Ttr = 210,

t∗ < 07=7 )"7n.#$K S.53$ )!%"'> �!3#17�
 o%-G."$5.#&.? 5!(.3$"'Jn.5 >3! 73;#!. G!&.G3.#$.? 57%-$573;#!.

$=5.#.#$. G"$=.5#!/ &.5G."7&'"4 -!-&7)3K3! 50�? 57%-$573;#!. $=5.#.�
#$. &.5G."7&'"4 ) )."6#./ &"!G!-0.". < �0��

TR = Ttr + (T ′
s − Ttr)

σ − σT
1− σT

+ΔT,

T
′
s =

{
248 + 55 cos(ϕ) + 30 sin(ϕ) sin(t∗), ϕ > 0
233 + 70 cos(ϕ) + 25 sin(ϕ) sin(t∗), ϕ < 0

,

ΔT =

⎧⎨⎩ 6 ∗ (σ − σT )/ (σ0 − σT ) cos (ϕ/2) , |ϕ| ≤ π/4, σT ≤ σ ≤ σ0
6 ∗ (1− σ)/ (1− σ0) cos (ϕ/2) , |ϕ| ≤ π/4, σ ≥ σ0
0, $#7H.

σ0 = 0, 25 '"!).#;? #7 %!&!"!5 G"!$-6!($& 57%-$573;#!. G!&.G3.#$.�
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>!(!)45$ )7"$71$K5$ 2$"!&4 >"7#$14 ��? %!&!"4. ) J:#!5 G!3'27"$$
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�7(3.K� �7=#$17 ) !&%3$%. -.)."#!/ $ J:#!/ KH..% �7(3.K G!=)!3K.& -(.�
37&; )4)!(? H&! 5."$($!#73;#4. &."5$H.-%$. $ !"!>"70$H.-%$. #.!(#!"!(�
#!-&$ !%7=4)7J& -$3;#!. )3$K#$. #7 )7"$71$$ ��� W&! G!%7=4)7.& #.! 6!�
($5!-&; (73;#./2.>! $--3.(!)7#$K G"$H$# "7=3$H$K 5.:(' (7##45$ #7�
 3J(.#$K $ ".='3;&7&75$ 5!(.3$"!)7#$K�
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�7 !&7 G!-)Kn.#7 $--3.(!)7#$J #!)!/ -6.54 (3K =7(7H 0$=$%$ o3.%�
&"$H.-%$6 $ 57>#$&#46 G!3./ - 1.3;J ').3$H.#$K '-&!/H$)!-&; 73>!"$&57�
�.! 6!($5!-&; ) &7%!/ -6.5. )!=#$%37 G"$ H$-3.##!5 5!(.3$"!)7#$$ ($#7�
5$%$ '3;&"7".3K&$)$-&-%$6 G'H%!) =7"K:.##46 H7-&$1 ) -'G."%!337/(."76
p�q? >(. G'H%$ G".(-&7)3KJ& -! !/ (3$##4. &!#%$. $>34? -!!&#!2.#$. $6
"7=5."!) σx : σy : σz 5!:.& (!-&$>7&; 1 : 1000 : 500000 � �-G!3;=!)7#$. G7�
"733.3;#46 73>!"$&5!) -  737#-$"!)%!/ =7>"'=%$ G"!1.--!"!) (3K ".2.#$K
&".65."#!/ ($#75$%$ H7-&$1 p�q G!=)!3K.& G"!)!($&; "7-H.&4 - -!!&#!2.#$�
.5 "7=5."!) G'H%!) �	�@@	�@@@� �"7)#.#$K �7%-).337 ".27J&-K - G!5!n;J
-6.54 - G.".27>$)7#$.5? $5.Jn./ )&!"!/ G!"K(!% &!H#!-&$ G! )".5.#$ $
G! G"!-&"7#-&)'� �-3!)$. '-&!/H$)!-&$ -6.54 $5..& )$( cτ/h < 1 ? >(. τ <
)".5.##!/ 27>? h = min(hx, hy, hz) < 27>$ G! G"!-&"7#-&).##45 G.".5.#�
#45? c < -%!"!-&; -).&7� �! .-&; ) -3'H7. G3!-%$6 G'H%!) )".5.##!/ 27>
(3K )-./ =7(7H$ )4 $"7.&-K $= '-3!)$K (3K #7$5.#;2.>! G"!-&"7#-&).##!>!
27>7� �7%$5 ! "7=!5? '5.#;2.#$. -.&%$ ) G!G.".H#!5 #7G"7)3.#$$ ).(.& #.
&!3;%! % ').3$H.#$J %!3$H.-&)7 (./-&)$/? -)K=7##46 - %!3$H.-&)!5 '=3!)
-.&%$? #! $ % ').3$H.#$J %!3$H.-&)7 )".5.##46 27>!) G"!>"7554�

�".(37>7.&-K -(.37&; -6.5' #.K)#!/ G! #7G"7)3.#$J #7$5.#;2.>! "7=�
5."7 G'H%7� �"$ o&!5 #.! 6!($5! $--3.(!)7&; &7%$. !-#!)#4. %7H.-&)7 -6.�
54 %7% 7G"!%-$5571$J? -!6"7#.#$. 75G3$&'( $ H7-&!& )!3#? $#)7"$7#&�
#!-&; !&#!-$&.3;#! '>37 G! !&#!2.#$J % !-K5 %!!"($#7&�

�� �($!�(#%*# * *$$1#�("&%*# $B#:�

 -)K=$ -! -&"'%&'"!/ '"7)#.#$/ �7%-).337 (3K $6 ".2.#$K G"$5.#K�
.&-K -6.57 - G.".27>$)7#$.5? ) %!&!"!/ =#7H.#$K ).3$H$# =7G$-4)7J&-K #7
"7=#.-.##46 -.&%76 a-()$> #7 G!327>7 G! )".5.#$ $w$3$ G"!-&"7#-&)'m	

Hm+1/2 −Hm−1/2

τ
= −rothEm,
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�
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�
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Em+1 − Em

τ
= jm+1/2 + rothH

m+1/2,

>(.

rothH =

∣∣∣∣∣∣∣∣∣∣∣∣

Hzi,k,l−1/2 −Hzi,k−1,l−1/2

hy
− Hyi,k−1/2,l −Hyi,k−1/2,l−1

hz
Hxi−1/2,k,l −Hxi−1/2,k,l−1

hz
− Hzi,k,l−1/2 −Hzi−1,k,l−1/2

hx
Hyi,k−1/2,l −Hyi−1,k−1/2,l

hx
− Hxi−1/2,k,l −Hxi−1/2,k−1,l

hy

∣∣∣∣∣∣∣∣∣∣∣∣
,

rothE =

∣∣∣∣∣∣∣∣∣∣∣∣

Ezi−1/2,k+1/2,l − Ezi−1/2,k−1/2,l

hy
− Eyi−1/2,k,l+1/2 − Eyi−1/2,k,l−1/2

hz
Exi,k−1/2,l+1/2 − Exi,k−1/2,l−1/2

hz
− Ezi+1/2,k−1/2,l − Ezi−1/2,k−1/2,l

hx
Eyi+1/2,k,l−1/2 − Eyi−1/2,k,l−1/2

hx
− Exi,k+1/2,l−1/2 − Exi,k−1/2,l−1/2

hy

∣∣∣∣∣∣∣∣∣∣∣∣
.

�"$ o&!5 )-. G"!$=)!(#4.? 'H7-&)'Jn$. ) '"7)#.#$K6?%7% G! )".5.�
#$? &7% $ G!G"!-&"7#-&)'? =7G$-4)7J&-K H.".= 1.#&"73;#4. "7=#!-&$? H&!
! .-G.H$)7.& )&!"!/ G!"K(!% 7GG"!%-$571$$ G! )".5.#$ $ G! G"!-&"7#-&)'�
�7--5!&"$5 !(#' $= %!5G!#.#& o3.%&"$H.-%!>! G!3K ) !&-'&-&)$. &!%7	

Exm+1
i,l−1/2,k−1/2 − Exmi,l−1/2,k−1/2

τ
=

Hz
m+1/2
i,l,k−1/2 −Hz

m+1/2
i,l−1,k−1/2

hy
−
Hy

m+1/2
i,l−1/2,k −Hy

m+1/2
i,l−1/2,k−1

hz

�-%3JH$) )4H$&7#$.5 =#7H.#$K 57>#$&#!>! G!3K #7 G".(4('n.5 27>.?
5!:#! G!3'H$&;	

Exm+1
i,l−1/2,k−1/2 − 2Exmi,l−1/2,k−1/2 + Exm−1

i,l−1/2,k−1/2

τ 2
=

Exmi+1,l−1/2,k−1/2− 2Exmi,l−1/2,k−1/2+ Exmi−1,l−1/2,k−1/2

h2x
+

Exmi,l+1/2,k−1/2 − 2Exmi,l−1/2,k−1/2+ Exmi,l−3/2,k−1/2

h2y
+

Exmi,l−1/2,k+1/2 − 2Exmi,l−1/2,k−1/2 + Exmi,l−1/2,k−3/2

h2z
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W&! '"7)#.#$. K)3K.&-K >$G." !3$H.-%$5? $ )4>3K($& 7#73!>$H#! (3K
%7:(!/ $= %!5G!#.#& o3.%&"$H.-%!>! $ 57>#$&#!>! G!3./�  !(#!5."#!5
-3'H7. -6.57 $5..& )$(	

ym+1
i − 2ymi + ym−1

i

τ 2
=
ymi+1 − 2ymi + ymi−1

h2

�3K $--3.(!)7#$K -6.54 G!(-&7)$5 ) -6.5' ".2.#$. )$(7 yml = λmeiαl $
G!3'H$5 '-3!)$. '-&!/H$)!-&$	

τ 2

h2
sin2

α

2
≤ τ 2

h2
≤ 1 a�m

S7G$-7) ".2.#$. ) )$(. yml = A exp(−i(ωtm − klh)) ? 5!:.5 G!3'H$&;
($-G."-$!##!. -!!&#!2.#$.	

sin
ωτ

2
=
τ

h
sin

kh

2
,

!&%'(7? "7=3!:$) ) "K( �./3!"7 G! τ $ h

ω =
2

τ
arcsin

(
τ

h
sin

kh

2

)
,

G!3'H$5 )4"7:.#$. (3K -%!"!-&$ "7-G"!-&"7#.#$K )!3#	

u =
ω

k
= 1 + k2

(
τ 2 − h2

24

)
+ O(h3, τ 3, hτ 2, h2τ)

�7%$5 ! "7=!5? G"$ )4G!3#.#$$ %"$&."$K '-&!/H$)!-&$ a�m? -%!"!-&;
"7-G"!-&"7#.#$K )!3#4  '(.& 5.#;2.? H.5 -%!"!-&; -).&7� �%!"!-&; "7-�
G"!-&"7#.#$K  '(.& &.5 5.#;2.? H.5  !3;2. )!3#!)!. H$-3! k � S75.&$5?
H&! 57%-$573;#!. =#7H.#$. )!3#!)!>! H$-37 (3K (3$#4 ! 37-&$ L !G".�
(.3K.&-K %!3$H.-&)!5 '=3!) n (3K !G$-7#$K )!3#4? 7 G!o&!5' kmax =
2πn/L = 2π/h ? $ -%!"!-&; )!3#4 !&"$17&.3;#7 G"$ )4G!3#.#$$ '-3!)$K
1 + 4π2(τ 2 − h2)/24h2 < 0 ? &! .-&; G"$ τ 2/h2 < 1 − 6/π2 ∼ 0.4 � �7%$5
! "7=!5 -6.57 #7%37(4)7.& !>"7#$H.#$K #7 $-G!3;=!)7#$. 27>!) (3K %!�
"!&%!)!3#!)46 >7"5!#$%�

 %7H.-&). 5!($0$%71$$ -6.54 - 1.3;J G!)4-$&; =7G$2.5 -6.5' - ).�
-75$ p
q� �3K -!6"7#.#$K )&!"!>! G!"K(%7 &!H#!-&$ G! )".5.#$? =7G$2.5
-6.5'? -$55.&"$H#'J G! )".5.#$	

ym+1
i − 2ymi + ym−1

i

τ 2
= δΔxxy

m+1
i + (1− 2δ)Δxxy

m
i ) + δΔxxy

m−1
i

>(.

Δxxy
m
i =

ymi+1 − 2ymi + ymi−1

h2
,
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$ 0 ≤ δ ≤ 1/2 � �"$ δ = 0 G!3'H7.5 $-6!(#'J K)#'J -6.5'? 7 G"$ δ = 1/4 <
#.K)#'J -6.5'�

�"!)!(K 7#73!>$H#4. )4%37(%$? 5!:#! G!3'H$&; (!%7=7&.3;-&)! 7 -!�
3J&#!/ '-&!/H$)!-&$ -6.54 G"$ δ ≥ 1/4 � �"$ o&!5 75G3$&'(4 )!3# &7%:.
-!6"7#KJ&-K� �7% $ ) G".(4('n.5 -3'H7.? 5!:#! )4G$-7&; ($-G."-$!##!.
-!!&#!2.#$. $ G!3'H$&;? H&! -%!"!-&; "7-G"!-&"7#.#$K )!3#	

u =
ω

k
= 1 + k2

(
τ 2 − h2

24
+
δτ 2

2

)
+ O(h3, τ 3, hτ 2, h2τ)

�#73!>$H#!? -%!"!-&; "7-G"!-&"7#.#$K )!3# =7)$-$& !& )!3#!)!>! H$-37
k ? G"$ o&!5 %!3. 7#$K -  !3;2$5 )!3#!)45 H$-3!5 G"$ !G".(.3.##!5 -!�
!&#!2.#$$ )".5.##!>! $ G"!-&"7#-&).##!>! 27>!) 5!>'& $5.&; !&"$17&.3;�
#'J -%!"!-&;� �7%? (3K δ = 1/4 $ k = kmax G"$ τ 2/h2 < (π2− 6)/4π2 ∼ 0.09
%!3. 7#$K "7-G"!-&"7#KJ&-K ) ! "7&#'J -&!"!#'� S75.&$5? H&! !G&$573;�
#45 -!!&#!2.#$.5 27>!) (3K K)#!/ -6.54 K)3K.&-K τ/h = 1 ? (3K #.K)#!/ <
τ/h = 0.5 ? ) o&!5 -3'H7. G!"K(!% &!H#!-&$ )!="7-&7.&�

�3K $--3.(!)7#$K &".65."#!>! -3'H7K =7G$2.5 -6.5'

Exm+1
i,l,k − 2Exmi,l,k + Exm−1

i,l,k

τ 2
=

δΔxxEx
m+1
i,l,k + (1− 2δ)ΔxxEx

m
i,l,k + δΔxxEx

m−1
i,l,k

+δΔyyEx
m
i,l,k + δΔzzEx

m
i,l,k.

�!(-&7)$) ".2.#$. ) )$(. Exmj,l,k = λm exp(i(αj+βl+γk)) ? G!3'H7.5? H&!
) !&3$H$. !& '-3!)$K '-&!/H$)!-&$ K)#!/ -6.54 τ 2/h2x + τ 2/h2y + τ 2/h2z ≤ 1
'-3!)$. '-&!/H$)!-&$ -6.54 - #.K)#!-&;J #. $5..& =7)$-$5!-&$ !& hx 	
τ 2/h2y + τ 2/h2z ≤ 1 ? &! .-&; #. =7)$-$& !& ).3$H$#4 5$#$573;#!>! G"!-&"7#�
-&).##!>! 27>7� �7%$5 ! "7=!5? #.K)#7K -6.57 G!=)!3K.& $-G!3;=!)7&; )
"7-H.&76  !3;2$/ 27> G! )".5.#$? G"$ o&!5 #.-'n.-&).##! $=5.#KK &7%$.
67"7%&."$-&$%$ ".2.#$K? %7% 75G3$&'(7 $ -%!"!-&; )!3#�

�#73!>$H#4. ".='3;&7&4 5!:#! G!3'H$&; ) -3'H7. #.! 6!$5!-&$ $ (3K
("'>$6 %!5G!#.#& G!3./�

�!#.H#4/ )7"$7#& G".(37>7.5!/ % $-G!3;=!)7#$J &".65."#!/ )4>3K($&
-3.('Jn$5 ! "7=!5	
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Hxm+1/2 −Hxm−1/2

τ
= ΔzEy

m −ΔyEz
m

Hym+1/2 − 2Hym−1/2 +Hym−3/2

τ 2
= ΔyyHy

m−1/2 +ΔzzHy
m−1/2+

+
1

4
ΔxxHy

m+1/2 +
1

2
ΔxxHy

m−1/2 +
1

4
ΔxxHy

m−3/2

Hzm+1/2 − 2Hzm−1/2 +Hzm−3/2

τ 2
= ΔyyHz

m−1/2 +ΔzzHz
m−1/2+

+
1

4
ΔxxHz

m+1/2 +
1

2
ΔxxHz

m−1/2 +
1

4
ΔxxHz

m−3/2

Exm+1 − Exm

τ
= ΔyHz

m+1/2 −ΔzHy
m+1/2

Eym+1 − Eym

τ
= ΔzHx

m+1/2 −ΔxHz
m+1/2

Ezm+1 − Ezm

τ
= ΔxHy

m+1/2 −ΔyHx
m+1/2

�3K (7##!/ -6.54 )4G!3#K.&-K "7=#!-&#4/ 7#73!> '"7)#.#$/ divH = 0 	

1

4
Δx

(
Hxm+1/2 + 2Hxm−1/2 +Hxm−3/2

)
+ΔyHy

m−1/2 +ΔzHz
m−1/2 = 0

$ divE = 4πρ 	

ΔxEx
m +ΔyEy

m +ΔzEz
m = 4πρm.

��� 6&'17/#%*#

 "7 !&. G".(3!:.#7 #!)7K -6.57 (3K ".2.#$K '"7)#..#$/ �7%-).337
) G3!-%$6 &".65."#46 ! 37-&K6� �6.57 "7="7 !&7#7 #7 !-#!). $=).-&#!/
-6.54 - G.".27>$)7#$.5? #! ) !&3$H$. !& $-6!(#!/? K)3K.&-K #.K)#!/ G!
#7G"7)3.#$J #7$5.#;2.>! "7=5."7 ! 37-&$ $ G!=)!3K.& G"!)!($&; "7-H.&4
-  !3.. %"'G#45 )".5.##45 27>!5� �--3.(!)7##4 G!"K(!% 7GG"!%-$571$$
-6.54 ) !(#!5."#!5 $ &".65."#!5 -3'H7K6? 7 &7%:. $=5.#.#$. -6.5!/ 75�
G3$&'(4 )!3#? -%!"!-&$ $6 "7-G"!-&"7#.#$K? &7%:. ) =7)$-$5!-&$ -%!"!-&./
)!3#4 !& )!3#!)!>! H$-37�
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	"#�#%*#

 !-#!). G"$5.#K.5!>! >$ "$(#!>! 5.&!(7 ".2.#$K 3.:$& $(.K -%)!=�
#!>! -H.&7 o)!3J1$$ &.H.#$K -G3!2#!/ -".(4 G! 5!($0$1$"!)7##!/ -6.5.
A`Y_ �^Z #7 G"!$=)!3;#! G!()$:#46 7(7G&$)#46 $ #73!:.##46 -.&%76�

� �#!(� �#4#%*.

�=  !3;2!>! 5#!:.-&)7 -'n.-&)'Jn$6 -G!-! !) ".2.#$K =7(7H 5.67#$�
%$ -G3!2#46 -".( ) ! 37-&K6 -3!:#!/ G.".5.##!/ >.!5.&"$$ a! =!" p�qm )
(7##!/ "7 !&. G".(G!H&.#$. !&(7#! G!(6!(' 7(7G&$)#46 #73!:.##46 -.&!%
$=�=7 .>! (!-&7&!H#!/ "! 7-&#!-&$? #.G3!6!/ &!H#!-&$ - !(#!/ -&!"!#4 $ $=�
=7 !&#!-$&.3;#!/ G"!-&!&4 ".73$=71$$ $ 3.>%!-&$ 7(7G&71$$ % "7=#!! "7=�
#45 =7(7H75� �7-H.& )4G!3#K.&-K #7 !-#!)#!/ -.&%.? !%7/53KJn./ aG!%"4�
)7Jn./ - =7G7-!5m ! 37-&; ".2.#$K� �-#!)#7K -.&%7 K)3K.&-K G"!$=)!3;#!
G!()$:#!/ $ 7(7G&$)#!/ % ".2.#$J� N.3;J ()$:.#$K '=3!) K)3K.&-K	 �m
'5.#;2.#$. !2$ !% 7GG"!%-$571$$ !%!3! -%7H%!) $ ) G!>"7#$H#46 -3!K6? �m
!&-3.:$)7#$. G!()$:#46 %!#&7%&#46 $ 5.:07=#46 >"7#$1� �!()$:#!-&;
'=3!) !-#!)#!/ -.&%$ !>"7#$H.#7 &". !)7#$K5$ #.)4"!:(.##!-&$ KH..% $
!&-'&-&)$K ".=%$6 $=5.#.#$/ "7=5."!) $ 0!"54 KH..%� -. o&! ".73$='.&-K
G"$ 3$:.##! - G!5!n;J 5.&!(7 'G"'>$6 -.&!% p�? 
q�

�3K 'G"!n.#$K =7(7#$K )6!(#!/ $#0!"571$$ ! >.!5.&"$$ ! 37-&$ ".2.�
#$K $ (3K $-%3JH.#$K $=).-&#46 &"'(#!-&./ >.#."71$$ -.&!% ) 5#!>!-)K=�
#46 ! 37-&K6 -3!:#!/ G.".5.##!/ >.!5.&"$$ G"$5.#.#4 (!G!3#$&.3;#4.
#73!:.##4. -.&%$ (3K $-%3JH.#$K $= "7-H.&7 &.6 '=3!) $ KH..% !-#!)�
#!/ -.&%$? %!&!"4. #7%"4&4 #73!:.##45$ -.&%75$ ) =!#76? #.(!-&'G#46
(3K &.H.#$K� 7"$71$!##7K 0!"5'3$"!)%7 G!=)!3K.& .($#!! "7=#!  .= !-!�
 46 G"! 3.5 'H$&4)7&; '-3!)$K #7 G!()$:#46? %!#&7%&#46? 5.:07=#46 $
)#.2#$6 >"7#$176 $ "7--H$&4)7&; $6 ()$:.#$.�

�&5.&$5 (73.. !-#!)#4. !-! .##!-&$ G"$5.#K.5!>! 5.&!(7 ".2.#$K�
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�-#!)#4. =7%!#4 -!6"7#.#$K G"$#K&4 ) )7"$71$!##!/ 0!"5. 5.&!(7
�73."%$#7��.&"!)7? G!3'H.##!/ - $-G!3;=!)7#$.5 $#&.>"$"!)7#$K G! H7�
-&K5 $ -!(.":7n./ G"!$=)!(#4. !& $-%!546 0'#%1$/ #. )42. G.")!>! G!�
"K(%7� �G".(.3KJn$. -!!&#!2.#$K (3K &)."(46 (.0!"5$"'.546? :$(%$6
$ >7=!! "7=#46 -G3!2#46 -".( =7G$-7#4 .($#!! "7=#! - $-G!3;=!)7#$.5
).%&!"!) $ &.#=!"!) ) 7%&'73;#!/ %!#0$>'"71$$? "7)#! G"$>!(#!/ (3K )-.6
-".(  .= !>"7#$H.#$K G! )".5.#$ G"!1.--7� W&$ -!!&#!2.#$K )%3JH7J& !G$�
-7#$. 07=!)46 G.".6!(!)? G"$>!(#!. (3K 5.&!(!) -%)!=#!>! -H.&7 G"!1.--!)
"7="'2.#$K $ %!#-!3$(71$$ - !G".(.3.#$.5 G!)."6#!-&./ 3!%73$=71$$ G.�
".6!(!)� �!("! #!-&$ 5!:#! #7/&$ ) pF? �? �? Dq�

�-G!3;='J&-K G"!-&./2$. 7GG"!%-$571$$ ".2.#$K $ .>! G.")46 G"!�
$=)!(#46? $#&.>"734 )7"$71$!##46 '"7)#.#$/ )4H$-3KJ&-K G"!-&./2$5$
%)7("7&'"75$ �7'--7� �37>!(7"K o&!5' G"$5.#K.54. 73>!"$&54 K)3KJ&�
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% 0!"5$"!)7#$J $ "7-G"!-&"7#.#$J )!3#? -&"'%&'"7 %!&!"46 =7)$-$& !&
-%!"!-&$ G!&!%7� �$ "$(#!. G"$ 3$:.#$. '5.#;27.& )4H$-3$&.3;#4. =7�
&"7&4 G! -"7)#.#$J - $-G!3;=!)7#$.5 G!3#!-&;J %$#.&$H.-%!/ 5!(.3$ $?
- ("'>!/ -&!"!#4? 5!(.3$"'.& ()$:.#$. $!#!) -  !3;2./ &!H#!-&;J? H.5
o&! G!=)!3K.& ����G"$ 3$:.#$.� �3K (7##!/ 5!(.3$ G".(37>7.&-K #!)7K
)4H$-3$&.3;#7K -6.57? '-3!)$. '-&!/H$)!-&$ (3K %!&!"!/ G!=)!3K.& G"!�
)!($&; "7-H.&4 G"$  !3.. 2$"!%!5 #7 !". )4H$-3$&.3;#46 $ 0$=$H.-%$6
G7"75.&"!) G! -"7)#.#$J - $5.Jn$5$-K -6.575$ p�q�

� �($!&%("'& 3&�&/*

�7--5!&"$5 ()'5."#'J =7(7H' a) (.%7"&!)46 %!!"($#7&76m )6!:(.#$K
G!&!%7 G37=54 ) ! 37-&; - !(#!"!(#45 57>#$&#45 G!3.5 B H.".= 3.)'J
>"7#$1' "7-H.&#!/ ! 37-&$ ax = 0m $ !&"7:.#$K !& .. G"7)!/ >"7#$�
14 ax = xmax m� 6!(Kn$/ -! -%!"!-&;J v = v0 G!&!% %)7=$#./&"73;#!/
G37=54? -!-&!Kn$/ $= $!#!) )!(!"!(7 $ o3.%&"!#!)? $5..& G3!&#!-&; n $
&.5G."7&'"' Te �

�� �$B(�%&. $*$!#:& ��&"%#%*?

4G$2.5 $-6!(#'J -$-&.5' '"7)#.#$/ G".(37>7.5!/ %!5 $#$"!)7##!/
a>$ "$(#!/m 5!(.3$� �)$:.#$. $!#!) !G$-4)7.&-K '"7)#.#$K5$? %!&!"4.
K)3KJ&-K 67"7%&."$-&$%75$ %$#.&$H.-%!>! '"7)#.#$K 37-!)7 $ $5.J& )$(

dr

dt
= vα, mα

dvα
dt

= Zαe

(
E+

1

c
vα ×B

)
+Rα. a�m

S(.-; Zα < -&.G.#; $!#$=71$$ $!#!) -!"&7 α ? E $ B < #7G"K:.##!-&$ o3.%�
&"$H.-%!>! $ 57>#$&#!>! G!3./? Rα = −ecZα∇×B/(4πσ) G".(-&7)3K.& -!�
 !/ -$3' &".#$K 5.:(' $!#75$ -!"&7 α $ o3.%&"!#75$� �. 0'#%1$!#73;#4/
)$(  '(.& "7--5!&".# #$:.� �3!&#!-&; $ -".(#KK -%!"!-&; $!#!) -!"&7 α
!G".(.3KJ&-K $= 0'#%1$$ "7-G".(.3.#$K $!#!) G! -%!"!-&K5	 nα =

∫
fαdvα ?

Vα =
(∫

fαvαdvα
)
/nα � �$-&.57 '"7)#.#$/? !G$-4)7Jn7K ()$:.#$. o3.%�

&"!##!/ %!5G!#.#&4 G37=54? $5..& )$(

me

(
∂Ve

∂t
+ (Ve · ∇)Ve

)
= −e

(
E+

1

c
Ve ×B

)
− ∇pe

ne
+Re, a�m

ne

(
∂Te
∂t

+ (Ve · ∇)Te

)
+ (γ − 1)pe∇ ·Ve = (γ − 1)(Qe −∇ · qe), a
m



FE 	
��������� ������� ��������������� ������������	

>(. ne, Ve < G3!&#!-&; $ -%!"!-&; o3.%&"!##!/ %!5G!#.#&4? pe = neTe <
(7)3.#$. o3.%&"!##!/ %!5G!#.#&4? Re = −∑

αRα < -$37 &".#$K 5.:('
o3.%&"!#75$ $ $!#75$? Te < &.5G."7&'"7 o3.%&"!#!)? Qe = j2/σ < #7>".)
o3.%&"!#!) ) ".='3;&7&. -&!3%#!).#$/ - $!#75$ a=(.-; σ = nee

2/(meν)m?
qe = −k1∇Te ? < G!&!% &.G37? >(. k1 < %!o00$1$.#& &.G3!G"!)!(#!-&$� �
o&$5 '"7)#.#$K5 (! 7)3KJ&-K -3.('Jn$. '"7)#.#$K �7%-).337

∇×B =
4π

c
j, ∇× E = −1

c

∂B

∂t
, ∇ ·B = 0. aFm

S(.-; j < G3!&#!-&; &!%7? %!&!"7K ) -3'H7. 5#!>!%!5G!#.#&#!/ G37=54 G!(�
-H$&4)7.&-K G! 0!"5'3. j = e (

∑
α ZαnαVα − neVe) . �37=57 K)3K.&-K %)7�

=$#./&"73;#!/? &� .� ne =
∑

αZαnα � �!o&!5' ) -$-&.5. '"7)#.#$/ �7%-).337
#. 'H$&4)7.&-K '"7)#.#$. ∇ · E = 4πρ ? >(. ρ = e (

∑
α Zαnα − ne) < ! �.5�

#4/ =7"K(? Vα = (Vαx, Vαy, Vαz) ? Vα = (
∑

αZαnαvα) /ne < -".(#KK -%!"!-&;
$!#!)�

��� �15(�*!: "�/*$1#%*?

�.2.#$. "7--57&"$)7.&-K ) ! 37-&$ 0 ≤ x ≤ xmax ? 0 ≤ y ≤ ymax � 
-!!&).&-&)$$ - G!-&7)3.##!/ =7(7H./ #7H73;#4. (7##4. G"$ t = 0 $5.J&
)$(	 n = n0 = const ? Bx = By = 0 ? Bz = B0 = const ? Te = T0 = 0 ?
vx = v0 ? vy = vz = 0 $ Ex = Ey = Ez = 0 � �"7#$H#4. '-3!)$K $5.J& )$(	
(3K H7-&$1 a$!#!)m < '-3!)$K !&"7:.#$K G! x $ G."$!($H.-%$. '-3!)$K G!
y 8 (3K -.&!H#46 0'#%1$/ < Ex = 0 ? ∂Ey/∂x = ∂Ez/∂x = 0 ? ∂n/∂x = 0 ?
∂Te/∂x = 0 G! x $ G."$!($H.-%$. '-3!)$K G! y �

 "7-H.&#!/ ! 37-&$ )).(.#7 "7)#!5."#7K -.&%7 - 27>75$ h1 ? h2 G! !-K5
x $ y ? -!!&).&-&).##!� �.&!H#7K 0'#%1$K Bz !G".(.3K.&-K ) '=376 -.&%$
xi = ih1, yk = kh2 ? 0'#%1$$ Vx, Vex, Ex, By < ) &!H%76 xi, yk−1/2 = (k −
0.5)h2 ? 0'#%1$$ Vy, Vey, Ey, Bx < ) &!H%76 xi−1/2 = (i−0.5)h1, yk ? 7 0'#%1$$
n, Te, Vz, Vez, Ez < ) -.".($#76 KH..% xi−1/2, yk−1/2 �

�3K %"7&%!-&$ =7G$2.5 -6.5' )  .="7=5."#!5 ).%&!"#!5 )$(.�  %7H.�
-&). #!"5$"!)!% (3K G3!&#!-&$? #7G"K:.##!-&$ 57>#$&#!>! G!3K? &.5G."7�
&'"4? -%!"!-&$? %!!"($#7&4 $ )".5.#$ )4 "7#4 =#7H.#$K n0 ? B0 ? B2

0/ (8π) ?
VA = B2

0/
√
4πn0e2 ? c/ωpi = c

√
mi/

√
4πn0e2 $ 1/ωci = mic/(eB0) ? -!!&).&�

-&).##!�
�7 G.")!5 o&7G. ".27J&-K '"7)#.#$K ()$:.#$K 5!(.3;#46 H7-&$1

vm+1 − vm

τ
= Êm + vm ×Bm,

rm+1 − rm

τ
= vm+1. a�m

�3!&#!-&; $ -".(#KK -%!"!-&; $!#!) )4H$-3KJ&-K #7 )&!"!5 o&7G. G!
0!"5'375 5.&!(7 H7-&$1�)�KH./%76	

nm+1 (r) =
∑
j

qjR
(
r− rm+1

j

)
, a�m



�3������ � �    ��&"����$ )����' %
(�"���$   F�

Vm+1 (r) =
∑
j

qjv
m+1
j R

(
r− rm+1

j

)
/nm+1 (r), aDm

>(. R (r) = R (x)R (y) $

R(f) =

{
1− |f |/h, >(. |f | ≤ h,

0, >(. |f | > h,
aEm

>(. f = {x, y} $ h = {h1, h2} ? -!!&).&-&).##!�
�! -".(#$5 -%!"!-&K5 $!#!)? #7 &".&;.5 o&7G.? )4H$-3KJ&-K -%!"!-&$

o3.%&"!#!) #7 o/3."!)!/ -.&%.	

Vm+1
e = Vm+1 −∇×Bm/nm+1. a�m

W3.%&"$H.-%!. G!3. 5!:#! )4"7=$&; $= '"7)#.#$K ()$:.#$K (3K o3.%�
&"!#!)	

Êm+1 = −Vm+1
e ×Bm+1 − 1

nm+1
∇ (

nm+1Tme
)− βsm+1, a�@m

>(. β = me/mi ? sm+1 =
(
Vm+1
e −Vm

e

)
/τ +

(
Vm+1
e · ∇)Vm+1

e �  '"7)#.�
#$$ a�@m $-G!3;='.&-K 57>#$&#!. G!3. #7 )".5.##!5 27>. m + 1 � �3K .>!
)4H$-3.#$K #7 H.&)."&!5 o&7G. ".27.&-K '"7)#.#$.

Bm+1 −Bm

τ
= −∇×

(
Êm+1 +Re

)
, a��m

>(. Re = æ∇×Bm+1/nm+1 ? æ = meνc/(B0e) �
�.K)#7K -6.57 a��m ".27.&-K 5.&!(!5 "7-n.G3.#$K G! #7G"7)3.#$K5

$ ".73$='.&-K - G!5!n;J -%73K"#46 G"!>!#!%� �73.. #76!($&-K Êm+1 G!
0!"5'3. a�@m $ )4H$-3K.&-K !%!#H7&.3;#!. =#7H.#$. o3.%&"$H.-%!>! G!3K
aGK&4/ o&7Gm	

Em+1 = Êm+1 +Re. a��m

�7 =7%3JH$&.3;#!5 o&7G. ".27.&-K '"7)#.#$. (3K &.5G."7&'"4	

Tm+1
e − Tme

τ
+ (V · ∇)Tm+1

e + (γ − 1)nm+1Tm+1
e ∇ ·Vm+1

e =

= (γ − 1)
(
Qm+1
e −∇ · qm+1

e

)
. a�
m

�.K)#7K -6.57 (3K &.5G."7&'"4 &7%:. ".27.&-K 5.&!(!5 "7-n.G3.#$K $
".73$='.&-K 5.&!(!5 G"!>!#%$�
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�� 6&'17/#%*#

�-! .##!-&; #!)!/ -6.54 =7%3JH7.&-K ) #.K)#!5 )4H$-3.#$$ #7G"K:.#�
#!-&$ 57>#$&#!>! G!3K $ -)K=7##!>! - #$5 o3.%&"$H.-%!>! G!3K� W&! -'n.�
-&).##! G!)427.& '-&!/H$)!-&; -6.54 $ G!=)!3K.& G"!)!($&; "7-H.&4 G"$
 !3.. 2$"!%!5 #7 !".? %7% )4H$-3$&.3;#46? &7% $ 0$=$H.-%$6 G7"75.&"!)�
�."$K &.-&!)46 "7-H.&!) G!%7=737 o00.%&$)#!-&; -!=(7##!/ -6.54�

�.='3;&7&4 H$-3.##!>! 5!(.3$"!)7#$K? G".(-&7)3.##4. #7 �$-� �? G!3'�
H.#4 G"$ =#7H.#$$ -%!"!-&$ )6!(Kn.>! G!&!%7 v0 = 1.5 � �7 (7##!5 >"70$�
%. G"$).(.#! "7-G".(.3.#$. $!#!) #7 07=!)!/ G3!-%!-&$ (vx, x) ) 5!5.#&
)".5.#$ t = 6 ? %!&!"!. (.5!#-&"$"'.& -&"'%&'"' '(7"#!/ )!3#4 - #.".>'�
3K"#45$ %!3. 7#$K5$ G!"K(%7 c/ωpi � �%!"!-&; '(7"#!/ )!3#4 u = 2.6 $
57%-$573;#!. =#7H.#$. -%!"!-&$ !&"7:.##46 !& .. 0"!#&7 $!#!) vx = 3.5 �

�$-� �� �7-G".(.3.#$. $!#!) #7 07=!)!/ G3!-%!-&$

�*!#�&!��&

�� ��h!�W�� �$ � - .\�(1�S�10 $ Zz�gisc� zd�{c��zscfg }r dz�giscui�
�fhdc� jzrh cg hy�ijgf�z jidgzgs h~f��h ww [hsjf�~rh� e� �@�@� +f{� D�D�
Y� �@�F<�@���

�� �I��?
�� M� �$-3.##!. 5!(.3$"!)7#$. ($#75$%$ 5#!>!%!5G!#.#&�
#!/ G37=54 ww .-&#$% �!)!-$ $"-%!>! �!-'(7"-&).##!>! �#$)."-$&.�
&7� �@@
� �� 
� 4G� �� �� 
<�@�


� ^�+�S1�S� X^ Cydijc�z{ hcdy{zscfg f| �{zhdz yhcg� z ~r}jc� Z]l�
�cgisc� df�i{ ww By{{� Cf�� �fd�� �igsij? Cyd� [gz{rhch� �@@�� ,hhyi	
�F� Y� ��<��F�

F� ^�+�S1�S� X^� �!- �1�S� aT Cydijc�z{ df�i{cg� f| �{zhdz �~igfdigz
yhcg� s~i Y,��dis~f� ww lch�~zj�ih zg� ^{i�sjc�z{ ,ghy{zscfg cg +z�yyd
a,Al^,+m? �@�� ��s~ ,gsijgzscfgz{ Ard�fhcyd fg� �@��� Y� 
�E<F@@�
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�� F:	:��� i�� �I��?
� �� �.&!( H7-&$1 ) ($#75$%. "7=".:.##!/
G37=54� �!)!-$ $"-%	 �7'%7? ��E@� �� -�

�� F:	:��� i�� �I��?
� ��� �E���?
�� �@� _:�
	E? �] �  .-�
-&!3%#!)$&.3;#!5 &!"5!:.#$$ G37=5.##!>! ! 37%7 ) #.!(#!"!(#!5 =7�
57>#$H.##!5 0!#. ww L$=$%7 G37=54� ����� �� �E� 4G� ��� �� E��<E���
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���� �� �����	����
�=
��,
����
��� �,�	 	 ���<��� 6��
�1#0("& �+�+8 �&129#"& +�+8 �&�&B&42.% �+�+
��� !����� 0!1� �	��	�*��*2	��

	"#�#%*#

 G!-3.(#.. )".5K - 1.3;J G!)42.#$K G!5.6!'-&!/H$)!-&$ G"$.5#46 -$�
-&.5 $#&.#-$)#! $--3.('J&-K ).%&!"#!�-%73K"#4. G"$.5#4. -$-&.54? -G!�
-! #4. $=5."K&; #. &!3;%! -%73K"#'J? #! $ ).%&!"#'J %!5G!#.#&' 7%'-&$�
H.-%!>! G!3K� �"$ "7="7 !&%. 73>!"$&5!)? !G&$573;#45 ! "7=!5 G!(7)3KJ�
n$6 2'54? #.! 6!($5! =#7&; 67"7%&."$-&$%$ ).%&!"#!�-%73K"#46 2'5!)�
�3K 7#&.##? '-&7#7)3$)7.546 #7  !"&' #!-$&.3K? G".)73$"'Jn$5 2'5!5
K)3K.&-K 2'5? $=(7)7.54/ -75$5 #!-$&.3.5� �(#7%! $=).-&#!? H&! "7-H.&
G7"75.&"!) )$ "71$!##46 $ 7%'-&$H.-%$6 G!3./ (3K G"$.5#46 7#&.##? "7-�
G!3!:.##46 #7 #. !3;2!5 )!3#!)!5 "7--&!K#$$ !& G!)."6#!-&$ 2'5Kn.>!
 !"&7? )-&".H7.&-K -! =#7H$&.3;#45$ 57&.57&$H.-%$5$ &"'(#!-&K5$�

 (7##!/ "7 !&. #7 !-#!). %!5G;J&."#!>! 5!(.3$"!)7#$K $--3.('.&-K
#7G"7)3.##!-&; $=3'H.#$K 2'57? -!=(7)7.5!>! )$ "71$K5$  !"&7 #!-$&.3K?
%!&!"4/ G"$#K&! "7--57&"$)7&; ) )$(. G37-&$#4 %!#.H#46 "7=5."!) 27"�
#$"#! =7%".G3.##!/ #7 %"7K6� �7--5!&".#! � )7"$7#&7 >.!5.&"$$ G37-&$#4	
%)7("7&#7K $ G"K5!'>!3;#7K G37-&$#7� �7G"7)3.##!-&; $=3'H.#$K "7--H$�
&4)7.&-K - $-G!3;=!)7#$.5 3$#./#!/ 7#&.##4? -!-&!Kn./ $= �� ).%&!"#!�
-%73K"#46 (7&H$%!)� �#73$=$"'.&-K #7G"7)3.##!-&; $=3'H.#$K (3K 
�6 "7=�
3$H#46 %!5G!#.#& 7%'-&$H.-%!>! G!3K	 -%73K"#!/? ).%&!"#!�-%73K"#!/ $
G!&!%!)!/�

� �#!(�*'& �&$/#!&

�3K "7-H.&7 )$ "71$!##46 $ 7%'-&$H.-%$6 G!3./ $-G!3;='.&-K 'G"!n.#�
#4/ G!(6!(? $=3!:.##4/ ) "7 !&76 p�? �q� �!!&).&-&)$. (7##!>! G!(6!(7
-&"!>!/ &.!"$$ p
q G"$ "7-H.&. "7=3$H#46 ).%&!"#!�-%73K"#46 67"7%&."$�
-&$% G!3K 2'5!)? "7="7 !&7##!/ (3K ".73;#46 $#:.#."#46 %!#-&"'%1$/?
G!%7=7#! ) "7 !&. p�q� �7 "$-��� G".(-&7)3.#7 -$-&.57 %!!"($#7&? $-G!3;�
=!)7##7K G"$ "7-H.&. (7)3.#$K? )!=#$%7Jn.>! G"$ %!3. 7#$K6 G37-&$#4
%!#.H#46 "7=5."!) #7 ��5 (7&H$%. G"$.5#!/ -$-&.54? #76!(Kn.5-K ) &!H�
%. - %!!"($#7&75$ Am(xm, ym, zm) �
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�$-� �� � n$/ )$( "7--57&"$)7.5!/ =7(7H$ ) )4 "7##!/ -$-&.5. %!!"($#7&�

�&#!-$&.3;#! G"$.5#!>! o3.5.#&7? #76!(Kn.>!-K ) &!H%. Am(xm, ym, zm) ?
G!3!:.#$. &!H%$ $=3'H.#$K Ts(xs, ys, zs) ) 1$3$#("$H.-%!/ -$-&.5. %!!"�
($#7& !G".(.3K.&-K &"!/%!/ ).3$H$# rm ? θ $ ϕ a"7--&!K#$. 5.:(' &!H%!/
#7 3J(.#$K $ &!H%!/ $=3'H.#$K? 7=$5'& $ '>!3 #7%3!#7 -!!&).&-&).##!m�
�!( )!=(./-&)$.5 )#.2#$6 -$3 ) G37-&$#. )!= ':(7J&-K %!3. 7#$K? %!�
&!"4. -!=(7J& 7%'-&$H.-%!. G!3.? G"$ o&!5 (7)3.#$. #7 ��!5 G"$.5#!5
o3.5.#&. Pm "7--H$&4)7.&-K ) )$(. -!)!%'G#!-&$ -$>#73!) !& -3'H7/#46
$-&!H#$%!) - "7)#!5."#!/ G3!&#!-&;J "7-G".(.3.#$K G! G!)."6#!-&$ G37�
-&$#4 p�q	

Pm(Am) =
∞∑
i=1

Si · e−j·k·rm/rm. a�m

S(.-; Si < 75G3$&'(4 -3'H7/#46 $-&!H#$%!)? 1 < )!3#!)!. H$-3!? "7)#!.
2π/λ ? λ < (3$#7 )!3#4? -!!&).&-&)'Jn7K H7-&!&. G"$#$57.546 -$>#73!) 4�

�!37>7.&-K? H&! 75G3$&'(4 -3'H7/#46 $-&!H#$%!) Si "7-G".(.3.#4 G!
�o3.J? 7 #7H73;#4. 07=4 < "7)#!5."#! ) $#&.")73. (0 − 2π) � �#$54. $
(./-&)$&.3;#4. H7-&$ &7%$6 -$>#73!) "7-G".(.3.#4 G! #!"573;#!5' =7%!�
#'� �3K F�%!5G!#.#&#!>! ).%&!"#!>! G"$.5#$%7? -!-&!Kn.>! $= G"$.5#$%7
(7)3.#$K $ &".6 !"&!>!#73;#46 ).%&!"#46 G"$.5#$%!) Vx ? Vy $ Vz ? "7-�
H.& -$>#73!) #7 ).%&!"#46 G"$.5#$%76 )4G!3#K.&-K G'&.5 '5#!:.#$K -%7�
3K"#!/ -!-&7)3KJn./? ! '-3!)3.##!/ )$ "71$K5$ ��/ &!H%$ G37-&$#4? #7
cos θ · sinϕ ? sin θ · cosϕ $ cosϕ -!!&).&-&).##!� �7%!/ G!(6!( G!=)!3K.&
"7--H$&7&; "7=3$H#4. 67"7%&."$-&$%$ G!3K G!5.6 #7 ).%&!"#!�-%73K"#!/
7#&.##.? "7-G!3!:.##!/ ) 3$=$ )$ "$"'Jn./ G!)."6#!-&$�
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U =

⎛⎜⎝P
Vx
Vy
Vz

⎞⎟⎠ , a�m

>(. P ? Vx ? Vy ? Vz < ).%&!"4 "7=5."#!-&;J � a(3K "7--57&"$)7.5!/ =7�
(7H$ � � ��m? %!5G!#.#&4 %!&!"46 -!!&).&-&)'J& -$>#7375? G"$#$57.�
545 ).%&!"#!�-%73K"#!/ G"$.5#!/ -$-&.5!/� �3K =)'%!)!>! (7)3.#$K o&!
P = (P1, P2, . . . , PM) � �3K Vi < o&! -$>#734? -!!&).&-&)'Jn$. � �/ G"!.%1$$
%!3. 7&.3;#!/ -%!"!-&$� �#73$=$"'.&-K #7G"7)3.##!-&; $=3'H.#$K (3K 
�6
"7=3$H#46 %!5G!#.#& 7%'-&$H.-%!>! G!3K	 -%73K"#!/? ).%&!"#!�-%73K"#!/ $
G!&!%!)!/� �"$ o&!5 ).%&!" j  '(.& $5.&; )$( a�m (3K ).%&!"#!�-%73K"#!/
%!5G!#.#&4? (3K -%73K"#!/ $ G!&!%!)!/ %!5G!#.#& ).%&!" j $5..& )$(

U = P, U =

⎛⎝PVxPVy
PVz

⎞⎠ -!!&).&-&).##!�

�3K !G".(.3.#$K G"!-&"7#-&).##!/ #7G"7)3.##!-&$ $=3'H.#$K $-G!3;�
='.&-K A:>
� F�	>�:>>�� �7&.57&$H.-%$ o&!& 5.&!( o%)$)73.#&.# "7=3!�
:.#$J $=5.".##46 -$>#73!) ) )$(. -'G."G!=$1$$ G"!-&"7#-&).##46 )!3#?
G"$6!(Kn$6 - "7=#46 #7G"7)3.#$/ #7 !(#!/ H7-&!&.� �3K G3!-%$6 )!3# o&!
"7=3!:.#$. G!=)!3K.& !G".(.3$&; '>3!)4. %!!"($#7&4 $-&!H#$%7 a7=$5'&
$ '>!3 )!=)42.#$Km�

�� �#3�12!&!� :(�#1*�("&%*. * *B (0$�F�#%*#

�7--57&"$)7.&-K � )7"$7#&7 >.!5.&"$$ G37-&$#4	 %)7("7&#7K G37-&$�
#7 "7=5."75$ 
 #7 
 5.&"7 $ G"K5!'>!3;#7K G37-&$#7 "7=5."75$ 
 #7
� 5.&"!)� �$#./#7K 7#&.##7 -!-&!$& $= �� ).%&!"#!�-%73K"#46 (7&H$%!)?
"7-G!3!:.##46 o%)$($-&7#&#!? 5.:o3.5.#&#4. "7--&!K#$K "7)#4 @��� 5�
�#&.##7 "7-G!3!:.#7 G! 1.#&"' G37-&$#4 )(!3; !-$ O #7 "7--&!K#$$ @�D 5
!& G!)."6#!-&$ G37-&$#4� �!(.3$"!)7#$. G"!)!($&-K #7 H7-&!&. 4 � 
@@@
�1 ) )!(#!/ -".(.? -%!"!-&; "7-G"!-&"7#.#$K =)'%7 ) )!(. ��@@ 5w-� �!"5$�
"!)%7 G"!-&"7#-&).##46 -G.%&"!) G"!$=)!($&-K #7 57%-$573;#!. =#7H.#$.
)46!(#!>! -$>#737 G"$ "7 !&. -! -%73K"#!/ %!5G!#.#&!/ G!3K� �$7G7=!#
-%7#$"!)7#$K @<�E@ >"7('-!)�

�= G".(-&7)3.##46 #$:. >"70$%!) )$(#!? H&! 7#&.##7? "7-G!3!:.##7K
) 3$=$ G!)."6#!-&$ )$ "$"'Jn./ G37-&$#4 G"$#$57.& 2'5? #7G"7)3.#�
#!-&; %!&!"!>! "7-G".(.3.#7 ) G"!-&"7#-&). ) (!-&7&!H#! 2$"!%!5 ($7G7�
=!#.�

�"$ "7-H.&. #7G"7)3.##!-&$ $=3'H.#$K G! -%73K"#!/ %!5G!#.#&. 7%'�
-&$H.-%!>! G!3K #7$ !3;2$/ 2'5 G"$6!($& -  !%!)46 #7G"7)3.#$/ %7% (3K
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�$-� �� �7G"7)3.##!-&; $=3'H.#$K? "7--H$&7##7K (3K -%73K"#!/ aBm?
).%&!"#!�-%73K"#!/ aB^ m $ G!&!%!)!/ ae m %!5G!#.#& 7%'-&$H.-%!>! G!�
3K? "7--57&"$)7.&-K %)7("7&#7K G37-&$#7 "7=5."75$ 
6
 5.&"7�

�$-� 
� �7G"7)3.##!-&; $=3'H.#$K (3K G"K5!'>!3;#!/ G37-&$#4? (3$##7K
-&!"!#7 )4&K#'&7 )(!3; !-$ *�

�$-� F� �7G"7)3.##!-&; $=3'H.#$K (3K G"K5!'>!3;#!/ G37-&$#4? (3$##7K
-&!"!#7 )4&K#'&7 )(!3; !-$ ��
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$=!&"!G#!>! a%)7("7&#7K G37-&$#7m? &7% $ (3K 7#$=!&"!G#!>! aG"K5!'>!3;�
#7K G37-&$#7? )4&K#'&7K )(!3; !-$ *m G!3K 2'5!)� �3K %)7("7&#!/ G37-&$�
#4 57%-$573;#4/ 2'5 G"$6!($& - #7G"7)3.#$/ 40◦ − 50◦ $ 120◦ − 130◦ ? 7
(3K G37-&$#4? )4&K#'&!/ )(!3; !-$ *? - #7G"7)3.#$/ 30◦−40◦ $ 130◦−140◦ �
�7%7K "7=#$17 ) G!3!:.#$$ 57%-$5'5!)? %7%  4 G!(H."%$)7.&? H&! (3K G37�
-&$#4? )4&K#'&!/ )(!3; !-$ *? 5!n#!-&; $=3'H.#$K !& $-&!H#$%!)? #76!�
(Kn$6-K - !%'? )!="!-37 =7 -H.& ').3$H.#$K "7=5."7 G37-&$#4� �3K G37�
-&$#4? )4&K#'&!/ )(!3; !-$ �? 57%-$573;#4/ '"!).#; )46!(#!>! -$>#737
#7 3J(7.&-K #7 90◦ ? H&! &7%:. -!!&).&-&)'.& $#&.#-$)#!-&$ $=3'H.#$K !&
$-&!H#$%!)? "7-G!3!:.##46 #7 G37-&$#. G! #7G"7)3.#$K5?  3$=%$5 % 90◦ �

O7"7%&." #7G"7)3.##!-&$ $=3'H.#$K G"$ "7 !&. - ).%&!"#!�-%73K"#45$
%!5G!#.#&75$ (3K $=!&"!G#!>! $ 7#$=!&"!G#!>! G!3K #!-$& &7%!/ :. 67"7%�
&."? %7% $ G"$ "7 !&. -! -%73K"#!/ 7#&.##!/� �!? #.-5!&"K #7 $-G!3;=!)7�
#$. ).%&!"#46 %!5G!#.#& 7#&.##7 #. "7=3$H7.&? $(.& 3$ -$>#73 -! -&!"!#4
G!)."6#!-&$ G37-&$#4 a&�.� -!=(7.&-K )$ "$"'Jn$5$ %!#-&"'%&$)#45$ o3.�
5.#&75$ #!-$&.3Km $3$ - G"!&$)!G!3!:#!/? )#.2#./ -&!"!#4�

�-G!3;=!)7#$. G!&!%!)!/ %!5G!#.#&4 G!=)!3K.& !G".(.3$&; #. &!3;%!
#7G"7)3.#$.? - %!&!"!>! $(.& #7$ !3;2$/ 2'5? 67"7%&."$='Jn$/ $=!&"!�
G$J $3$ 7#$=!&"!G#!-&; 7%'-&$H.-%!>! G!3K? #! &7%:. $ '-&7#!)$&; $(.& 3$
2'5 -! -&!"!#4 )$ "$"'Jn.>! G37-&$#4 $3$ !# ! '-3!)3.# )!=(./-&)$.5
)#.2#$6 $-&!H#$%!)�

��� 	�"(��

�7%$5 ! "7=!5? #7G"7)3.##!-&; )$ "$"'Jn./ G37-&$#4 "7-G".(.3.#7 )
G"!-&"7#-&). ) (!-&7&!H#! 2$"!%!5 ($7G7=!#. '>3!)? "7=3$H#7 (3K "7=3$H�
#46 %!5G!#.#& 7%'-&$H.-%!>! G!3K $ =7)$-$& !& "7=5."!) G37-&$#4? H&!
#.! 6!($5! 'H$&4)7&; G"$ "7="7 !&%. 73>!"$&5!) G"!-&"7#-&).##!/ 0$3;�
&"71$$? )4G!3#KJn$6 o00.%&$)#!. G!(7)3.#$. 2'5!) #!-$&.3K�

�*!#�&!��&

�� ��:<
�� ��� N<��?
� ��� =:�:��:� @�� P�	�Q�ID�� ��
.%&!"#!�-%73K"#4. 7%'-&$H.-%$. G!3K )  3$:#./ =!#. )$ "$"'Jn./
G37-&$#4� ww �7'H#!�&.6#� - � �$("!7%'-&$%7� �@��� 4G� ��a�m� �� 
D<
F��

�� ;��`?�� �@� =:�:��:� @� ."!K&#!-&#4. =7(7H$ -&7&$-&$H.-%!/
>$("!7%'-&$%$� ���� �� �	 �� �W�� ��W���� �@��� ��� -�
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	"#�#%*#

�(.#&$0$%71$K &".n$# $ =!# #7"'2.#$K -G3!2#!-&$ 5.:(' o3.5.#&75$
-&"'%&'" )6!($& ) %"'> G.")!!H.".(#46 =7(7H? ".27.546 G"$ '3;&"7=)'%!�
)!5 #."7="'27Jn.5 %!#&"!3. $ 5!#$&!"$#>. -!-&!K#$K %!#-&"'%1$/ p�q�
� 37-&; #7"'2.#$K -G3!2#!-&$ 5!:.& G".(-&7)3K&; -! !/ "7-G".(.3.##4/
#7 !" 5$%"!&".n$#? &".n$#' - %!#&7%&$"'Jn$5$  .".>75$ $3$ ! 37-&;
#.$(.73;#!>! %!#&7%&7 p�q? %!&!"4. #.".(%! K)3KJ&-K G".().-&#$%75$ "7=�
"'2.#$K )-./ %!#-&"'%1$/� S7(7H7 $(.#&$0$%71$$ -3!:#.. ) &!5 -3'H7.?
.-3$ o3.5.#&4 -&"'%&'" $=>!&!)3.#4 $= "7=3$H#46 57&."$73!)�

�.2.#$. o&$6 =7(7H &". '.& "7="7 !&%$ -!!&).&-&)'Jn$6 57&.57&$H.�
-%$6 $ %!5G;J&."#46 5!(.3./� �"$ o&!5 )7:#! "7=3$H7&; !&%"4&4. &".�
n$#4? G!)."6#!-&$ %!&!"46 -)! !(#4 !& #!"573;#46 $ %7-7&.3;#46 #7�
G"K:.#$/? $ !&-3!.#$K? %!&!"4. !G$-4)7J&-K  !3.. -3!:#45$ >"7#$H#4�
5$ '-3!)$K5$ p�q� �!( !&-3!.#$.5 #.".(%! G!("7='5.)7J&  !3.. -3!:#4.
(.0.%&4 G! -"7)#.#$J - $(.73;#!/ &".n$#!/? #7G"$5."? !&-3!.#$K 5!>'&
$5.&; )=7$5!(./-&)'Jn$. G!)."6#!-&$ $3$ K)3K&;-K =!#75$ #.$(.73;#!>!
%!#&7%&7� �7-%"4&7K &".n$#7 57&.57&$H.-%$ !G$-4)7.&-K %7%  .-%!#.H#!
&!#%$/ "7=".= - #'3.)45$ #!"573;#45$ $ %7-7&.3;#45$ #7G"K:.#$K5$?
%!&!"4. )4"7:7J&-K H.".= G.".5.n.#$K -!>37-#! =7%!#' �'%7� �"$ 5!(.�
3$"!)7#$$ #.$(.73;#!>! %!#&7%&7 $3$ H7-&$H#! !&-3!$)2$6-K $#&."0./-!)
-!!&).&-&)'Jn$. =!#4 5!>'&  4&; !G$-7#4 #7 !"!5 5$%"!&".n$#? G'&.5
=75.#4 G!)".:(.##!>! $#&."0./-7 &!#%$5 )K=%!'G"'>$5 -3!.5 $3$ - G!�
5!n;J >"7#$H#46 '-3!)$/ G"':$##!>! &$G7� �$0"7%1$K 'G"'>$6 )!3# #7
%"'>!)46 &".n$#76 $ !&-3!.#$K6 5.:(' ()'5K !($#7%!)45$ G!3'G"!-&"7#�
-&)75$ (!-&7&!H#! G!3#! $='H.#7 p�? 
q? ) #7-&!Kn./ "7 !&. $='H7.&-K -3'H7/
()'6 "7=#!"!(#46 -3!.)�
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�
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�
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� �($!&%("'& 3&�&/*

�7--57&"$)7.&-K ()7 'G"'>$6 $=!&"!G#46 -3!K {−h2 < z < 0} $ {0 <
z < h1} ? #7 >"7#$1. -!.($#.#$K %!&!"46 G".(G!37>7J&-K #.G"."4)#45$
G.".5.n.#$K $ #7G"K:.#$K )-J(' =7 $-%3JH.#$.5 %"'>!)!/ ! 37-&$ Ω ? )
%!&!"!/ "7-G!3!:.#7 &".n$#7 "7($'-7 a � N.#&" (.%7"&!)!/ $ 1$3$#("$H.�
-%!/ -$-&.5 %!!"($#7& -!)G7(7J& - 1.#&"!5 &".n$#4? !-; Oz !"&!>!#73;#7
>"7#$1. "7=(.37 ()'6 -".(� �7(7Jn.. )!3#!)!. G!3. - G.".5.n.#$K5$ uini
G".(G!37>7.&-K =7(7##45? #7G"$5."? ) )$(.  .>'n$6 )!3# �o5 7? )!= ':�
(7.546 #7>"'=%!/ pFq�

r<a
x2

x1

x3

1

2

r
θ

z

�$-� �� �!-&7#!)%7 =7(7H$

�.2.#$. #.-&71$!#7"#!/ =7(7H$ u(x, t) '(!)3.&)!"K.& '"7)#.#$K5 �K5.
$ 5!:.&  4&; G".(-&7)3.#! ) )$(. G".! "7=!)7#$K �7G37-7 >7"5!#$H.-%!>!
".2.#$K u(x, ω) pFq� �3K !G$-7#$K )!3#!)!>! G!3K? "7--.K##!>! %"'>!)!/
&".n$#!/? '(! #! G."./&$ ) 1$3$#("$H.-%'J -$-&.5' %!!"($#7&? >(. %!5�
G!#.#&4 ).%&!"7 G.".5.n.#$/ ) %7:(!5 $= -3!.) j = 1, 2 ? =7G$-7##4. )
&."5$#76 G!&.#1$73!) ψi ? '(!)3.&)!"KJ& )!3#!)45 '"7)#.#$K5

∇2ψ3 + k21jψ3 = 0, ∇2ψi + k22jψi = 0, i = 1, 2. a�m

S(.-; k1j < )!3#!)!. H$-3! (3K G"!(!3;#46 )!3#? 7 k2j (3K G!G.".H#46 )!3#
j �/ -".(.� 4"7:.#$K? -)K=4)7Jn$. G!&.#1$734? G.".5.n.#$K $ #7G"K:.�
#$K 5!>'&  4&; #7/(.#4? % G"$5."'? ) pF? �q

�� 0@&. $B#:& �#4#%*.

�3K G!&.#1$73!) -G"7).(3$)! G".(-&7)3.#$. ) )$(. "K(!) p
q

χ1m(θ) = cosmθ, χ2m(θ) = sinmθ.
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ψ1(r, θ, z) = −
∞∑
m=0

ψ2m
1 (r, z)χ1m(θ) +

∞∑
m=0

ψ1m
1 (r, z)χ2m(θ),

ψi(r, θ, z) =

2∑
n=1

∞∑
m=0

ψnmi (r, z)χnm(θ), i = 2, 3.

�!(-&7#!)%7 "7=3!:.#$/ ) )!3#!)4. '"7)#.#$K $ G"$5.#.#$. $#&.>"73;#!>!
G".! "7=!)7#$K O7#%.3K G!=)!3K.& G!3'H$&; -3.('Jn$. )4"7:.#$K	

ψnmi (r, z) =

∞∫
0

Ψnm
i (α, z)Jm(αr)αdα.

�-G!3;='K -)!/-&)7 G".! "7=!)7#$K O7#%.3K '(! #! $-G!3;=!)7&; 5!($�
0$1$"!)7##4/ (3K 1$3$#("$H.-%$6 %!!"($#7& ).%&!" G.".5.n.#$/

w = {ur + uθ, ur − uθ, uz}
$ ).%&!" #!"573;#46 $ %7-7&.3;#46 G.".5.n.#$/

τ̂ = {τrz + τθz, τrz − τθz, τzz} ,
7 "7--.K##!. G!3. 5!:.&  4&; =7G$-7#! ) %!5G7%&#!5 )$(. H.".= ! "7=4
57&"$1 �"$#7 Kn

j (α, z) pF? �q (3K %7:(!>! $= -3!.)

wsc,nm(r, z) =

⎧⎪⎪⎨⎪⎪⎩
wsc,nm

1 (r, z) =
∞∫
0

Jnm(αr)Kn
1(α, z)Q

nm(α)α dα, z < 0

wsc,nm
2 (r, z) =

∞∫
0

Jnm(αr)Kn
2(α, z)Q

nm(α)α dα, z > 0
, a�m

Jml(αr) =

⎛⎝ Jm+(−1)n(αr) 0 0
0 Jm−(−1)n(αr) 0)
0 0 Jm(αr)

⎞⎠ ,

$ ).%&!"7? -!-&7)3.##!>! $= #!"573;#46 $ %7-7&.3;#46 #7G"K:.#$/ ) ! 37�
-&$ (.0.%&7 Ω

q(r, θ) =
2∑

n=1

∞∑
m=0

qnm(r)χnm(θ), Qnm(α) =

∞∫
0

Jnm(αr)qnm(r)r dr.

�"K5!/ G!(-&7#!)%!/ ! "7=!) ) >"7#$H#4. '-3!)$K #7 &".n$#. #.&"'(#!
G!3'H$&;

Qnm(α) = Ln(α)ΔW nm(α),

Ln(α) = [Kn
2(α, 0)−Kn

1(α, 0)]
−1 , n = 1, 2.
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-)K=; - L'";.�-$5)!3!5 -%7H%7 G.".5.n.#$/ #7 &".n$#.

ΔW nm(α) =

∞∫
0

Jnm(αr)Δwnm(r)r dr.

�!(-&7#!)%7 $#&.>"73;#46 G".(-&7)3.#$/ a�m ) >"7#$H#4. '-3!)$K !&�
-'&-&)$K #7G"K:.#$/ G"$)!($& % -$-&.5. $#&.>"73;#46 '"7)#.#$/

∞∫
0

Jnm(αr)Ln(α)ΔW nm(α)αdα = − τ̂ in,nm(r),

!&#!-$&.3;#! -%7H%7 -5.n.#$/

Δw(r, θ) = wsc
2 (r, θ, 0)−wsc

1 (r, θ, 0) =
2∑

n=1

∞∑
m=0

Δwnm(r)χnm(θ). a
m

%!&!"4/ !&4-%$)7.&-K ) )$(. "7=3!:.#$K ) "K( G! G"$-!.($#.##45 G!3$�
#!575 �.:7#("7 Pm

n p
q	

φ2m3,t (r) = φ1m3,t (r) =
Pm
m+2t+1

(√
1− r2/a2

)
Pm+1
m+2t+1 (0)

,

φ2m3/2∓1/2,t(r) = φ1m3/2±1/2,t(r) =
Pm±1
m±1+2t+1

(√
1− r2/a2

)
Pm±1+1
m±1+2t+1 (0)

.

�!-3. G"$5.#.#$K % $#&.>"73;#!5' '"7)#.#$J -6.54 �73."%$#7 (3K
H$-3.##!/ ".73$=71$$ 5!:#! G!3'H$&; -$-&.5' '"7)#.#$/

T∑
t=0

Anm
tt′ β

nm
t = −gnmt′ , t′ = 0, . . . T. aFm

S(.-; ) 3.)!/ H7-&$ #76!(K&-K  3!%$ 
 #7 


Anm
tt′ =

∞∫
0

Φnm
t′ (α)Ln(α)Φnm

t (α)α dα, gnmit′ =

a∫
0

τ̂ in,nmi (r, 0)φmjn(i)t′(r)r dr,

(3K G!-&"!.#$K %!&!"46 $-G!3;='J&-K (). ($7>!#73;#4. 57&"$14? -!-&7)�
3.##4. $= ! "7=!)  7=$-#46 0'#%1$/ Φ2m

t′ = diag (Φm
1t′,Φ

m
2t′,Φ

m
3t′) ? Φ1m

t′ =
diag (Φm

2t′,Φ
m
1t′,Φ

m
3t′) ? =(.-; $#(.%- jn 	 j2(i) = i ? j1({1, 2, 3}) = {2, 1, 3} �

Φ2m
3t (αa) = (−1)t

√
πa

2

Jm+2t+1+3/2(αa)

α3/2
,
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Φ2m
kt (αa) = (−1)t

√
πa

2

Jm+2t+9/2−2k(αa)

α3/2
, k = 1, 2.

�3K G"!)."%$ %!"".%&#!-&$ G!-&"!.##!/ 57&.57&$H.-%!/ $ %!5G;J&."�
#!/ 5!(.3$  43! )4G!3#.#! -"7)#.#$K - p
q? >(. "7--57&"$)73!-; ()7 $=!�
&"!G#46 !($#7%!)46 G!3'G"!-&"7#-&)7 ah1 = h2 = ∞m� �43! G!3'H.#!
#. !3;2!. "7=3$H$. ) 75G3$&'(76 "7--.K##46 ! �.5#46 )!3#? %!&!"!. ! '�
-3!)3.#! $-G!3;=!)7#$.5 ) #7-&!Kn./ 5!(.3$  !3;2.>! %!3$H.-&)7  7=$-�
#46 0'#%1$/�

�)&!"4  37>!(7"K& G"!0� �3'2%!)7 ��� $ �3'2%!)' ��� =7 ! -':(.#$.
".='3;&7&!) $ 1.##4. =75.H7#$K�

�*!#�&!��&

�� V�(�2+�'�2[ e� a!���� $ Ci� \jig�h cg Asjy�syjz{ ]iz{s~ Zfgcsfjcg��
+ij{z�	 A�jcg�ij +ciggz? �@�
? F�D ��

�� R��(��� $� e�21+�� a� Pg s~i }fyg�zjr �fg�cscfgh |fj y{sjzhfgc�
sjzghdchhcfg }r �zjscz{{r �{fhi� �jz��h ww efyjgz{ f| Cfg�ihsjy�sc�i
^�z{yzscfg� ����� +f{� �@� Y� �
�<�F��


� ��� 1 .� .2+��-( & ^{zhsc� �z�i A�zssijcg� }r z �cj�y{zj �jz�� ww
Y~c{fhf�~c�z{ \jzghz�scfgh f| s~i kfrz{ Af�cisr f| �fg�fg� Aijcih [?
Zzs~idzsc�z{ zg� Y~rhc�z{ A�cig�ih� ��E�� +f{� 
@E� Y� ��D<��E�

F� ��EI?
� Y�� ��EI?
�� Z� �.=!#7#-#4. H7-&!&4 "7--.K#$K 'G"'�
>$6 )!3# G"!-&"7#-&).##45$ &".n$#75$ ww �"$%37(#7K 57&.57&$%7 $
5.67#$%7� ���E� 4G� ��� �� E��<ED@�

�� �	��`:�?
 ��� �:�:I?
 �� �7"5!#$H.-%$. %!3. 7#$K $ )!3#4 )
'G"'>$6 &.376� �$.)	 �7'%!)7 �'5%7? ��E�? �EF ��

�� ��EI?
� Y�� ��EI?
�� Z�� ;	��
�
� �= != ':(.#$. $ "7-G"!�
-&"7#.#$. 'G"'>$6 )!3# ) 5#!>!-3!/#46 7#$=!&"!G#46 %!5G!=$&76 ww
�"$%37(#7K 57&.57&$%7 $ 5.67#$%7� �@�@� 4G� DF� �� F��<F
��
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	"#�#%*#

 #7-&!Kn.. )".5K G!3'H$3$ 2$"!%!. "7-G"!-&"7#.#$. -$-&.54 !1.#%$
1.3!-&#!-&$ ! �.%&!) ) ".:$5. fg{cgi? $ =#7H$&.3;#7K $6 H7-&; -)K=7#7 - $-�
G!3;=!)7#$.5 'G"'>$6 )!3# (3K #."7="'27Jn.>! %!#&"!3K� �7%$. -$-&.54
G".(G!37>7J& "7="7 !&%' $ )#.(".#$. 73>!"$&5!) )4K)3.#$K (.0.%&!) #7
!-#!). G!3'H.##46 -$>#73!)�  o&!5 -3'H7. H7-&! $-G!3;='.&-K #7 !" )-&"!�
.##46 ) -$-&.5' #7 o&7G. G"!$=)!(-&)7 $3$ o%-G3'7&71$$ G;.=!o3.%&"$H.�
-%$6 -.#-!"!)? -G!-! #46 G!( (./-&)$.5 o3.%&"$H.-%!>! G!3K )!= ':(7&; $
G"$#$57&; -$>#734p�q� �!o&!5' $='H.#$. ($#75$H.-%!>! G!).(.#$K 7%&'7&!�
"!)? 7 &7%:. =7)$-$5!-&$ >.#."$"'.546 7%&'7&!"!5 ) 'G"'>!5 -3!. )!3# !&
! 37-&$ %!#&7%&7 G".(-&7)3K.&-K 7%&'73;#!/ =7(7H./? %!&!"7K? #.-!5#.##!?
&". '.& 57&.57&$H.-%!>! $ %!5G;J&."#!>! 5!(.3$"!)7#$K�

S7(7H7 5!(.3$"!)7#$K G;.=!o3.%&"$H.-%!/ #7%37(%$? G"$%3..##!/ %
'G"'>!5' -3!J? ".2.#7 - $-G!3;=!)7#$.5 $#&.>"73;#!>! G!(6!(7 ) p�q�  "7�
 !&. p
q ".2737-; G!6!:7K G"! 3.57 ) &".65."#!5 -3'H7. - $-G!3;=!)7#$.5
&!H.H#46 -$3� O!&K G!(6!(? !G$-7##4/ 7)&!"75$ ) p
q? 5!:.&  4&; $-G!3;�
=!)7# (3K 5!(.3$"!)7#$K !&-3!.#$K 5.:(' 7%&'7&!"!5 $ -3!.5? &!H#!-&;
G!3'H.##!>! ".2.#$K '5.#;27.&-K - ').3$H.#$.5 H7-&!&4? H&! -)K=7#! -
#.)!=5!:#!-&;J 5!(.3$"!)7#$K ($#75$%$ 7%&'7&!"7 #7 )4-!%$6 H7-&!&76 -
$-G!3;=!)7#$.5 (.3;&7�0'#%1$/ �$"7%7�  &! :. )".5K? $#&.>"73;#4/ G!(�
6!( G!=)!3K.& %7H.-&).##! 5!(.3$"!)7&; ($#75$H.-%!. G!).(.#$. 7%&'7&!"7
#7  !3.. )4-!%$6 H7-&!&76? #! (3K !G$-7#$K !&-3!.#$K 5.:(' 7%&'7&!"!5
$ -3!.5 5!(.3; (!3:#7  4&; 7(7G&$"!)7#7 G!( %7:(4/ !&(.3;#4/ -3'H7/
!&-3!.#$K�

N.3; (7##!/ "7 !&4 =7%3JH7.&-K ) -!=(7#$$ 57&.57&$H.-%!/ 5!(.3$?
!G$-4)7Jn./ ($#75$H.-%!. G!).(.#$. -$-&.54 7%&'7&!"�-3!/ #7 "7=3$H�
#46 H7-&!&76 - )!=5!:#!-&;J 5!(.3$"!)7#$K !&-3!.#$K� �3K o&!>! 7)&!"7�
5$  437 "7="7 !&7#7 -)K=#7K 5!(.3;? ) %!&!"!/ G;.=!7%&'7&!" !G$-4)7.&-K
- G!5!n;J 5.&!(7 %!#.H#46 o3.5.#&!) )4-!%!>! G!"K(%7 &!H#!-&$ pFq? 7

1������ ����	
�
� �� �
�
����� ��������� ������� ,�-�������0�!
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'G"'>$/ -3!/ !G$-4)7.&-K - G!5!n;J G!3'7#73$&$H.-%!>! $#&.>"73;#!>!
G!(6!(7 p�q� �".$5'n.-&)! 5.&!(7 %!#.H#46 o3.5.#&!) =7%3JH7.&-K ) G"!�
-&!&. $ o00.%&$)#!-&$ 5!(.3$"!)7#$K !&-3!$)2.>!-K 7%&'7&!"7? G"$H.5
! 37-&; !&-3!.#$K 5!:.&  4&; -3!:#!/? ) &! )".5K %7% )!3#!)4. %!3.�
 7#$K ) (73;#./ !& 7%&'7&!"7 =!#.? G".(-&7)3KJn./ #7$ !3;2$/ G"7%&$�
H.-%$/ $#&.".-?  '('& !G$-4)7&;-K #7$ !3.. o00.%&$)#45 ) o&!5 -3'H7.
G!3'7#73$&$H.-%$5 $#&.>"73;#45 G!(6!(!5� �73.. 5!(.3; -)K=4)7.&-K #7
!-#!). '-3!)$K #.G"."4)#!-&$ G.".5.n.#$/ $ #7G"K:.#$/ 5.:(' 7%&'7&!�
"!5 $ -3!.5 #7 >"7#$1. %!#&7%&7? %!&!"7K ) -3'H7. !&-3!.#$K 5!:.& $5.&;
-3!:#'J 0!"5'�

� �&!#:&!*/#$'&. :(�#12

�.!5.&"$K G"! 3.54 G".(-&7)3.#7 #7 �$-� �� �7 'G"'>$/ -3!/ Ω1 =
{−∞ < x1 < ∞,−H < x2 < 0} ? G"$%3..# G;.=!o3.%&"$H.-%$/ 7%&'7&!"
=7#$57Jn$/ ! 37-&; Ω2 = {a < x1 < b, c < x2 < c} ? - ! 37-&;J %!#&7%&7
Sc 5.:(' G;.=!7%&'7&!"!5 $ -3!.5 Sc = {a < x1 < b, x2 = 0} � �73.. )-.
! !=#7H.#$K? !&#!-Kn$.-K % ! 37-&$ Ω1 ? =7G$-4)7J&-K - )."6#$5 $#(.%-!5
�? 7 % ! 37-&$ Ω2 -!!&).&-&).##! - )."6#$5 $#(.%-!5 ��

H

с

электрод

пьезоупругий
материал

упругий
материал

a b

x1

x2

S2

S c

S3

S1

S4

x1

x2

�$-� �� �.!5.&"$K G"! 3.54	 G;.=!7%&'7&!" #7 'G"'>!5 -3!.

�.".5.n.#$K ) -3!. !G$-4)7J&-K '"7)#.#$K5$ �K5.	

(λ+ μ)∇u(x, t) + μΔu(x, t)− ρ
∂2u(x, t)

∂t2
= 0

=(.-; λ ? μ $ ρ � 'G"'>$. %!#-&7#&4 �K5. $ G3!&#!-&; 57&."$737 ) 'G"'>!5
-3!.? 7 x = {x1, x2} �  %7H.-&). >"7#$H#46 '-3!)$/ ) -!-&!K#$$ G!%!K 5!:#!
=7G$-7&; !&-'&-&)$. G.".5.n.#$/ $ -%!"!-&./ G.".5.n.#$/ ) -3!.	

u(x, t < 0) = 0, u̇(x, t < 0) =
∂u̇(x, t < 0)

∂t
= 0 a�m

(! 5!5.#&7 )".5.#$ t = 0 ? %!>(7 #7 7%&'7&!" G!(7.&-K o3.%&"$H.-%$/ -$>#73
p(t) � � &7%:. !&-'&-&)$. #7G"K:.#$/ #7 #$:#./ $ )."6#./ >"7#$176 -3!K	

σij · nj = 0, i, j = {1, 2}, x = {|x1| <∞, x2 = 0}/Sc
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=7 $-%3JH.#$.5 ! 37-&$ %!#&7%&7 Sc 5.:(' -3!.5 $ 7%&'7&!"!5? >(. #7�
G"K:.#$K "7)#4 #.%!&!"!/ 0'#%1$$ q(x1, t) � �"!5. &!>!? ) G".(.376 Sc
#7 3J(7.&-K #.G"."4)#!-&; ) G.".5.n.#$K6

σ1
i2(x1, 0, t) = σ2

i2(x1, 0, t) = qi(x1, t), x1 ∈ Sc

$ #7G"K:.#$K6 5.:(' -3!.5 $ 7%&'7&!"!5

u1i (x, t) = u2i (x, t),x ∈ Sc.

 &! :. )".5K G!).(.#$. 7%&'7&!"7 !G$-4)7.&-K '"7)#.#$K5$ -!-&!K#$K (3K
G;.=!o3.%&"$H.-%!>! 57&."$737	

σij = Cijkluk,l + ekijφ,k
Di = eikluk,l − εikφ,k i, j, k, l = 1, 3

a�m

S(.-; σij < %!5G!#.#&4 &.#=!"7 #7G"K:.#$/? uk < ).%&!" G.".5.n.#$/
)(!3; !-$? uk,l < %!5G!#.#&4 &.#=!"7 (.0!"571$/? Ek < %!5G!#.#&4 ).%�
&!"7 o3.%&"$H.-%!>! G!3K? Di < %!5G!#.#&4 ).%&!"7 o3.%&"$H.-%$6 -5.n.�
#$/? G"$H.5 Ek = −∇φ � �)!/-&)7 57&."$737 =7(7J&-K &.#=!"!5 'G"'>$6
%!#-&7#& G;.=!57&."$737 C ? &.#=!"!5 %!#-&7#& G;.=!o3.%&"$H.-%$6 #7G"K�
:.#$/ 57&."$737 e ? &.#=!"!5 ($o3.%&"$H.-%!/ G"!#$17.5!-&$ ε $ G3!&#!�
-&;J ρ2 � �.-&71$!#7"#4. %!3. 7#$K ) G;.=!'G"'>!5 57&."$73. !G$-4)7J&-K
'"7)#.#$K5$ ()$:.#$K $ '"7)#.#$K5$ o3.%&"!-&7&$%$	

σij,j = ρ
∂2uj
∂t2

Di,i = 0 i, j = 1, 3
a
m

 %7H.-&). >"7#$H#46 '-3!)$/ (3K G;.=!7%&'7&!"7 G!5$5! !G$-7##46 )42.
5!:#! =7G$-7&;? H&! )-. >"7#$14 7%&'7&!"7 -)! !(#4 !& #7G"K:.#$/? %"!5.
! 37-&$ %!#&7%&7 Sc 	

σ(B) · n = 0 B ∈ S2 ∪ S3 ∪ Sc
'-3!)$K !&-'&-&)$K o3.%&"$H.-%!>! G!3K #7  !%!)46 >"7#$176

D · ν = 0 B ∈ S2 ∪ S4

7 &7%:. #73$H$. #7 #$:#./ $ )."6#./ >"7#$176 o3.%&"$H.-%!>! G!&.#1$737
#7H$#7K - 5!5.#&7 )".5.#$ t = 0 	

φ(x, t < 0) = 0,x ∈ S1 ∪ S3

φ(x, t ≥ 0) = V1,x ∈ S1 φ(x, t ≥ 0) = V2,x ∈ S3
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�.2.#$. -#7H737 #76!($&-K ) H7-&!&#!/ ! 37-&$? &�.� "7--57&"$)7J&-K >7"�
5!#$H.-%$. %!3. 7#$K� �".! "7=!)7#$. L'";. !& >7"5!#$H.-%!>! ".2.#$K
u(x, ω) ) -3!. $5..& )$(	

U 1(x, ω) =
1

2π

∞∫
−∞

K(α, x2, ω)Q(α, ω)e−iαx1dα

=(.-; K(α, x2, ω),Q(α, ω) < G".! "7=!)7#$K L'";. !& 57&"$14 �"$#7 -3!K
$ 0'#%1$$ #7G"K:.#$/ Q(x1, ω) ? =7(7##!/ #7 >"7#$1. Sc � �!5$5! ".2.�
#$K -)K=#!/ =7(7H$ #.".(%! $-G!3;='.&-K =75.#7 (./-&)$K 7%&'7&!"7 (.3;&7�
0'#%1$./ �$"7%7 q = {0, δ(x)} p
q� �.2.#$. )! )".5.##!/ ! 37-&$ 5!:#!
#7/&$ - G!5!n;J $#&.>"73;#!>! G".! "7=!)7#$K �7G37-7	

u(x, t) =
1

π

∞∫
0

U 1(x, ω)P (ω)e−iωtdω,

=(.-; P (ω) < G".! "7=!)7#$. L'";. !& )6!(#!>! o3.%&"$H.-%!>! -$>#737
p(t) � �3K G;.=!7%&'7&!"7 -&"!$&-K %!#.H#!o3.5.#&#7K 5!(.3; - 7GG"!%-$�
571$./ #7 o3.5.#&76 G!3$#!575$ �7'--7��.:7#("7��! 7&&! pFq� �!-3. H.>!
(3K '(!)3.&)!".#$K >"7#$H#45 '-3!)$K5 ) '=3!)46 &!H%76 %!#.H#4. o3.�
5.#&4 -)K=4)7.&-K - $#&.>"73;#45$ G".(-&7)3.#$K5$ (3K -3!K #7 !-#!).
"7).#-&)7 G.".5.n.#$/ $ #7G"K:.#$/ ) ! 37-&$ %!#&7%&7 a�m�

�� 	#�*-*'&9*. :(�#1*

�3K )."$0$%71$$ 57&.57&$H.-%!/ 5!(.3$ )! )".5.##!/ ! 37-&$  43
G"!).(.# o%-G."$5.#&� �7 73J5$#$.)'J G37-&$#' &!3n$#!/ 55 - "7=5.�
"75$ 55  43 G"$%3..# G"K5!'>!3;#4/ )4&K#'&4/ G;.=!7%&'7&!" $= 57�
&."$737 Y,� ��� G"!$=)!(-&)7 Y, �ijzdc� _d}]� �7 7%&'7&!" G!(7.&-K
o3.%&"$H.-%$/ -$>#73 p(t) ? %!&!"4/  37>!(7"K G;.=!o3.%&"$H.-%$5 57&.�
"$7375 G".! "7='.&-K ) 5.67#$H.-%$. G.".5.n.#$K? %!&!"4. $=5."KJ&-K #7
G!)."6#!-&$ G37-&$#4 - G!5!n;J 37=."#!>! )$ "!5.&"7�  %7H.-&). )6!(�
#!>! o3.%&"$H.-%!>! -$>#737 $-G!3;='J&-K N 1$%3!) %!-$#'-7? ->37:.##46
!%#!5 O7##7? #7 1.#&"73;#4/ H7-&!&7 E@ $ �E@ %�1�

p(t) =
1

2
cos(2πf0t)

(
1− cos

(
2πf0t

N

))
, 0 < t <

N

f0
. aFm

�43$ G"!$=).(.#4 (). -."$$ $=5.".#$/ - "7=#!/ -&.G.#;J %!#&7%&7 5.:('
G;.=!7%&'7&!"!5 $ G37-&$#!/�  G.")!5 -3'H7. 7%&'7&!"  43 H7-&$H#! G"$�
%3..# % G37-&$#.? 7 )! )&!"!5 !#  43 G"$%3..# G!3#!-&;J� �7%$5 ! "7=!5?
 43$ G!3'H.#4 (7##4. (3K !($#7%!)!/ o%-G."$5.#&73;#!/ '-&7#!)%$? #!
(3K "7=#!/ -&.G.#$ %!#&7%&7 5.:(' G;.=!7%&'7&!"!5 $ -3!.5�
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Эксперимент
Модель МКЭ
COMSOL
Точечные силы

�$-� �� �"7)#.#$. ".='3;&7&!) H$-3.##!>! 5!(.3$"!)7#$K - o%-G."$5.#&73;�
#45$ (7##45$�

 H7-&!&#!/ ! 37-&$  437 G"!$=).(.#7 )."$0$%71$K 5!(.3$ G'&.5 -"7)�
#.#$K ".='3;&7&!) "7-H.&!) - 7#73!>$H#45$ ".='3;&7&75$? G!3'H.##45$
G"$ ".2.#$$ >7"5!#$H.-%!/ =7(7H$ ) %!55."H.-%!/ -".(. �PZAP�� �3K
)."$0$%71$$ 57&.57&$H.-%!/ 5!(.3$ )! )".5.##!/ ! 37-&$  43 G"!).(.#
o%-G."$5.#&� �"70$% -"7)#.#$K -%!"!-&./ G.".5.n.#$/ G37-&$#4 ∂u/∂t )
=7(7##4/ 5!5.#& )".5.#$? "7--H$&7##46 - G!5!n;J (7##!/ 57&.57&$H.�
-%!/ 5!(.3$ $ G!3'H.##46 o%-G."$5.#&73;#!? G".(-&7)3.# #7 �$-� ��
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H.#$J 0.#!5.#7 %!""'G1$$? (!5$#$"'.& G!(6!(? -)K=7##4/ - =7(7H75$ !
#.(! "!-!).-&#!5 G!).(.#$$ adfjz{ ~zuzj�m (3K #.-%!3;%$6 7>.#&!)� �7=!�
)7K 5!(.3; )=7$5!(./-&)$K G"$#1$G73�7>.#&�-'G.")7/=."  437 G".(3!:.#7
) p�q $ )G!-3.(-&)$$ "7=)$)737-; ) "7=3$H#46 #7G"7)3.#$K6 ap�qm�
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6$/? G".(3!:.##4/ �$67/3!)45 ) p�q $ "7="7 !&7##4/ ) p�q� �# G!=)!3K.&
G"$#$57&; )! )#$57#$. G."-!#73;#4. 67"7%&."$-&$%$ %7:(!/ $#-&7#1$$ )
$."7"6$$? 7 &7%:. .. &!G!3!>$J? $ "7--57&"$)7&; )3$K#$. o&$6 67"7%&."$�
-&$% #7 "7-G".(.3.#$. )37-&#46 G!3#!5!H$/ ) $."7"6$$�  p
q -$-&.5#!�
-!1$73;#4/ G!(6!(  43 "7-2$".# #7 -3'H7/ %!""'5G$"!)7##46 $."7"6$/�
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#!>! =7%!#!(7&.3;-&)7? &7% $ !& $#&.#-$)#!-&$ 7#&$%!""'G1$!##46 5."�
 pFq  43 G".(3!:.# -G!-! ! �.($#.#$K &.!".&$%!�$>"!)!>! $ -$-&.5#!�
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".2.#$.5 -!!&).&-&)'Jn.>! ($00.".#1$73;#!>! '"7#).#$K? 'H$&4)7Jn.�
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#.%$5 ! �.5!5 )37-&#46 G!3#!5!H$/ p(x, t) ax < %!!"($#7&7 $#-&7#1$$?
t < )".5Km 2� �"7)#.#$. $-6!(#!/ 5!(.3$? ".2.#$. %!&!"!>! !G$-4)7.& -&7�
1$!#7"#!. "7-G".(.3.#$. )37-&#46 G!3#!5!H$/ ) $."7"6$$? )4>3K($& -3.�
('Jn$5 ! "7=!5	

n(x)
∂p(x, t)

∂t
=

∂

∂x

(
n(x)κ(x)

∂p(x, t)

∂x

)
+ n(x)k(x)

(
p0(x, t)− p(x, t)

)
, a�m

0 ≤ x ≤ l ? - >"7#$H#45$ '-3!)$K5$(
∂p

∂x

)
x=0

= 0;

(
∂p

∂x

)
x=l

= −κ(l)p. a�m

S(.-; n(x) < H$-3! $#-&7#1$/ #7 '"!)#. x ? p0(x) < :.37.54/? - &!H%$
=".#$K >"7:(7#-%!>! ! n.-&)7? '"!).#; G!3#!5!H$/ $#-&7#1$$ 3�

�&.G.#; %!""'5G$"!)7##!-&$ $#-&7#1$$ !G".(.3K.&-K %7% (!3K G"$%7�
=!)? %!&!"4. $#-&7#1$K !&(7.& =7 )=K&%'? !& ! n.>! H$-37 G"$%7=!) ) =7�
%!#!G!-3'2#!5 -3'H7.� �"$ o&!5 o&$ G"$%7=4 5!>'&  4&; %7% =7%!##4�
5$ a�! 4H#7K� %!""'G1$Km? &7% $ #.=7%!##45$ a%!""'G1$K -)."6(./-&)$Km?
%"!5. &!>!? $#-&7#1$K 5!:.& =7 )=K&%' #. !&(7&; =7%!##4/ G"$%7= a%!"�
"'G1$K  .=(./-&)$Km 4�  (7##!/ "7 !&. "7--57&"$)7J&-K &!3;%! $."7"6$$?
G!().":.##4. �! 4H#!/� %!""'G1$$ 5�

�"!)#$ %!""'5G$"!)7##!-&$ $#-&7#1$/ (!3:#4 =7)$-.&; !& 67"7%&.�
"$-&$% $#-&7#1$/? !& $6 )37-&#46 G!3#!5!H$/? 7 &7%:. !& G"$#$57.546
7#&$%!""'G1$!##46 5."�  #7-&!Kn./ "7 !&. G".(G!37>7.&-K? H&! -&71$!�
#7"#4. '"!)#$ %!""'5G$"!)7##!-&$ $#-&7#1$/ !G".(.3KJ&-K -3.('Jn$5
($00.".#1$73;#45 '"7)#.#$.5	

n(x)
∂c(x, t)

∂t
=

∂

∂x

(
n(x)ξ2(x)

∂c(x, t)

∂x

)
+ n(x)μ(x, p)

(
c0(x, t)− c(x, t)

)
, a
m

0 ≤ x ≤ l ? - >"7#$H#45$ '-3!)$K5$(
∂c

∂x

)
x=0

=

(
∂c

∂x

)
x=l

= 0. aFm

S(.-; ξ(x) < 67"7%&."$-&$%7? !&).H7Jn7K =7 )!-G"$$5H$)!-&; $#-&7#�
1$$ % '"!)#J %!""'5G$"!)7##!-&$ .. !%"':.#$K? μ(x, p) !&).H7.& =7 -! �
-&).##4. -&".53.#$K $#-&7#1$/� �"!).#; c0(x, t) K)3K.&-K #.%$5 ".='3;&$�
"'Jn$5 :.37.545 '"!)#.5 %!""'G1$$ $#-&7#1$$ $ =7)$-$&? ) H$-3. G"!�
H.>!? !& G"$5.#K.546 7#&$%!""'G1$!##46 5."�

2"�����
�� ����
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�-#!)#!/ =7(7H./ "7 !&4 K)3K.&-K -"7)#.#$. o00.%&$)#!-&./ 7#&$%!"�
"'G1$!##46 -&"7&.>$/� �&"7&.>$K 67"7%&."$='.&-K #7H73;#45 $ %!#.H#45
-&71$!#7"#45$ -!-&!K#$K5$ %!""'G1$$ ) $."7"6$$� � !=#7H$5 o&$ -!-&!�
K#$K %7% C1 $ C2 ? 7 :.37.54. G"!0$3$ %!""'5G$"!)7##!-&$ < %7% C0

1
$ C0

2 � W00.%&$)#!-&;J 7#&$%!""'G1$!##!/ -&"7&.>$$ #7=!).5 -3.('Jn'J
).3$H$#'

E =
D(C2)−D(C1)

V (C0
2)− V (C0

1)
, a�m

>(. D $ V < 'n." !& (./-&)$/ $."7"6$$ $ -&!$5!-&; G!3#!>! G!(7)3.#$K
%!""'G1$$ ) $."7"6$$ 6? )4H$-3K.54. G! 0!"5'375

D =

∫ l
0 c(x)κ(x)

∂p
∂x
dx∫ l

0 κ(x)
∂p
∂xdx

; V =

∫ l
0 c

0(x)κ(x) ∂p
∂x
p(x)dx∫ l

0 κ(x)
∂p
∂xdx ·

∫ l
0 p

0(x)dx
. a�m

W00.%&$)#!-&; -&"7&.>$$? &7%$5 ! "7=!5 < !&#!2.#$. $=5.#.#$K 'n." 7
% $=5.#.#$J -&!$5!-&$ G!3#!>! G!(7)3.#$K %!""'G1$$� �.5  !3;2. o0�
0.%&$)#!-&; < &.5 (.2.)3. !%7=4)7.&-K $= 7)3.#$. !& .($#$14 'n." 7 )
$."7"6$$�

�� �*$1#%%�? A'$>#�*:#%!

 o&!5 "7=(.3. G".(-&7)3.#4 ".='3;&7&4 H$-3.##!>! )4H$-3.#$K o0�
0.%&$)#!-&./ "K(7 -&"7&.>$/ (3K "7=#46 &$G!) $."7"6$/ - "7=3$H#45$
G7"75.&"75$�

�-6!(#!. -!-&!K#$. $."7"6$/ 67"7%&."$='.&-K '"!)#.5 :.37.5!/ %!"�
"'5G$"!)7##!-&$ c0(x) = 0, 5 (3K )-.6 $#-&7#1$/ a&! .-&;? $#-&7#1$$ 6!&.3$
 4 )4G!3#K&; =7 )=K&%' %7:(!. )&!"!. -)!. (./-&)$.m� �.&4".5 !-#!)#45
7#&$%!""'G1$!##45 -&"7&.>$K5 -!!&).&-&)'J& H.&4". %!#.H#46 -!-&!K#$K
'"!)#K :.37.5!/ %!""'5G$"!)7##!-&$ $#-&7#1$/	 G!(7)3.#$J -&7"2$6 H$�
#!)#$%!) -!!&).&-&)'.& %!#.H#!. -!-&!K#$. c0(x) = 0, 5x 8 G!(7)3.#$J 537(�
2$6 < -!-&!K#$. c0(x) = 0, 5(1−x) ? G!(7)3.#$J -".(#$6 < c0(x) = |0, 5−x| ?
G!(7)3.#$J %"7/#$6 < c0(x) = 0, 5− |0, 5− x| �

 �7 3$176 � $ � G"$).(.#4 o00.%&$)#!-&$ !G$-7##46 7#&$%!""'G1$!#�
#46 -&"7&.>$/ (3K 1.G!H.H#46 $."7"6$/ an(x) ≡ 1m "7=3$H#!/ 1.#&"73$=7�
1$$ 7�  �7 3$176 
 $ F G".(-&7)3.#4 7#73!>$H#4. "7-H.&4 o00.%&$)#!-&./
(3K $."7"6$/ -$3;#!/ 1.#&"73$=71$$ $ "7=3$H#46 "7=).&)3.##!-&./ 8�

6<&���  ���)���' � ��! 
��)�#=��% 
� �#))��
�� ��	�6
�� ������% ����*. 5)��	 ;���

��)���� ������
� ��67%�
%���% � 3�4

7"�� �	'
�� $�
���	6�$�� ��
)����% ���#�	�% �#
�$% ��	��)�* �	���
�* ��	
�)�+� p0(x) �
��� ����
�� > 	
��
�%� ��� �	���� > ��/
#��%. 8 ���+���*? p0strong(x) = 1

1+9x � p
0
semi(x) = 1 − 0, 9x �

p0weak(x) =
√
1− 0, 99x �����������

�

8 n(x) = 1 > �	���% ��6����	�

���'� n(x) = 1 + x > ����
%% ��6����	�

���'� n(x) = e2x > �	'
�%
��6����	�

���'. @�	�

�� 6
�+�
% ����	'
�* ����)����� �	��#=&�? m = 1 � l = 1 � k(x) ≡ 1 �
κ(x) ≡ 0, 05
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�7 3$17 �� W00.%&$)#!-&$ -&"7&.>$/� N.G!H.H#7K $."7"6$K? μ(x, p) = mp
N.#&"73$=� �37(2$6 �&7"2$6 �".(#$6 �"7/#$6 Emax/Emin

�37 7K ��@��F ��@F�� @��@@E ������ ��
�@F
ξ = 0, 25 �".(#KK ��@�D� @��D�� @�E�
� ���@@@ ��
E��

�$3;#7K ��@E�@ @�D
�
 @�E�F� @�E�F@ ��F�
�
�37 7K ��@�D� @���
D @����� ���
E@ ���EF@

ξ = 0, 1 �".(#KK ���@�D @����D @��

� ��@�FE ������
�$3;#7K ��@�D� @�D��� @�E�F@ @�E

� ��
���
�37 7K �����E @��FF� @����E ��@��� ���E��

ξ = 0, 05 �".(#KK ������ @�E��� @��D
F ��@
�� ����
E
�$3;#7K ��@
�D @�D��E @�E�D
 @�DE�� ��
���

�7 3$17 �� W00.%&$)#!-&$ -&"7&.>$/� N.G!H.H#7K $."7"6$K? μ(x, p) = m
p

N.#&"73$=� �37(2$6 �&7"2$6 �".(#$6 �"7/#$6 Emax/Emin

�37 7K ���
�
 @����
 @�E��� ���
�
 ��
�@�
ξ = 0, 25 �".(#KK ���EF� @�E�@E @�EE�E ������ ��
��E

�$3;#7K �����D @�D�D� @��FFE @�DF�� ����
D
�37 7K ����E� @��
�
 @���E� �����E ����@�

ξ = 0, 1 �".(#KK ���F�E @�EE�E @���FE ��@�@� �����@
�$3;#7K ��@�F� @�D��@ @��F@� @�D�FE ��
�D�
�37 7K ����D� @��
FF @����� ��@E�@ ���@D@

ξ = 0, 05 �".(#KK ���F�@ @�EED� @��EE� ��@��� ���E�E
�$3;#7K ��@FF� @�D�
� @��F@� @�D��� ��
E
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�m �!(7)3.#$. %!""'G1$$ -".($ 537(2$6 H$#!)#$%!) )-.>(7 !%7=4)7.&-K
)4>!(#.. .. G!(7)3.#$. -".($ -&7"2$6� �3K $."7"6$/ -37 !/ 1.#&"73$=71$$
$ #. !3;2!/ "7=).&)3.##!-&$ #7$ !3.. o00.%&$)#!/ -&"7&.>$./ 5!:.& !%7�
=7&;-K G!(7)3.#$. %"7/#$6? !(#7%! (3K $."7"6$/ -$3;#!/ 1.#&"73$=71$$ o&7
-&"7&.>$K? #7G"!&$)? #7$5.#.. o00.%&$)#7�

�m �"$ ').3$H.#$$ G7"75.&"7 ξ ? &! .-&; G"$ !&#!-$&.3;#!5 ').3$H.�
#$$ )3$K#$K !%"':.#$K #7 %!""'5G$"!)7##!-&;? (3K )-.6 "7--5!&".##46
&$G!) $."7"6$/ ').3$H$)7.&-K H')-&)$&.3;#!-&; % )4 !"' -&"7&.>$$ a-5�
G!-3.(#$/ -&!3 .1 &7 3$1m�


m 4 !" 7#&$%!""'G1$!##!/ -&"7&.>$$ G!H&$ #. =7)$-$& !& &$G7 =7)$�
-$5!-&$ μ(x, p) !& '"!)#K )37-&$ p �

 (73;#./2.5 G".(G!37>7.&-K G"!).-&$ H$-3.##4. $--3.(!)7#$K 7#73!�
>$H#!/ 5!(.3$? 'H$&4)7Jn./ )-. &"$ )!=5!:#4. &$G7 %!""'G1$$�
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mp

N.#&"73$=� �37(2$6 �&7"2$6 �".(#$6 �"7/#$6 Emax/Emin

�37 7K ��@E�@ @�D
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 @�E�F� @�E�F@ ��F�
�
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 ���FFE
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�@D�� ��@D�D ��FE�
 ��
E

 ��FE��

�7 3$17 F� W00.%&$)#!-&$ -&"7&.>$/� �$3;#7K 1.#&"73$=71$K? μ(x, p) = m
p
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�".($ G"$H$# -5."&#!-&$ #7-.3.#$K ) "7=)$&46 -&"7#76 ).('n.. 5.-&!
=7#$57J& "7% $  !3.=#$ -$-&.54 %"!)!! "7n.#$K�  -)K=$ - o&$5 -&7#!�
)K&-K !-! ! 7%&'73;#45$ $--3.(!)7#$K "7=)$&$K $ )3$K#$K #7 !">7#$=5
!G'6!3.)!>! 7#>$!>.#.=7� � G!(! #45 $--3.(!)7#$K5 !&#!-$&-K $ 5!(.3$�
"!)7#$. ($#75$%$ 5$%"!1$"%'3K&!"#!>! "'-37�

 (7##!/ "7 !&. G37#$"'.&-K -!=(7&; 5!(.3; 5$%"!1$"%'3K&!"#!>! "'-�
37 ) ! 37-&$ !G'6!3.)!>! 7#>$!>.#.=7� �#>$!>.#.= < G"!1.-- ! "7=!)7#$K
#!)46 %"!).#!-#46 -!-'(!) ) !">7#. $3$ &%7#$ p�q�  =(!"!)!5 !">7#$=5.
G"!1.--4 7#>$!>.#.=7 G"!&.%7J& - '5.".##!/ $#&.#-$)#!-&;J�  !G'6!3.�
)46 :. &%7#K6? !-! .##! ) &%7#K6 =3!%7H.-&).##46 !G'6!3./? 7#>$!>.#.=
G"!&.%7.& G!-&!K##! $ !H.#; $#&.#-$)#!�

 p�q G!("! #! !G$-7#4 H7-&$ 5$%"!1$"%'3K&!"#!/ -$-&.54? G!3'H.#�
#!/ - G!5!n;J 5.&!(!) - )4-!%$5 "7=".2.#$.5? &7%$. %7% ��� a5$%"!%!5�
G;J&."#7K &!5!>"70$K K)3K.&-K %!5G;J&."#!/ &!5!>"70$./ $-%3JH$&.3;�
#! )4-!%!>! "7=".2.#$K? (!-&$>7Jn.>! '"!)#K 5$%"!#!) $3$ (7:. -!&.#
#7#!5.&"!)�m �! #.(7)#.>! )".5.#$ 5!(.3$"!)7#$. o&!>! &$G7 %"!)!&!%7
) !G'6!3$  43! =7&"'(#.#! G! G"$H$#. !>"7#$H.##!/ $#0!"571$$ !&#!-$�
&.3;#! G!("! #!/ 
l 5!"0!3!>$$ -!-'($-&!/ !G'6!3$� �.&!(4 - )4-!%$5
"7=".2.#$.5 5!>'& ! .-G.H$&; &7%$. 
l (7##4. -  !3;2./ &!H#!-&;J $
G"!3!:$&; G'&; (3K $-G!3;=!)7#$K )4H$-3$&.3;#46 5!(.3$ %"!)!&!%7 )
5.($1$#.�  H7-&#!-&$? G"!-&"7#-&).##7K )$='73$=71$K - )4-!%$5 "7=".�
2.#$.5? !6)7&4)7Jn7K -!-'($-&'J -.&; )-./ !G'6!3$ G!=)!3$& G"!)!($&;
".73$-&$H#!. 5!(.3$"!)7#$. %"!)!&!%7 ) %7:(!5 -.>5.#&. -.&$ -!-'($-&!/
!G'6!3$� �7&.57&$H.-%!. 5!(.3$"!)7#$.? !-#!)7##!. #7 ".='3;&7&76 $='H.�
#$K >.5!($#75$%$? 5!:.& G!5!H; ) (.&73;#!5 G!#$57#$$ "7-G".(.3.#$K
%"!)$ ) -!-'($-&!/ -.&$ ) "7=3$H#46 G"!-&"7#-&).##46 57-2&7 76�

� �#!(�*'& >($!�(#%*. $#!*

�7 !-#!). G"$).(.##46 ) p�q 5!(.3K6 G!-&"!.# 
l >"70 -!-'($-&!/ -.�
&$� �!-'($-&7K -.&; -&"!$&-K ) .($#$H#!5 %' .� �7 G.")!5 o&7G. ) %' .
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G"!$=)!3;#! "7=5.n7J&-K '=34 >"707? &7% H&! $6 %!!"($#7&4 G!(H$#KJ&�
-K "7)#!5."#!5' "7-G".(.3.#$J� �!-3. o&!>! (3K %7:(!>! '=37 #76!(K&-K
&"$  3$:7/2$6 '=37 $ -)K=4)7J&-K - #$5 -!-'(75$� �73.. $= "7-G".(.3.#$K
%7:(!5' -!-'(' G"$-)7$)7.&-K ($75.&"� �$%"!-!-'($-&7K -.&; -&"!$&-K $=
G".(G!3!:.#$K ! "7)#!5."#!5 "7-G".(.3.#$$ G$&7&.3;#46 ).n.-&)? G.".#!�
-$546 %"!);J G! !">7#75 $ &%7#K5� �&! 4 ! .-G.H$&; &7%!. "7-G".(.3.#$.
-!-'(!) G! ! �.5' $-G!3;='.&-K �-$3!)!/I 73>!"$&5? !-#!)7##4/ #7 -3.('�
Jn$6 '"7)#.#$K6	

�7G"7)3KJn$/ ).%&!" 5.:(' ()'5K )."2$#75$ 	

−−→pupν = pν − pu
‖pν − pu‖ a�m

�$37 G"':$#4? (./-&)'Jn7K 5.:(' %7:(!/ G7"!/ -5.:#46 )."2$#	

−−−−−−−−→
fspring(pu, pν) = cspringlog

‖pν − pu‖
l

−−→pνpu a�m

�$37 !&&73%$)7#$K (./-&)'.& 5.:(' %7:(!/ G7"!/ #.-5.:#46 )."2$# u ?
ν 	 −−−−−−→

frep(pu, pν) =
crep

‖pν − pu‖2
−−→pupν a
m

�3K %7:(!>! '=37 )4H$-3K.&-K ".='3;&$"'Jn7K -$37 $ '=.3 G.".()$>7.&�
-K? H&! G!=)!3K.& ! .-G.H$&; "7)#!5."#!. "7-G".(.3.#$. '=3!) $ ". ." G!
! �.5'� �7 G!3'H.##!/ -.&$ (!-&"7$)7J&-K %7G$33K"#4. -!-'(4�

�� �&!#:&!*/#$'&. :(�#12 '�("(!('&

�7 G!-&"!.##45 &7%$5 ! "7=!5 >"70. )4H$-3K.&-K "7-G".(.3.#$. %"!�
)!&!%7 ) ! 37-&$ 5$%"!1$"%'3K1$$ G! -3.('Jn$5 0!"5'375	

Gij =
π ·D4

ij

128 · μij · Lij aFm

Qij = Gij · (Pi − Pj) a�m

N∑
i,j=1

Qij = 0 a�m

�(. Gij < >$("7)3$H.-%7K G"!)!($5!-&; -.>5.#&7? Qij < -%!"!-&; G!&!%7?
μij < )K=%!-&;�   3$:7/2.. )".5K G37#$"'.&-K? 'H.-&; ) (7#! 57&.57&$H.�
-%!/ 5!(.3$ #.3$#./#4. o00.%&4 -)K=7##4. - 5$%"!1$"%'3K1$./�

 G"!1.--. "!-&7 =3!%7H.-&).##!/ !G'6!3$ -.&; -!-'(!) )!%"'> #.. $=5.�
#K.&-K a"7-&'& #!)4. -!-'(4 $ $-H.=7J& #.%!&!"4. -&7"4.m? -!!&).&-&).#�
#! G!-&"!.##4/ >"70 &7% :. 5.#K.&-K ) #.-%!3;%! o&7G!)� �!)5.n7K ..
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 #7-&!Kn./ "7 !&. G".(-&7)3.# K)#4/ H$-3.##4/ 73>!"$&5 (3K "7-�
H.&7 &.H.#$/ -5.-./ $(.73;#46 >7=!) ) ()'5."#46 ! 37-&K6? G!-&"!.##4/
#7 !-#!). !(#!5."#!>! G"!&!&$G7? G".(3!:.##!>! ) "7 !&. p�q� �"$).(.#4
0$=$H.-%7K 5!(.3; $ '"7)#.#$K ()$:.#$K -5.-$ ) %!#-.")7&$)#!/ $ 67�
"7%&."$-&$H.-%!/ 0!"576� �$-%".&$=71$K '"7)#.#$/ ()$:.#$K G"!$=).(.�
#7 G! 5.&!($%. I%7 7".I p�q�p�q� �3>!"$&5 $-G4&7# #7 =7(7H. ! G"!6!:(.#$$
'(7"#!/ )!3#4 ) )!=('6. H.".= #.!(#!"!(#!-&; $= &K:.3!>! >7=7? #7H73;#4.
'-3!)$K (3K %!&!"!>! 7(7G&$"!)7#4 $= "7--5!&".##46 ("'>$5$ 7)&!"75$
#7&'"#46 $ H$-3.##46 o%-G."$5.#&!) pDq?pEq� �!%7=7#! 6!"!2.. -!)G7(.#$.
"7-H.&!) G! G".(3!:.##!5' 73>!"$&5' - ".='3;&7&75$ o&$6 o%-G."$5.#&!)�

� ,�&"%#%*. �"*F#%*.

�G$-4)7.57K 0$=$H.-%7K 5!(.3; >7=!)!/ -5.-$ -&"!$&-K ) -3.('Jn$6
G".(G!3!:.#$K6� �5.-; -!-&!$& $= N $(.73;#46 >7=!) - G!-&!K##45$
'(.3;#45$ &.G3!.5%!-&K5$ G"$ G!-&!K##!5 ! �.5. $ G!%7=7&.3K5$ 7($7�
 7&4� �5.-; #76!($&-K ) '-3!)$K6? %!>(7 G"!-%73;=4)7#$.5 .� !&(.3;#46
%!5G!#.#&!) 5!:#! G"$#. ".H;? H&! G"$)!($& % &7% #7=4)7.5!/ !(#!-%!�
"!-&#!/ 5!(.3$� �7%:. G".(G!37>7.&-K 3!%73;#!. &."5!($#75$H.-%!. "7)�
#!).-$.? &! .-&; !(#!&.5G."7&'"#!-&; 5!(.3$� �5.-; -'n.-&)'.& ) '-3!)$K6
!&-'&-&)$K 07=!)46 $ 6$5$H.-%$6 G".)"7n.#$/� #.2#$. -$34 !&-'&-&)'�
J&� K=%!-&; $ ($00'=$K !&-'&-&)'J&� �-6!(K $= )42.!G$-7##!>! !H.)$(�
#45 ! "7=!5 -3.('.& #7 !" '"7)#.#$/ ()$:.#$K >7=!)!/ -5.-$� �"7)#.#$K
#."7="4)#!-&$ (3K %!5G!#.#&!) $ =7%!#4 -!6"7#.#$K $5G'3;-7 $ o#.">$$
(3K -5.-$	

∂ρξf
∂t

+
∂ρξfu

∂x
+
∂ρξfv

∂y
= 0, f = 1, N ;

N∑
f=1

ξf ≡ 1; a�m

∂ρu

∂t
+
∂ρu2

∂x
+
∂ρuv

∂y
+
∂p

∂x
= 0; a�m
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∂ρv

∂t
+
∂ρvu

∂x
+
∂ρv2

∂y
+
∂p

∂y
= 0; a
m

∂ρE

∂t
+
∂u(ρE + p)

∂x
+
∂v(ρE + p)

∂y
= 0; aFm

>(. ξf v 57--!)4. (!3$ !&(.3;#46 %!5G!#.#&!) -5.-$? (u, v) v ).%&!" -%!�
"!-&$ -5.-$ ? ρ v ! n7K G3!&#!-&; >7=!)!/ -5.-$? p v (7)3.#$. -5.-$? E v
G!3#7K o#.">$K .($#$14 57--4 -5.-$�

�"7)#.#$. -!-&!K#$K -5.-$ =7(7.&-K -3.('Jn$5 -!!&#!2.#$.5	

p = (γ − 1)ρ(E − u2/2− v2/2); a�m

>(. γ =
∑N

f=1 γfCfξf∑N
f=1 Cfξf

v o00.%&$)#4/ G!%7=7&.3; 7($7 7&4 -5.-$? ) %!&!"!5

γf , Cf v G!%7=7&.3$ 7($7 7&4 $ '(.3;#4. &.G3!.5%!-&$ G"$ G!-&!K##!5
! �.5. !&(.3;#46 %!5G!#.#&!) -5.-$ -!!&).&-&).##!�

�� �#3�12!&!� �&$/#!("

�7H73;#4. '-3!)$K (7##!/ =7(7H$ )=K&4 $= "7 !&4 pDq? G"!&!&$G!5 (3K
%!&!"!/ G!-3':$3 o%-G."$5.#& $= pEq� �7-H.&#7K ! 37-&; v G"K5!'>!3;#$%
[0, Lx] × [0, Ly] = [0, 0.45] × [0, 0.2] �  "7-H.&#!/ ! 37-&$ =7(7#7 "7-H.&#7K
-.&%7 Nx×Ny = 720×320 "7-H.&#46 KH..%�  #7H73;#4/ 5!5.#& )".5.#$ )
G"K5!'>!3;#$%. [0.1, 0.25]×[0, 0.1] #76!($&-K &K:.34/ >7= v 0&!"$( -."4 +,
aSF6 m? ) !-&73;#!/ H7-&$ "7-H.&#!/ ! 37-&$ #76!($&-K )!=('6� �'=4"; SF6

$ !%"':7Jn7K )!=('2#7K -".(7 #76!(K&-K ) -&7&$H.-%!5 $ &."5!($#75$H.�
-%!5 "7)#!).-$$� �7 3.)!/ >"7#$ =7(7J&-K '-3!)$K )6!(7 '(7"#!/ )!3#4� �7
)."#./? #$:#./ $ G"7)!/ >"7#K6 =7(7.&-K '-3!)$. -&.#%$ -! -)! !(#45 G"!�
-%73;#4)7#$.5� �!H#4. 0$=$H.-%$. G7"75.&"4 =7(7H$ ) #7H73;#4/ 5!5.#&
)".5.#$ G"$).(.#4 ) &7 3$1. ��

�7 "$-�� G".(-&7)3.#4 "7-G".(.3.#$K 5!('3K >"7($.#&7 G3!&#!-&$ -5.-$
) "7=3$H#4. 5!5.#&4 )".5.#$	 aa−bm v G.")!#7H73;#7K '(7"#7K )!3#7 G"$
G"!6!:(.#$$ H.".= ! 37-&; - &K:.345 >7=!5 G!"!:(7.& >!"$=!#&73;#! ()$�
:'n'J-K '(7"#'J )!3#'? $5.Jn'J 5.#;2'J ) -"7)#.#$$ - G.")!#7H73;#!/
-%!"!-&;? 7 G"$ G"!6!:(.#$$ #7( o&!/ ! 37-&;J G!"!:(7.& #7 >"7#$1. "7=�
(.37 -".( '(7"#'J )!3#'? ()$:'n'J-K )#$=8 acm v #7 >"7#$1. "7=(.37 -".(
"7=)$)7.&-K #.'-&!/H$)!-&; �.3.K��./3!"7? -G"7)7 !& ! 37-&$ - &K:.345
>7=!5 v $-%"$)3.##4/ 0"!#& !&"7:.##!/ !& G"7)!/ -&.#%$ '(7"#!/ )!3#48
ad − f m v &'" '3$=71$K &.H.#$K ) ! 37-&$ - &K:.345 >7=!5 G!-3. G"!�
6!:(.#$K !&"7:.##!/ '(7"#!/ )!3#4� �"7)#.#$. ".='3;&!) "7-H.&!)? G"$�
).(.##46 #7 "$-��? � G"$).(.##45$ ) pDq? %7% $ ) G".(4('n.5 o%-G."$5.#&.?
G!%7=4)7.& 6!"!2.. -!)G7(.#$. o)!3J1$$ >"7#$14 "7=(.37 ()'6 07= $ "7-�
G".(.3.#$K !&"7:.##46 '(7"#46 )!3# )G3!&; (! )4"7:.##!/ &'" '3$=71$$
&.H.#$K�
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�7 3$17 �� �7H73;#4. G7"75.&"4 &.H.#$K ) &.-&!)!/ =7(7H.

.3� �(� )!3#7 !=('6 SF6 �(� $=5�
ρ ����D� ����
 ��E@� %>w53

γ ��F ��F ��@D� �
u �

��D
 @ @ 5w-
p ��
��� ��E�� ��E�� �7
Cv D�@�@ D�@�@ ��
�F� �:wa%> �m

aam abm

acm adm

aem af m

�$-� �� W)!3J1$K G"K5!'>!3;#!/ #.!(#!"!(#!-&$ G"$ G"!6!:(.#$$ H.".=
#.. '(7"#!/ )!3#4 #7 5!5.#&4 )".5.#$ T = 2065-aam? 4465-abm? 7265-acm?
17265-adm? 20465-aem? 28465-af m� ".5K !&-H$&4)7.&-K !& 5!5.#&7 -&!3%�
#!).#$K '(7"#!/ )!3#4 - #.!(#!"!(#!-&;J� CFL = 0.45

6&'17/#%*#

 #7-&!Kn./ "7 !&. G!-&"!.# K)#4/ H$-3.##4/ 73>!"$&5 (3K ".2.#$K
=7(7H 5#!>!%!5G!#.#&#!/ >7=!)!/ ($#75$%$ ) G"K5!'>!3;#46 ()'5."#46
! 37-&K6 #7 !-#!). 5.&!($%$ I%7 7".I� �7 -"7)#.#$$ G"!).(.##46 H$-3.#�
#46 o%-G."$5.#&!) - "7 !&75$ ("'>$6 7)&!"!) G!%7=73! )4-!%!. %7H.-&)!
".2.#$/? G!3'H7.546 G"$ G!5!n$ G"$).(.##!>! 73>!"$&57? H&! G!=)!3K.&
$-G!3;=!)7&; ".='3;&7&4 (7##!/ "7 !&4 G"$ ! ! n.#$$ 5#!>!%!5G!#.#&�



E@ 	
��������� ������� ��������������� ������������	

#!>! 73>!"$&57 I%7 7".I #7 &".65."#4/ -3'H7/ -! -&"'%&'"$"!)7##45$ $
#.-&"'%&'"$"!)7##45$ G"!-&"7#-&).##45$ -.&%75$�

�*!#�&!��&

�� ������� ��� =
�
�D:� �� �!($0$%71$K -6.54 �%7 7".� (3K
"7-H.&7 &.H.#$K 5#!>!%!5G!#.#&#46 >7=!)46 -5.-./ ww 4H$-3$&.3;�
#4. 5.&!(4 $ G"!>"755$"!)7#$.� �@��� ��� �E����

�� �
�
������ ��� =�A�	�?�8 �� �.%!&!"4. -)!/-&)7 "7=#!-&#!/
-6.54 �7 7". ww �7&.57&$H.-%!. 5!(.3$"!)7#$.� ���E� �@? x�� �@��
����


� �
�
������ ��� ;�	�<��
� =� �.3$#./#7K %!"".%1$K -6.54 �7 7�
". ww �7&.57&$H.-%!. 5!(.3$"!)7#$.� ���E� �@? x��� �@D���
�

F� �
�
������ ��� ;�	�<��
� =�� ;
<	���?�8 @� �737#-#!�
67"7%&."$-&$H.-%$. -6.54 - "7=(.3.##45$ %!#-.")7&$)#45$ $ G!&!�
%!)45$ G.".5.##45$ ww �7&.57&$H.-%!. 5!(.3$"!)7#$.� �@@
� ��? x��
���FE�

�� �
�
������ � � �737#-#!�67"7%&."$-&$H.-%$/ 5.&!( H$-3.##!>! ".�
2.#$K !(#!5."#46 '"7)#.#$/ >7=!)!/ ($#75$%$ ) o/3."!)46 G.".5.#�
#4t ww �7&.57&$H.-%!. 5!(.3$"!)7#$.� �@@�� �E? x��� �F�
@�

�� ;
���?
� �� � ! n.#$. -6.54 ������ #7 5#!>!5."#4. '"7)#.#$K
=7(7H >7=!)!/ ($#75$%$? �$--."&71$K #7 -!$-%7#$. -&.G.#$ %7#($(7&7
0��5� #7'%� �!-%)7� �@�F�

D� R�(�� ��� "�1�4���1�� "� &�W-�� � kc�~sdrij � Zih~�f� cghsz}c{csr
cg�y�i� }r s~i cgsijz�scfg f| z h~f�� �z�i �cs~ z ji�szg�y{zj }{f�� f|
SF6 ww Y~rhc�h f| �{yc�h� �@@D� ��� Y� ��
�
��

E� &�W-�� �$ �( �W A~f�� sy}i it�ijcdigsh fg kc�~sdrij�Zih~�f�
cghsz}c{csr �jf�s~ yhcg� zg ig{zj�i� �fy}{i }yd� �ijsyj}zscfg ww �zhij
Yzjs� Bizdh� �@@
� ��? x
� Y�F���F�E�
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	"#�#%*#

�&5!-0."#4/ G.".#!- "7($!7%&$)#!/ G"$5.-$ K)3K.&-K !-#!)#45 07%�
&!"!5 "7-G"!-&"7#.#$K "7($!7%&$)#46 ).n.-&) G"$ )4 "!-76 #7 ! �.%&76 -
$-G!3;=!)7#$.5 K(."#!/ o#.">$$ a���Wm� �3K &7%$6 ! �.%&!) 7%&'73;#!/
K)3K.&-K =7(7H7 ! !-#!)7#$K  .=!G7-#!-&$? G!((.":%7 G"$#K&$K ".2.#$/
G"$ )!=#$%#!).#$$ 7)7"$/#!/ -$&'71$$ "7=#!/ -&.G.#$ &K:.-&$ ) G".(.�
376 -75!>! G"!5423.##!>! ! �.%&7� �6 ".2.#$. &". '.& G"!>#!=$"!)7#$K
G"!1.--!) 7&5!-0."#!/ ($-G."-$./ >7=!�7o"!=!3;#!/ G"$5.-$ - G!-3.('J�
n./ !1.#%!/ "7($71$!##!/ ! -&7#!)%$�  57-2&7 . G"!5423.##!>! ! �.%�
&7 a$3$ >!"!(-%!>! %)7"&737m 67"7%&."#4/ "7=5." ! 37%7 G"$5.-$ -!G!-&7�
)$5 - "7=5."75$ =(7#$/� S(7#$K ) -)!./ -!)!%'G#!-&$ 0!"5$"'J& -3!:#!.
&"�65."#!. G!3. ).&"7 )!%"'> -. K? )%3JH7K &7%$. o00.%&4? %7% 7o"!&."�
5!($#75$H.-%$. &.#$? 1$"%'3K1$!##4. =!#4? $ &7% (73..� �.2.#$J o&!/
=7(7H$ G!-)Kn.#4 "7 !&4 =7"' .:#46 -G.1$73$-&!) p�? �q�  �!--$$ &7% :.
"7=)$)7.&-K o&! #7G"7)3.#$. H$-3.##!>! 5!(.3$"#!)7#$K p
<�q�

�.! 6!($5! #7 !-#!). )".5.##!/ ($#75$%$ &"�65."#46 G!3./ ! ��5#!/
$ G!)."6#!-&#!/ %!#1.#&"71$$ "7($!7%&$)#46 ).n.-&) G"$? )!! n. >!)!�
"K? #.-&71$!#7"#!5 )4 "!-.? G"!$=).-&$ "7-H�& "7($71$!##!/ ! -&#!)%$	
"7--H$&7&; 5!n#!-&; (!=4 $ (!=' !& )#.2#.>! ! 3'H.#$K a"7-H�& 5!n#!-&$
(!=4 G! $#>73K1$!##!5' G'&$ &"$)$73.#m� �7 (7##4/ 5!5.#& #. -'n.-&)'.&
5.&!($% "7-H�&7 5!n#!-&$ (!= ! 3'H.#$K !& ! 37%7 G"!$=)!3;#!/ 0!"54?
#. >!)!"K ! =7>"K=#�##!/ G"!$=)!3;#45 ! "7=!5 G"!$=)!3;#!/ G!)."6#!-&$�
W&!/ G"! 3.5. $ G!G4&%. .� ".2.#$K G!-)Kn.#7 (7##7K "7 !&7�

� �&!#:&!*/#$'&. :(�#12 �&$/I!& :(@%($!* �(3� (!
"%#4%#5( (01�/#%*.

�7--5!&"$5 "7-H�&#'J ! 37-&; ) )$(. G"K5!'>!3;#!>! G7"733.3.G$G.(7
$ =7-&"!/%' G"!$=)!3;#!/ 0!"54 < #.%!&!"4/ 57--$) =75%#'&46 ! ��5#46
! �.%&!)? 5!(.3$"'Jn$6 G"!5423.##'J =7-&"!/%'� �'(.5 -H$&7&;? H&! o&$
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! �.%&4 #.G"!#$17.54 (3K ).&"7? G"$5.-$ $ $!#$=$"'Jn.>! $=3'H.#$K�
 )!=('6. $ #7 G!)."6#!-&K6 ! �.%&!) G"!$=)!3;#45 ! "7=!5 "7-G".(.�
3�# %7%!/�3$ ! "7($!#'%3$(� �'(.5 G".(G!37>7&;? H&! 5!n#!-&; (!=4 !&
&!H.H#!>! $-&!H#$%7 G"!G!"1$!#73;#7K 1/r2 a) 5!(.3$ G".#. ".>7.&-K o0�
0.%&75$ "7--.K#$K? G!>3!n.#$K $ G.".$=3'H.#$Km p�q? >(. r < "7--&!K#$. !&
&!H.H#!>! $-&!H#$%7 (! &!H%$ #7 3J(.#$K� �!>(7 5!n#!-&; (!=4 !& ! 37%7
$ G!)."6#!-&$ ) &!H%. �r0 )4H$-3K.&-K -3.('Jn$5 ! "7=!5	

dv (�r0) = γP
∫∫∫

O (�r, �r0)C
V (�r)

|�r − �r0|2
dxdydz a�m

ds (�r0) = γP
∫∫

O (�r, �r0)C
S (�r)

|�r − �r0|2
dS a�m

 o&$6 '"7)#.#$K6	 �r0 < &!H%7 #7 3J(.#$K8 dv $ ds < 5!n#!-&; (!=4 ! �
3'H.#$K !& ! 37%7 $ G!)."6#!-&$? S)w-8 γP < 5!n#!-&; (!=4 ! 3'H.#$K !&
&!H.H#!>! $-&!H#$%7 7%&$)#!-&;J � �% #7 "7--&!K#$$ � 5 !& #.>!8 CV <
! ��5#7K %!#1.#&"71$K "7($!#'%3$(7 ) )!=('6.? �%w53 8 CS < G!)."6#!-&�
#7K %!#1.#&"71$K "7($!#'%3$(7 #7 G!)."6#!-&$ =(7#$/ $ =.53$? �%w52 8
O (�r, �r0) < &7% #7=4)7.54/ 07%&!" a!G&$H.-%!/m )$($5!-&$� �# K)3K.&-K
$#($%7&!"!5 )$($5!-&$ &!H%$ �r $= &!H%$ �r0 	 !&".=!% 5.:(' #$5$ #. G.�
".-.%7.& =(7#$/�  '"7)#.#$$ � $#&.>"$"!)7#$. G"!$=)!($&-K G! "7-H�&#!/
! 37-&$? ) '"7)#.#$$ � < G! G!)."6#!-&$ =(7#$/ $ =.53$� O (�r, �r0) G"$#$57�
.& =#7H.#$. � (3K )$($546 $= &!H%$ �r0 &!H.%? $ =#7H.#$. @ < ) ! "7&#!5
-3'H7.� ).(.#$. o&!>! 5#!:$&.3K G!=)!3K.& 'H.-&; o00.%& o%"7#$"!)7#$K
! 37%7 =(7#$K5$�

 H$-3.##!/ G!-&7#!)%.? G"$ $-G!3;=!)7#$$ (.%7"&!)46 G"K5!'>!3;#46
a$ "7)#!5."#46m -.&!%? ".73;#4. =(7#$K =7-&"!/%$ 7GG"!%-$5$"'J&-K -&'�
G.#H7&45 ! "7=!5	 -!)!%'G#!-&;J #.G"!#$17.546 ) '%7=7##!5 )42. -54-�
3.? &7% #7=4)7.546 0$%&$)#46? KH..%� �GG"!%-$571$!##7K >.!5.&"$K =(7�
#$/ 5!:.& -$3;#! $-%7:7&; $6 ".73;#4/ G"!&!&$G� �-! .##! $-%7:7J&-K
&. G!)."6#!-&$? "7=5." %!&!"46 -!G!-&7)$5 - "7=5."!5 KH./%$m� �#!:.-&)!
&!H.% #7 3J(.#$K? &! .-&; &!H.%? ) %!&!"46 "7--H$&4)7.&-K 5!n#!-&; (!=4?
< )-. )!=('2#4. KH./%$ G"$=.5#!>! "7-H�&#!>! -3!K�

�� ,/I! A--#'!& A'�&%*�("&%*.

�.! 6!($5! (3K %7:(!/ &!H%$ #7 3J(.#$K )4H$-3$&; -)!/ 57--$) 07%�
&!"!) )$($5!-&$ !-&73;#46 KH..% -.&%$� �43! "7="7 !&7#! (). )."-$$ 73�
>!"$&57�  G.")!/ )".-$$ &!H%7 #7 3J(.#$K -!.($#K37-; -! )-.5$ KH./%75$
"7-H�&#!/ -.&%$� �7--57&"$)73-K %7:(4/ G!3'H.##4/ !&".=!%� �-3$ G!3'�
H.##4/ !&".=!% G.".-.%3 &)�"(4. >"7#$? &! $--3.('.57K KH./%7 -H$&737-;
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#.)$($5!/? $ )$($5!/ < ) ! "7&#!5 -3'H7.� ".5K "7-H�&7 57--$)7 )$($5!�
-&$ =#7H$&.3;#! G".)!-6!($3! )".5K $-G!3#.#$K -75!/ G"!1.('"4 -'55$"!�
)7#$K G! )-.5 KH./%75 -.&%$� �75 "7-H�& 5!n#!-&$ (!=4 =7#$573 G!"K(%7
H7-7 #7 &$G$H#46 -.&%76 < $ o&! &!3;%! (3K !(#!>! 5!5.#&7 )".5.#$�

 -)K=$ - o&$5  437 G".(3!:.#7  !3.. !G."&$)#7K )."-$K	 $(.K =7%3J�
H737-; ) 57%-$573;#!5 -!%"7n.#$$ %!3$H.-&)7 !&".=%!) (3K !G".(.3.#$K
07%&!"!) )$($5!-&$	 &!H%7 #7 3J(.#$K -!.($#K37-; #. - %7:(!/ KH./%!/
-.&%$? 7 &!3;%! - "7-G!3!:.##45$ #7 >"7#$1. "7-H�&#!/ ! 37-&$� -. )!=�
('2#4. KH./%$? %!&"4. G.".-�% !&".=!% G! 5.". '(73.#$K !& &!H%$ #7�
 3J(.#$K (! G.".-.H.#$K &)�"(!/ >"7#$? -H$&7J-K )$($545$� �"!1.('"7
G!)&!"K.&-K (3K )-.6 !&".=%!)� �! '5!3H7#$J )-. KH./%$ #.)$($54�

�-%!".##4/ )7"$7#& 73>!"$&57 !G"7)(73 -. K	 )".5K "7-H�&7 5!n#!-&$
(!=4 -!%"7&$3!-; ) �@ "7= (3K &!/ :. &$G$H#!/ =7(7H$� �!)4/ 73>!"$&5  43
"7-G7"733.3.# G! 5#!:.-&)' &!H.% #7 3J(.#$K? H&! (73! G!H&$ 3$#./#!.
(!G!3#$&.3;#!. '-%!".#$. ) =7)$-$5!-&$ !& %!3$H.-&)7 K(." %!5G;J&."7�

��� 	#�*-*'&9*.

�7="7 !&7##7K H$-3.##7K 5.&!($%7 "7-H�&7 5!n#!-&$ (!=? %7% !& &"�6�
5."#!>! ! 37%7? &7% $ !& =7>"K=#�##!/ G!)."6#!-&$? #':(737-; ) )."$0$�
%71$$�  (7##!/ "7 !&. G".(-&7)3.#4 ".='3;&7&4 )."$0$%71$$ 5.&!($%$
"7-H�&7 5!n#!-&$ (!=4 !& ! 37%7	 ) G"$-'&-&)$$ =7-&"!/%$ $  .= #.��  %7�
H.-&). ! 37%7 "7--5!&"$5 27" "7($'-!5 R = 30 5? "7-G!3!:.##4/ ) &!H�
%. �r0 = (66; 59; 45) $ "7-H�&#'J ! 37-&; [0; 100] × [0; 100] × [0; 100]� �'-&;
%!#1.#&"71$K '-3!)#!>! "7($!7%&$)#!>! ).n.-&)7 ) "7-H�&#!/ ! 37-&$ )#.
27"7 "7)#! @? 7 )#'&"$ 27"7	

c (�r) = exp

{
−|�r − �r0|2
2(R/2)2

}
a
m

�!G'-&$5? H&! ) "7-H�&#!/ ! 37-&$ !&-'&-&)'.& %7%7K�3$ ! =7-&"!/%7�
�.-3!:.# 57&.57&$H.-%$/ "7-H�& 5!n#!-&$ (!=4 !& 27"7 -! -0."$H.-%$�
-$55.&"$H#45 "7-G".(.3.#$$ %!#1.#&"71$$ 7%&$)#!-&$ ) #�5	

dv (L) =
2πγP

L

∫ R

0

r · c (r) ln L+ r

L− r
dr aFm

S(.-; L < "7--&!K#$. !& &!H%$ #7 3J(.#$K (! 1.#&"7 27"7� �#&.>"$"!)7�
#$. G"!$=)!($&-K G! "7--&!K#$J (! 1.#&"7 27"7 r � �#&.>"73 ) '"7)#.#$$
F? )!! n. >!)!"K? #.  ."�&-K 7#73$&$H.-%$�  (7##!/ "7 !&. !#  "73-K H$-�
3.##!? - &!H#!-&;J ".='3&7&7 10−10 � �3K )."$0$%71$$? =#7H.#$. 5!n#!-&$
(!=4? G!3'H.##!. H$-3.##! #7 (.%7"&!)!/ -.&%.? -"7)#$)73!-; -! =#7H.#$.5
5!n#!-&$ (!=4? "7--H$&7##45 G! '"7)#.#$J F� �7 "$-'#%. � G"$).(.#4 >"7�
0$%$ !&#!"5$"!)7##46 #7 (!=!)4/ %!o00$1$.#& γP 5!n#!-&./ (!=? )(!3;
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!&".=%!)? -!.($#KJn$6 &!H%$ (25; 100; 1) $ (100; 25; 1) (3K ()'6 "7=".2.#$/
-.&%$	 � 5 $ � 5� �"70$%$ #7 "$-'%#. � G!%7=4)7J& -6!($5!-&; ".='3;&7&7

�$-� �� S7)$-$5!-&; !&#!-$&.3;#!/ 5!n#!-&$ (!=4? "7--H$&7##!/ G'&�5 H$-�
3.##!>! )=K&$K $#&.>"737 � aH�"#7K 3$#$Km? - "7--H$&7##!/ H$-3.##! #7 (.�
%7"&!)!/ -.&%. a-."7K 3$#$Km� �3.)7 < >"70$% #7 -.&%. - "7=".2.#$.5 � 5?
-G"7)7 < - "7=".2.#$.5 � 5�

G"$ $=5.3;H.#$$ -.&%$� �! $ G"$ "7=".2.#$$ -.&%$ � 5 ".='3;&7& !-&7�&-K
G"$.53.545�

�'-&; &.G."; ) "7-H�&#!/ ! 37-&$ G"$-'&-&)'.& =7-&"!/%7� �.! 6!($5!
!&).&$&; #7 )!G"!-	 #7 -%!3;%! -#$:7.&-K &!H#!-&; "7-H�&7 G"$ $-G!3;=!)7�
#$$  !3.. !G&$573;#!>! 73>!"$&57 "7-H�&7 57--$)7 )$($5!-&$�  %7H.-&).
=7-&"!/%$  43 "7--5!&".# %!#'- - %"'>!)45 -.H.#$.5? !-; -$55.&"$$ %!�
&!"!>!  437  3$=%7 % )."&$%73;#!5' #7G"7)3.#$J� =7$5#!. "7-G!3!:.#$.
! 37%7 ) )$(. 27"7 $ G".GK&-&)$K ) )$(. %!#'-7 G!%7=7#! #7 "$-'#%. �	

�$-� �� =7$5#!. "7-G!3!:.#$. 27"7 $ %!#$H.-%!>! G".GK&-&)$K ) "7-H�&#!/
! 37-&$�
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�7 "$-'#%. 
 G!%7=7#4 7 -!3J&#4. !2$ %$ a"7=#$17 5.:(' 5!n#!-&;J
(!=4? G!3'H.##!/ - G!5!n;J G.")!#7H73;#!/ $ '-%!".##!/ )."-$/ 73>!"$&�
57m�  G.")!#7H73;#!/ )."-$$ 73>!"$&57 G"$ !G".(.3.#$$ )$($5!-&$ ()'6
&!H.% $-G!3;=!)73!-; 7#73$&$H.-%!. '"7)#.#$. %!#'-7? 7 ) !G."7&$)#!/ <
.>! -&'G.#H7&!. G"$ 3$:.#$.� �"70$% -3.)7  43 G!3'H.# (3K "7=".2.�

�$-� 
� � -!3J&#7K !2$ %7 !G".(.3.#$K 5!n#!-&$ (!=4 )(!3; ()'6 !&".=�
%!)? G"$ $-G!3;=!)7#$$ "7=#46 "7=".2.#$/ -.&%$�

#$K "7-H�&#!/ -.&%$ � 5 )(!3; !&".=%7? -.($#Kn.>! &!H%$ (−45; 80; 1) $
(80;−45; 1)� �"70$% -G"7)7 < (3K "7=".2.#$K � 5 )(!3; !&".=%7 5.:('
&!H%75$ (−45; 80; 60) $ (80;−45; 60)� � 7 !&".=%7 G.".-.%73$ %!#'- aG"!�
)73 ) >"70$%76 < )#'&"$ %!#'-7m $ G"!6!($3$ ) 3$=$ .>! !-$ -$55.&"$$�
�7%-$573;#4. =#7H.#$K 5!n#!-./ (!= )(!3; o&$6 !&".=%!) < �?� $ �?
 -!!&�
).&-&).##!� �= >"70$%!) )$(#!? H&! !2$ %7 #.=#7H$&.3;#7 #7 !-#!)#!5 G'&$
!&".=%7? -&7#!)$&-K  !3;2!/ 3$2; G"$ G"$ 3$:.#$$ % %!#'-'? >(. $-%7:.�
#$.$ .>! 0!"54 $>"7.& -'n.-&).##'J "!3;� �&! %7-7.&-K -75!>! G!(6!(7 %
-!%"7n.#$J %!3$H.&-)7 !&".=%!)? &! !# G"$)$($& 3$2; % #.=#7H$&.3;#45
G!>".2#!-&K5�

�7%$5 ! "7=!5? $-G!3;=!)7#$.  !3.. !G&$573;#!>! G! )".5.#$ -H�&7 73�
>!"$&5'? !%7=73!-; !G"7)(7##45? 7 H$-3.##'J 5!(.3;? - 'H�&!5 G"!).(�#�
#!>! "7-G7"733.3$)7#$K? 5!:#! #7=)7&; !G."7&$)#!/�

�*!#�&!��&

�� .* c+� � �� X��2+ [y�yhs ��? �@@�� [ +z{c�zscfg f| �^Z
ZY �cs~
efcgs `j}zg �@@
 lzsz? efyjgz{ f| [��{ci� Zisifjf{f�r? `�k��ekC��
��@EDE�k^+���

�� .2+�([��  �� VW��� & � - 5�� 1� � �PA\ D
� df�i{ i�z{yzscfg �zhi
hsy�cih	 z��jfz�~ zg� jihy{sh� `gc�ijhcsr f| ]zd}yj�? �@�@�
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?
��?
�� G=� =:Al�
� �Z� ���A� �� k[CA 5!(.3; 7&5!�
-0."#!/ ($-G."-$$ (3K !1.#%$ "7($71$!##!/ ! -&7#!)%$ ) '-3!)$�
K6 -3!:#!/ &"�65."#!/ >.!5.&"$$ ! �.%&7��� �!)".5.##4. G"! 3.54
57&.57&$H.-%!>! 5!(.3$"!)7#$K� 9���L� 9L�? >� �!-&!)�#7��!#'?
��� ���? >� �!-%)7� ����� -.#&K "K �@�
 >� �!-� �J"-!� --� �

��F@�

F� RW�,�-�(�101+ �^� �[��� �^� .���1�S�1�S� V. Acdy{zscfgh f|
jz�cfz�sc�i �fgszdcgzscfg �cs~cg zg cg�yhsjcz{ hcsi� Afys~ig �i�ijz{
`gc�ijhcsr� Yjf�ii�cg� f| |fyjs~ �~cgz�kyhhcz �fg|ijig�i Cydijc�z{
z{�i}jz �cs~ z��{c�zscfgh� ����� eygi �@�� kfhsf� fg lfg? k`AA,[ ���
EF�ED�

�� �[��� �^� .���1�S�1�S� V.� RW�,�-�(�101+ �^ [ �ijc��zscfg f| s~i
}{f��h |fj 
l zijfsijdf�rgzdc�h df�i{cg� zg� �fhih �z{�y{hscfg |jfd z
�{fy� f| zj}csjzjr �ifdisjr��� Afys~ig �i�ijz{ `gc�ijhcsr� Yjf�ii�cg� f|
|fyjs~ �~cgz�kyhhcz �fg|ijig�i Cydijc�z{ z{�i}jz �cs~ z��{c�zscfgh� ���
�� eygi �@�� kfhsf� fg lfg? k`AA,[ ��� ������

�� _igijc� �jf�i�yjih |fj zhhihhdigs zg� jih�fghi �yjcg� z jz�cf{f�c�z{
idij�ig�r� ,[^[? +,^CC[? �@@@� ,[^[�\^�lP������� ,AAC �@���F�E��
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����6����� 	��� 	 ��6�
���� 
�����
� ���� �� ������<���� �����6�
�(�(�%*9�% �+	+
�	��	����� �	��"��������$� �����������
���� �(3(5		�	�	��� �	����

�#!>$5 "7=#!-&#45 -6.575 v G".:(. )-.>!? G".(#7=#7H.##45 (3K 5!(.�
3$"!)7#$K >$G." !3$H.-%$6 -$-&.5 '"7)#.#$/ v -)!/-&).##4 #.0$=$H.-%$.
H7-&4. !-1$33K1$$ ) G!3'H7.546 ".2.#$K6� 4H$-3$&.3$ G"$5.#KJ& "7=�
3$H#4. 5.&!(4 G!(7)3.#$K &7%$6 %!3. 7#$/? ! H�5 $5..&-K ! 2$"#7K 3$&.�
"7&'"7� �(#7%! (7##4/ 0.#!5.#? $5.Jn$/ ($-%".&#'J G"$"!('? #':(7.&-K
) (.&73;#!5 $='H.#$$� W&! G!5!>3!  4 )4K-#$&;? -3.('.& 3$ )!! n. $-%'-�
-&).##! G!(7)3K&; -6.5#4. !-1$33K1$$? $ .-3$ (7? &! #76!($&; #7$ !3..
o00.%&$)#4/ -G!-! �

�7&.57&$H.-%$ -&"!>$/ 7#73$= ".2.#$/ "7=#!-&#46 -$-&.5 '"7)#.#$/
! 4H#! !%7=4)7.&-K (!)!3;#! =7&"'(#$&.3;#45� �!3.. &"7($1$!##4/ ! ��
.%& v ($00.".#1$73;#4. '"7)#.#$K 57&.57&$H.-%!/ 0$=$%$� �(#$5 $=
�G"$%$(!H#46� -G!-! !) !1.#%$ -)!/-&) "7=#!-&#46 -6.5 K)3K.&-K 5.&!(
($00.".#1$73;#!>! G"$ 3$:.#$K p�q� �4 G".(37>7.5 #!)4/ G!(6!(? "7-�
2$"KJn$/ G"$5.#.#$. (7##!>! 5.&!(7 #7  4-&"!!-1$33$"'Jn$. ".2.#$K�

�73.. ".H;  '(.& $(&$ &!3;%! ! !-1$33K1$K6 G! G"!-&"7#-&)'? G"$H.5
! L��

<	���mQ %!3. 7#$K6 v )$(7 u(xj) = (−1)j v(xj) �

!=;5.5 ) %7H.-&). G"$5."7 -6.5' - 1.#&"73;#45$ "7=#!-&K5$ (3K '"7)�
#.#$K G.".#!-7

∂u/∂t+ ∂u/∂x = 0 �→ duj/dt+ (uj+1 − uj−1)/(2h) = 0. a�m

�'(.5 "7--57&"$)7&; =7(7H'? ($00.".#1$73;#'J G! )".5.#$? $5.K ) )$('?
H&! ) H$-3.##!5 73>!"$&5. )5.-&! )4"7:.#$K ∂u/∂t G"$5.#K.&-K? #7G"$�
5."? -6.57 �"7#%7<�$%!3-!#�

�7"5!#$H.-%!. ".2.#$. a�m -!(.":$& �0$=$H.-%'J� 5!(' $ G7"7=$&#'J
G$3!! "7=#'J !-1$33K1$J	

u(xj, t) = a1 exp{iωt− ikxj}+ a2 (−1)j exp{iωt+ ikxj} ,
>(.

k = k(ω, h) = arcsin(ωh)/h = ω + h2ω3/6 + O(h4).

� �#!(� �*--#�#%9*&12%(5( >�*01*F#%*.

�G$-7##4/ ) p�q 5.&!( ($00.".#1$73;#!>! G"$ 3$:.#$K? %!&!"4/ #7�
=!).5 %37--$H.-%$5? =7%3JH7.&-K ) =75.#. "7=#!-&#!/ -6.54 ($00.".#1$�
73;#45$ '"7)#.#$K5$ - G!5!n;J 0!"5'34 �./3!"7� W&$ '"7)#.#$K 7G�
G"!%-$5$"'J&-K -6.5!/ -  !3.. )4-!%!/ &!H#!-&;J? H.5 $-6!(#7K =7(7H7�
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�"%$/ G"$5."	 -6.57 - #7G"7)3.##45$ "7=#!-&K5$ (3K '"7)#.#$K G.".#!-7
G".)"7n7.&-K ) '"7)#.#$. %!#).%1$$�($00'=$$? -!(.":7n.. 27> -.&%$ h 	

∂u

∂t
+
∂u

∂x
− h

2

∂2u

∂x2
= O(h2) .

�"$5.#$5!-&; 5.&!(7 )-&".H7.& G"! 3.54�

�� �". !)7#$. G37)#!-&$	
h

‖u‖
du

dx
→ 0, h→ 0 .

�� �$00.".#1$73;#4/ G!"K(!% 5!:.& #. -!)G7(7&; - "7=#!-&#45�


� �"7.)7K =7(7H7 ) ($-%".&#!5 $ %!#&$#'73;#!5 -3'H7. 5!:.& &". !�
)7&; "7=3$H#!. H$-3! >"7#$H#46 '-3!)$/�

�3K &!/ :. -6.54 - 1.#&"73;#!/ "7=#!-&;J a�m ) G.")!5 ($00.".#1$�
73;#!5 G"$ 3$:.#$$

∂u/∂t+ ∂u/∂x = O(h2)

!-1$33$"'Jn.. ".2.#$. #. ! #7"':$)7.&-K�
4G$2.5 )&!"!. ($00.".#1$73;#!. G"$ 3$:.#$.	

∂u

∂t
+
∂u

∂x
+
h2

6

∂3u

∂x3
= O(h4) .

�".! "7=!)7#$. L'";.<�7G37-7 u = exp{iωt− ikx} )4K)3K.& -3.('Jn$.
&"$ 5!(4	

k1(ω) ≈ ω +
h2

6
ω3, k2(ω) ≈

√
6

h
− ω, k3(ω) ≈ −

√
6

h
− ω.

 "7=#!-&#!/ =7(7H. -'n.-&)'.& )-.>! (). 5!(4? 6!&K =(.-; )&!"7K $ &".&;K
5!(4 -!)G73$  4 ) '=376 -.&%$? .-3$  4 ) )4"7:.#$K6 (3K k2 $ k3 )5.-&!√
6 0$>'"$"!)73! H$-3! π � �&7%? k1 G"7)$3;#! !G$-4)7.& ($-G."-$J 0$=$�

H.-%$6 5!(? &!>(7 %7% G7"7=$&#4. 5!(4 (7J& #.G"$.53.5'J !&#!-$&.3;#'J
!2$ %' O(1) �

�37--$H.-%$/ 5.&!( ($00.".#1$73;#!>! G"$ 3$:.#$K #. G!=)!3K.& 7#7�
3$=$"!)7&; -G.%&"73;#'J '-&!/H$)!-&; #7H73;#!�%"7.)46 =7(7H (3K "7=�
#!-&#46 5!(.3./ G.".#!-7? G!-%!3;%' =7(7H7 R&'"57<�$')$33K (3K ($0�
0.".#1$73;#!>! '"7)#.#$K G.".#!-7 #. $5..& #.&"$)$73;#!>! ".2.#$K�

�� �*--#�#%9*&12%(# >�*01*F#%*# ($9*11*��7@*B
$B#:

�7&.57&$H.-%$/ $#-&"'5.#& (3K $--3.(!)7#$K "7=#!-&#46 -6.5 -  4-&�
"!!-1$33$"'Jn$5$ ".2.#$K5$  43 G".(3!:.# ) p�q� �# !-#!)7# #7 >$G!&.=.
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! 0!#. $ �G$3.�? &�.� "7=3!:.#$$ ".2.#$K ) )$(.

u(xj , t) = ū(xj , t) + (−1)ja(xj , t), a�m

>(. ū(x, t), a(x, t) v >37(%$. 0'#%1$$ #.G"."4)#46 7">'5.#&!)? '(!)3.&)!�
"KJn$. -)!/-&)'

h

‖ū‖
dū

dx
→ 0,

h

‖a‖
da

dx
→ 0, h→ 0 , a
m

%!&!"!. !(#!)".5.##! K)3K.&-K 7G!-&."$!"#45 '-3!)$.5 G"$5.#$5!-&$ a�m�
�!%7:.5 5.&!($%' #7 G"$5.". &!>! :. 1.#&"73;#!�"7=#!-&#!>! '"7)#.�

#$K G.".#!-7 a�m� �!(-&7#!)%7 a�m (7.&

dūj
dt

+
ūj+1 − ūj−1

2h
+ (−1)j

(
daj
dt

− aj+1 − aj−1

2h

)
= 0.

�= >$G!&.=4 G37)#!-&$ a
m -3.('.&? H&! )4G!3#KJ&-K -"7=' ()7 '"7)#.#$K?
%!&!"4.? ) -)!J !H.".(;? G!().">7J&-K ($00.".#1$73;#!5' G"$ 3$:.#$J�
 $&!>. G!3'H7.5	

∂ū

∂t
+
∂ū

∂x
+
h2

6

∂3ū

∂x3
= O(h4),

∂a

∂t
− ∂a

∂x
= O(h2).

�'-&; (7#7 ($-%".&#7K =7(7H7 �$"$63. (3K "7=#!-&#!>! '"7)#.#$K G.�
".#!-7	

duj/dt+ (uj+1 − uj−1)/(2h) = 0, j = 1, 2, . . . , N−1,

u0 = uN = 0, uj(0) = ϕ(xj).
aFm

 .. ".2.#$$ #7 3J(7.&-K -3.('Jn$/ 0.#!5.#� �7H73;#4/ >37(%$/ $5�
G'3;- a#7G"$5."? >7'--$7#m ()$:.&-K )G"7)!? =7&.5 !&"7:7.&-K !& >"7#$14
)3.)! ) )$(. G7%.&7 - G$3!! "7=#!/ #.-'n./ $ G37)#!/ !>$ 7Jn./? 7 G!&!5
#7 3.)!/ >"7#$1. 0!"5$"'.&-K G!)&!"#4/ >37(%$/ $5G'3;-? #. $5.Jn$/
0$=$H.-%!/ G"$"!(4�

�!($0$1$"!)7##4/ 5.&!( ($00.".#1$73;#!>! G"$ 3$:.#$K -G!-! .#
! �K-#$&; -'&; !G$-7##!>! K)3.#$K� �3K =7(7H$ aFm G"$ 3$:.#$. G.")!>!
G!"K(%7 $5..& )$(	

∂ū/∂t+ ∂ū/∂x = 0, ∂a/∂t− ∂a/∂x = 0, 0 < x < L,
ū(0, t) + a(0, t) = 0, ū(L, t) + (−1)Na(L, t) = 0,
ū(x, 0) = ϕ(x), a(x, 0) = 0.

�7##7K =7(7H7 $5..& &!H#!. ".2.#$.� �7G!5#$5? H&! =(.-; #.& "7=#!-&#!/
-.&%$? G7"75.&" N G!&."K3 -54-3 H$-37 '=3!) $ 3$2; !G".(.3K.& %!o00$�
1$.#& (+1) 3$ ! (−1) �
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�!5G7%&#7K &".6&!H.H#7K 1.#&"73;#!�"7=#!-&#7K -6.57 O(h4) (3K '"7)�
#.#$K G.".#!-7 p
q G"$)!($&-K % -$-&.5.

∂ū

∂t
+
∂ū

∂x
= O(h4),

∂a

∂t
− 3

∂a

∂x
= O(h2).

�$3!! "7=#7K 5!(7 ()$:.&-K )&"!.  4-&"..? H.5 ) ! 4H#!/ -6.5. - 1.#�
&"73;#45$ "7=#!-&K5$�

�".(3!:.##4/ 5.&!( G!5!>7.& !1.#$)7&; -! -&).##4. =#7H.#$K -&71$!�
#7"#46 "7=#!-&#46 =7(7H	 G".:(. )-.>!? '-3!)$. '-&!/H$)!-&$ Reλk < 0 �
�7%? 1.#&"73;#!�"7=#!-&#7K -6.57 (3K '"7)#.#$K G.".#!-7 - %"7.)45$ '-3!�
)$K5$ ��>! "!(7 G"$#$57.& )$(	

(uj+1 − uj−1)/(2h) + λuj = 0, j = 1, 2, . . . , N−1,
u0 = uN = 0.

�!(-&7#!)%7 u(xj) = ū(xj)+(−1)ja(xj) (7.& - &!H#!-&;J (! O(h2) -$-&.5'
��>! G!"K(%7

dū/dx+ λū = 0, da/dx− λa = 0, 0 < x < L,

ū(0) + a(0) = 0, ū(L) + (−1)Na(L) = 0.

� . -G.%&"73;#4. =7(7H$ $5.J& 7#73$&$H.-%$. ".2.#$K? $ '5.".##4. G!
).3$H$#. -! -&).##4. =#7H.#$K λk = iωk -!)G7(7J& - &!H#!-&;J (! O(h2) �

�!3.. $#&.".-#4. ".='3;&7&4 G!3'H7J&-K (3K ("'>$6 )7"$7#&!) %"7.)46
'-3!)$/? ) H7-&#!-&$? '-3!)$K ��>! "!(7 -3.)7 $ ��>! "!(7 -G"7)7	

(uj+1 − uj−1)/(2h) + λuj = 0, j = 1, 2, . . . , N−1,
u0 = 0, (uN − uN−1)/h = 0.

�$00.".#1$73;#!. G"$ 3$:.#$. G.")!>! G!"K(%7 )4>3K($& %7%

dū/dx+ λū = 0, da/dx− λa = 0, 0 < x < L,

ū(0) + a(0) = 0,

(
dū

dx
+ (−1)N

2a

h

)
x=L

= 0.

�.2.#$. G".(-&7)3K.&-K -3.('Jn$5$ -! -&).##45$ 0'#%1$K5$ $ '"7)#.�
#$.5 (3K -! -&).##!>! H$-37 λ 	

ū(x) = e−λx, a(x) = −eλx, λh = 2 (−1)N−1 e2λL.

 H7-&#!-&$? ).n.-&).##!. λ -'n.-&)'.& &!3;%! G"$ H.&#!5 H$-3. '=3!) )
$-6!(#!/ =7(7H.	 (−1)N = 1 ? G"$H.5 λ < 0 $ -G"7).(3$)7 0!"5'37

h(λ) =
2

|λ| exp{−2|λ|L},

6!"!2! G!(&).":(7.57K "7-H.&75$ a"$-� �m� �.&!H#7K %!5 $#71$K -! -&).#�
#46 0'#%1$/ a"$-� �m .-&;

uj = exp{|λ|xj} − (−1)j exp{−|λ|xj}.



������9�� � � "�/��
#�,� !�"�/�#�,� ����, ��

�$-� �� L'#%1$K h(λ) $ )4H$-3.##4. =#7H.#$K λ(h) "7=#!-&#!/ =7(7H$

�$-� �� $( -! -&).##!/ 0'#%1$$? G!3'H.##4/ #7 !-#!). ($00.".#1$73;�
#!>! G"$ 3$:.#$K

��� 0(0@#%*.

�7##4/ 5.&!( 3.>%! ! ! n7.&-K #7 -6.54 - G.".5.##45$ %!o00$1$�
.#&75$ v .-3$ &!3;%! %!o00$1$.#&4 ($00.".#1$73;#!/ =7(7H$ K)3KJ&-K
5.(3.##! 5.#KJn$5$-K 0'#%1$K5$�

�."7)#!5."#4. -.&%$ - G!-&.G.##45 $=5.#.#$.5 27>7 a?����	���
A:	/
�m: -.&%$m &"7%&'J&-K 7#73!>$H#!	 27> -.&%$ ))!($&-K %7% #.G"."4)#7K
0'#%1$K G"!-&"7#-&)7 h(x) �

 -$-&.576 '"7)#.#$/ ".2.#$. G!().">7.&-K "7=3!:.#$J )$(7 a�m? #!
(3K ).%&!"#46 0'#%1$/ U, U, A 	

U = ( u1, u2, . . . , um ) = U(xj , t) + (−1)jA(xj , t).

�"!-&"7#-&).##!�5#!>!5."#4. =7(7H$ &7%:. G!()37-&#4 G".(3!:.##!/
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5.&!($%.� �7%? 1.#&"73;#!�"7=#!-&#7K -6.57 (3K ()'5."#!>! '"7)#.#$K G.�
".#!-7 #7 G"K5!'>!3;#!/ -.&%.

∂u

∂t
+ c1

∂u

∂x
+ c2

∂u

∂y
= 0 �→ dujk

dt
+ c1

uj+1,k − uj−1,k

2Δx
+ c2

uj,k+1 − uj,k−1

2Δy
= 0

G"$)!($&-K % "7=3!:.#$J G! 0'#%1$K5 H.&4".6 )$(!)

u(xj , yk , t) = ū(xj , yk , t) + (−1)ja1(xj , yk , t) +

+ (−1)ka2(xj , yk , t) + (−1)j+ka12(xj , yk , t)

$ % =7(7H. (3K -$-&.54 $= H.&4".6 '"7)#.#$/ ) H7-&#46 G"!$=)!(#46�

�� �#1*%#?%�# 3&�&/*

�G$-7##4/ )42. 5.&!( )G.")4.  43 $-G!3;=!)7# ) p�q $5.##! (3K #.3$�
#./#!>! -3'H7K? ! %!&!"!5 >!)!"$3!-; &7%:. ) pFq� �'(.5 G"$5.#K&; &! :.
"7=3!:.#$. a�m ) -!H.&7#$$ - >$G!&.=!/ a
m G"$ (!G!3#$&.3;#!5 G".(G!3!�
:.#$$ ! 573!-&$ 75G3$&'(4 !-1$33K1$$

|a| � |ū| .

 %7H.-&). G"$5."7 )4 .".5 1.#&"73;#!�"7=#!-&#'J -6.5' (3K '"7)�
#.#$K O!G07 $ G"7)!. %"7.)!. '-3!)$. ) )$(. ".37%-71$$ % u∞ ? %!&!"!.
7GG"!%-$5$"'.&-K - $-G!3;=!)7#$.5 #7G"7)3.##!/ "7=#!-&$	

duj
dt

+
1

2

u2j+1 − u2j−1

2h
= 0 ,

uN − uN−1

h
= β (u∞ − uN) .

�7=3!:.#$. (7.& ()7 '"7)#.#$K (3K 0!#!)!/ $ !-1$33$"'Jn./ %!5G!#.#&
$ >"7#$H#!. -!!&#!2.#$. 5.:(' #$5$� �!-3.(#.. !=#7H7.& ".37%-71$J ".�
2.#$K % $=5.#.##!5' =#7H.#$J u∗∞ 	

∂ū

∂t
+

1

2

∂

∂x

(
ū 2
)
+
h2

12

∂3

∂x3
(
ū 2
)
= O

(
h4 + a2

)
,

∂a

∂t
− ∂

∂x

(
ūa
)
= O

(
h4 + a2

)
,

∂ū

∂x

∣∣∣∣
x=L

= β
(
u∗∞ − ū

∣∣
x=L

)
, u∗∞ = u∞ − (−1)N

2a

βh
.

L7%& �#.G"7)$3;#!/ 7-$5G&!&$%$� G!(&).":(7.&-K %!3$H.-&).##! "7-H.&7�
5$ p�q? >(. &7%:. G".(3!:.#! 73;&."#7&$)#!. >"7#$H#!. '-3!)$.? '5.#;27�
Jn.. (7##4/ o00.%&�
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� -K%$/ 5.&!( ($00.".#1$73;#!>! G"$ 3$:.#$K #. K)3K.&-K 57&.57�
&$H.-%$ -&"!>$5�

� �7=#!)$(#!-&; 5.&!(7? "7 !&7Jn7K - G$3!! "7=#45$ 0'#%1$K5$?
'-G.2#! G"!6!($& "K( )4H$-3$&.3;#46 &.-&!)�

� �#73$&$H.-%$. ".2.#$K? #. $=).-&#4. ) ($-%".&#!5 -3'H7.? G!=)!3K�
J& -'($&; ! -)!/-&)76 H$-3.##!>! ".2.#$K? ) &!5 H$-3. ! #7"':$)7&;
#.'-&!/H$)!-&$�

� �!)4/ 5.&!( G!=)!3K.& G"!)!($&; -.3.%1$J >"7#$H#46 '-3!)$/ $ )4�
(.3$&; $6 )7"$7#&4? '3'H27Jn$. %7H.-&)! ".2.#$K =7(7H$�

�*!#�&!��&

�� C
?�� i@� g�:�?
 ZZ �.&!( ($00.".#1$73;#!>! G"$ 3$:.#$K�
�"$5.#.#$. % >7=!)!/ ($#75$%.� �!)!-$ $"-%	 �7'%7? ��E��

�� �
	
���9m� M� �-%'--&).##4. >"7#$H#4. '-3!)$K G"$ H$-3.##!5
5!(.3$"!)7#$$ (!=)'%!)46 &.H.#$/ >7=7 ww Q� )4H$-3� 57&.5� $ 57�
&.5� 0$=� �@@�� ��F�� xD� ������<��DE�


� J
��>mQ �@ �!5G7%&#4. "7=#!-&#4. -6.54 $ $6 G"$5.#.#$. ) =7(7�
H76 7o"!>$("!($#75$%$� ��	 �7'%7? ���@�

F� �
	
���9m� M� �!%73;#4. #.!&"7:7Jn$. >"7#$H#4. '-3!)$K )
($00.".#1$73;#46 $ "7=#!-&#46 =7(7H76 ww �!)".5.##4. G"! 3.54
57&.57&$H.-%!>! 5!(.3$"!)7#$K� � !"#$% &"'(!) *+ -."!--$/-%!/
%!#0.".#1$$�2%!34 5!3!(46 $--3.(!)7&.3./� �!-&!)�#7��!#'	 �=(�)!
9L�? �@�
? -�DD<E
�
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�	�6���6��������
��� ������� �� 
��
���� ������� 	 �� ��� 
�
����
�������1

�1*3&�("& �+�+8 �$!(:*%& �+�+
�������� ������"�	� �������� �( �(3( ���"$4��
�(�	����

� 	"#�#%*#

�K( $#:.#."#46 $ &.6#!3!>$H.-%$6 &.H.#$/ '(! #! !G$-4)7&; ) G!3K"�
#!/ -$-&.5. %!!"($#7&? ) &!5 H$-3. =7(7H$ >.!0$=$%$ $ 7-&"!0$=$%$�

�3K H$-3.##!>! 5!(.3$"!)7#$K '"7)#.#$/ >7=!)!/ ($#75$%$ ) "7 !&.
G".(37>7.&-K $-G!3;=!)7#$. 5.&!(7 %!#.H#!>! ! �.57 (3K '"7)#.#$/? =7G$�
-7##46 ) G!3K"#!/ -$-&.5. %!!"($#7&� �"$ o&!5 G"$ G!-&"!.#$$ "7=#!-&#!/
7GG"!%-$571$$ )-. >7=!($#75$H.-%$. ).3$H$#4 !&#!-K&-K % "7-H.&#45 '=�
375 -.&%$? 7 G!&!%$ )4H$-3KJ&-K #7 >"7#$176 KH..% ) G!3'1.346 '=376�
�3K 7GG"!%-$571$$ >"7#$H#46 '-3!)$/ $-G!3;='.&-K 7GG7"7& 0$%&$)#46
KH..%� �7%!/ G!(6!( K)3K.&-K %37--$H.-%$5� �!)45 K)3K.&-K G"$5.#.#$.
->37:.##46 $3$ ��� '"7)#.#$/� �7%!/ G!(6!( G!=)!3K.& $-G!3;=!)7&; 1.#�
&"73;#4. "7=#!-&$ (3K 7GG"!%-$571$$ )-.6 G!&!%!)46 ).3$H$# ) -!H.&7#$$
- K)#!/ G! )".5.#$ "7=#!-&#!/ -6.5!/� τ �)K=%!-&; ! .-G.H$)7.& &!H#!-&; $
'-3!)#'J '-&!/H$)!-&; 73>!"$&57� �-G!3;=!)7#$. .-&.-&).##46 >"7#$H#46
'-3!)$/ G."$!($H#!-&$ G!=)!3K.& .($#!! "7=#! "7--H$&4)7&; $-%'--&).#�
#4. >"7#$14? )!=#$%7Jn$. G"$ G.".6!(. H.".= &!H%' 2π $ &!H%' G!3J-7�

�7--5!&".#4 )7"$7#&4 &.H.#$K ) 7%%".1$!##!5 ($-%.? )"7n7Jn.5-K )!�
%"'> G"$&K>$)7Jn.>! 1.#&"7�

�!-&"!.##7K 5.&!($%7 5!:.&  4&; "7-2$".#7 #7 G!3#4. '"7)#.#$K >7�
=!)!/ ($#75$%$? =7G$-7##!/ ) -0."$H.-%!/ -$-&.5. %!!"($#7&�

�� ,�&"%#%*. 5&3("(? �*%&:*'* " 0&�(!�(>%(: >�*�
01*F#%** " >(1.�%(? $*$!#:# '((��*%&!

�$-&.57 '"7)#.#$/ >7=!)!/ ($#75$%$ )  7"!&"!G#!5 G"$ 3$:.#$$ ) G!�
3K"#!/ -$-&.5. %!!"($#7& (r, ϕ)  .= 'H.&7 %!5G!#.#& &.#=!"7 )K=%$6 #7G"K�
:.#$/ �7);.��&!%-7 =7G$-4)7.&-K -3.('Jn$5 ! "7=!5

∂ρ

∂t
+

1

r

∂ (rρur)

∂r
+

1

r

∂(ρuϕ)

∂ϕ
= 0, a�m

1������ ����	
�
� �� �
�
����� ��������� /��
��� ���� ��������0��� ����������-
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∂ρur
∂t

+
1

r

∂(rρu2r)

∂r
+

1

r

∂(ρuruϕ)

∂ϕ
+
∂p

∂r
− ρu2ϕ

r
= ρfr, a�m

∂ρuϕ
∂t

+
1

r2
∂
(
r2ρuruϕ

)
∂r

+
1

r

∂(ρu2ϕ)

∂ϕ
+

1

r

∂p

∂ϕ
= ρfϕ, a
m

>(. ρ(r, ϕ, t) < G3!&#!-&; :$(%!-&$? u = {ur(r, ϕ, t), uϕ(r, ϕ, t)} < -%!"!-&;
:$(%!-&$? p = kργ < (7)3.#$. >7=7? k < %!o00$1$.#&? γ = const < G!%7=7�
&.3; G!3$&"!G4? fr $ fϕ < "7($73;#7K $ 7=$5'&73;#7K %!5G!#.#&4 )#.2#./
-$34�

��� �#5�1.�*3("&%%&. $*$!#:& " >(1.�%(? $*$!#:# '(�
(��*%&!

∂ρ

∂t
+

1

r

∂(rjmr)

∂r
+

1

r

∂(jmϕ)

∂ϕ
= 0, aFm

∂ρur
∂t

+
1

r

∂ (rjmrur)

∂r
+

1

r

∂ (jmϕur)

∂ϕ
+
∂ (kργ)

∂r
− ρu2ϕ

r
=

= (ρ− τdiv (ρu)) fr +
1

r

∂ (rurρw
∗
r)

∂r
+

1

r

∂ (ρuϕw
∗
r)

∂ϕ
+

+
∂

∂r

(
kγργ−1τdiv (ρu)

)− τ
u2ϕ
r
div (ρu)− 2ρ

uϕ
r
w∗
ϕ+

+
∂Πrr

∂r
+

1

r

∂Πrϕ

∂ϕ
+

Πrr − Πϕϕ

r
,

a�m

∂ρuϕ
∂t

+
1

r2
∂
(
r2jmruϕ

)
∂r

+
1

r

∂ (jmϕuϕ)

∂ϕ
+

1

r

∂ (kργ)

∂ϕ
=

= (ρ− τdiv (hu)) fϕ +
1

r2
∂
(
r2ρurw

∗
ϕ

)
∂r

+
1

r

∂
(
ρuϕw

∗
ϕ

)
∂ϕ

+

+
1

r

∂

∂ϕ

(
kγργ−1τdiv (ρu)

)
+
∂Πϕr

∂r
+

1

r

∂Πϕϕ

∂ϕ
+

2

r
Πrϕ,

a�m
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>(.

div (ρu) =
1

r

∂ (ρrur)

∂r
+

1

r

∂ (ρuϕ)

∂ϕ
,

jmr = ρ(ur − wr),

jmϕ = ρ(uϕ − wϕ),

wr =
τ

ρ

[
1

r

∂
(
rρu2r

)
∂r

+
1

r

∂ (ρuruϕ)

∂ϕ
+
∂p

∂r
− ρu2ϕ

r
− ρfr

]
,

wϕ =
τ

ρ

[
1

r2
∂
(
r2ρuruϕ

)
∂r

+
1

r

∂
(
ρu2ϕ

)
∂ϕ

+
1

r

∂p

∂r
− ρfϕ

]
,

w∗
r = τ

[
ur
∂ur
∂r

+
1

r
uϕ
∂ur
∂ϕ

+
1

ρ

∂p

∂r
− u2ϕ

r
− fr

]
,

w∗
ϕ = τ

[
1

r
ur
∂ (ruϕ)

∂r
+

1

r
uϕ
∂uϕ
∂ϕ

+
1

rρ

∂p

∂ϕ
− fϕ

]
,

p = kργ,

Πrr = 2μ
∂ur
∂r

− 2

3
μdivu,

Πϕϕ = 2μ

(
1

r

∂uϕ
∂ϕ

+
ur
r

)
− 2

3
μdivu,

Πrϕ = Πϕr = μ

(
1

r

∂ur
∂ϕ

+
∂uϕ
∂r

− uϕ
r

)
.

�� �&"%("#$%�# �#4#%*.

�'-&; ρ = ρ(r) ? uϕ = uϕ(r), ur = 0 ? G"!$=)!(#4. G! )".5.#$ "7)#4

#'3J
∂

∂t
= 0 � �!>(7 !& $-6!(#!/ -$-&.54 !-&7.&-K '"7)#.#$.

∂p

∂r
− ρu2ϕ

r
= ρfr, aDm

$= %!&!"!>! G"$ =7(7#$$ -%!"!-&$ uϕ(r) $ G"$&K>$)7Jn./ -$34 fr(r, z) )4�
H$-3K.&-K G3!&#!-&; ρ(r, z) �

 -!!&).&-&)$$ - p�q ) %7H.-&). #7H73;#!/ =7(7.&-K -&71$!#7"#7K &".6�
5."#7K (r, ϕ, z) >7=!)7K %!#0$>'"71$K - >"7#$1./ ) )$(. &!"7? =7)$-Kn./
&!3;%! !& %!!"($#7&4 r

Z(r) = ± a r e−b(r−r0)
2

. aEm
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�!>(7 -%!"!-&; uϕ(r) G!3'H7.&-K

uϕ(r)
2 =

1 + a2e−2b(r−r0)2(1− 2br(r − r0))

r
(√

1 + a2e−2b(r−r0)2
)3 . a�m

�!>37-#! '"7)#.#$J aDm (3K -$34 fr = − r√
r2 + Z∗(r)2

3/2
? >(. Z∗ ∈

[0, Z(r)] ? G3!&#!-&; ρ(r, z) "7-G".(.3.#7 -!>37-#! -!!&#!2.#$J

ρ(r, z) =

(
γ − 1

kγ

(
1√

r2 + z2
− 1√

r2 + a2r2e−2b(r−r0)2

)) 1
γ−1

. a�@m

 -!!&).&-&)$$ - p�q ()'5."#45 '"7)#.#$K >7=!)!/ ($#75$%$ -!!&).&�
-&)'J& !-".(#.##4. G! z &".65."#4. %!#0$>'"71$$

ρ̃(r, ϕ) = 2

Z(r)∫
0

ρ(r, ϕ, z)dz,

p̃(r, ϕ) = 2

Z(r)∫
0

p(r, ϕ, z)dz,

a��m

�7)3.#$. '(! #! )4H$-3K&; %7% p̃(r, ϕ) = kρ̃(r, ϕ)γ �
)����	�!
�7"75.&"4 =7(7H$ ) 1.3!5 -!!&).&-&)'J& p�q $ "7)#4 a = 0.01, b =

9.0, r0 = 0.8, γ = 5/3, k = 0.012.
 #7H73;#4/ 5!5.#& G3!&#!-&; $ (7)3.#$. $5.J& "7)#!).-#4. "7-G".�

(.3.#$K a��m? -%!"!-&; uϕ )4H$-3K.&-K ) -!!&).&-&)$$ - a�m�
�"7#$H#4. '-3!)$K r (3K H$-3.##!>! "7-H.&7 )4 "7#4 &7%$.

∂ρ

∂r
|r=0.2,1.4 = 0, u |r=0.2,1.4 = 0,

G! ϕ < G."$!($H.-%$. >"7#$H#4. '-3!)$K�
� 37-&; "7-H.&7

0.2 ≤ r ≤ 1.4, ϕ ∈ [0, 2π] .

�7 �$-� ��� G"$).(.#4 ".='3;&7&4 ()'5."#!>! "7-H.&7 (3K G3!&#!-&$
a�@m? G"!$#&.>"$"!)7##!/ G! z $ %!5G!#.#& -%!"!-&$ - G7"75.&"75$ =7(7H$
$= p�q� �7-H.& G"$).(.# #7 5!5.#& )".5.#$ t = 1.0 � �7)#!).-#!. -!-&!K#$.
G"7%&$H.-%$ #. $=5.#$3!-;�
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�$-� �� �3!&#!-&; ) #7H73;#4/ 5!5.#& )".5.#$�

�$-� �� �3!&#!-&; G"$ t = 1.0 �

�$-� 
� �%!"!-&; ur ) #7H73;#4/ 5!5.#& )".5.#$�

�$-� F� �%!"!-&; ur G"$ t = 1.0 �
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�$-� �� �%!"!-&; uϕ ) #7H73;#4/ 5!5.#& )".5.#$�

�$-� �� �%!"!-&; uϕ G"$ t = 1.0 �

�*!#�&!��&

�� 3W�[���S� *a �yzhc _zh lrgzdc� ^�yzscfg� A�jcg�ij? �@@��

�� �� �<�?EA
�� =@ �EQ��� i] ]
L
�� �� n:`:>?�� �7=!($#7�
5$H.-%$. G"!1.--4 ) 7%%".1$!##!5 ($-%. ()!/#!/ =).=(#!/ -$-&.54�
< �!-%)7	 �7&.57&$H.-%!. 5!(.3$"!)7#$.? ���E >�? &� �@? x �? -� 
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�3K 7#73$=7 o%!3!>$H.-%$6 -1.#7"$.) ) #7-&!Kn.. )".5K 7%&$)#! $--3.�
('J&-K 5!(.3$? 'H$&4)7Jn$. G"!-&"7#-&).##'J #.!(#!"!(#!-&; ".-'"-!)
$ "7-G".(.3.#$K G!G'3K1$/ p�q� �"$ $='H.#$$ )!=#$%7Jn$6 %!3. 7&.3;#46
G"!1.--!) ) "K(. "7 !&  437 G"!(.5!#-&"$"!)7#7 )!=5!:#!-&; -!-'n.-&)!�
)7#$K %!#%'"$"'Jn$6 G!G'3K1$/ 6$n#$%!) p�q� �(#7%! ) o&$6 $--3.(!)7�
#$K6 G".#. ".>73!-; $5.Jn./-K ) ".73;#46 -$-&.576 #7G"7)3.##!/ 5$>"7�
1$./ )$(!)? )4=)7##!/ #."7)#!5."#!-&;J :$=#.##46 '-3!)$/�

 (7##!/ "7 !&. "7--57&"$)7.&-K 5!(.3; )=7$5!(./-&)$K G!G'3K1$/
6$n#$%!) $ :."&) - 'H.&!5 -3'H7/#!>!  3':(7#$K !-! ./ G! 7".73' $
#7G"7)3.##!/ 5$>"71$$� �!-& %7:(!/ G!G'3K1$$ :."&) G"!G!"1$!#73.#
%)7("7&' G3!&#!-&$ G!G'3K1$$ G"$ 57346 G3!&#!-&K6 $ !>"7#$H$)7.&-K G"$
(!-&$:.#$$ G".(.3;#46 =#7H.#$/ G.".5.##!>! G! 7".73' ".-'"-7� �!%7=7#!?
H&! "7--57&"$)7.57K 5!(.3; K)3K.&-K %!-$55.&"$H#!/ G"$ )4G!3#.#$$ (!�
G!3#$&.3;#46 '-3!)$/ #7 G7"75.&"4 -$-&.54�  o&!5 -3'H7. ) H$-3.##!5
o%-G."$5.#&. '-&7#!)3.#! )!=#$%#!).#$. -.5./-&)7 %!3. 7&.3;#46 ".:$�
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�7-G".(.3.#$K )$(!) #7 %!3;1.)!5 7".73. !G$-4)7J&-K 0'#%1$K5$
G3!&#!-&./ ui(x, t), i = 1, 2, ..., m a:."&)4m? i = m + 1, m + 2, ..., n a6$n�
#$%$m? x ∈ [0, 1] ? t v)".5K� �"7)#.#$K  737#-7 )$(!) =7G$-4)7J&-K H.".=
5$>"71$!##4. G!&!%$ qi $ 0'#%1$$ "!-&7 fi 	

∂ui
∂t

= −∂qi
∂x

+ fi ≡ Fi, qi = −ki∂ui
∂x

+ ui
∂ϕi
∂x

, i = 1, ..., n, a�m

fi = μiu
2
if0 − ui

n∑
j=m+1

lijuj, f0 = 1− 1

p

m∑
j=1

uj, i = 1, .., m. a�m
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�-&.-&).##4/ "!-& G3!&#!-&./ G!G'3K1$/ :."&) !G".(.3K.&-K �3!>$-&$H.�
-%$5� =7%!#!5 - %!o00$1$.#&!5 μi > 0 $ G.".5.##!/ G! G"!-&"7#-&)'
G!3!:$&.3;#!/ 0'#%1$./ ".-'"-7 p (x) � � 43; $=�=7 G"$-'&-&)$K G!G'3K�
1$/ 6$n#$%!) (7.&-K -37>7.545$ - %!o00$1$.#&75$ lij > 0 � �=5.#.#$.
G3!&#!-&./ G!G'3K1$/ 6$n#$%!) ) &!H%. 7".737 !G".(.3K.&-K -!>37-#!	

fi = uigi, gi =
m∑
j=1

μijuj − li, i = m+ 1, ..., n. a
m

 !G".(.3.#$$ G!&!%7 a�m G.")!. -37>7.5!. !&).H7.& !(#!"!(#!/ ($00'=$$?
7 )&!"!. v #7G"7)3.##!/ 5$>"71$$? >(.

ϕi = αip+

n∑
j=1

βijuj, i = 1, ..., n. aFm

�$>"71$!##4. %!o00$1$.#&4 αi, βij !&).H7J& )3$K#$J -!!&).&-&).##!
#."7)#!5."#!-&$ "7-G".(.3.#$K ".-'"-7 $ -75$6 G!G'3K1$/ #7 7".73.� �3K
i = m+1, ..., n αi = 0 � S#7%$ %!o00$1$.#&!) !G".(.3KJ& "7=#4. )$(4 ".7%�
1$$ #7 "7-G".(.3.#$K ".-'"-7 $ )$(!)� �7 >"7#$1. 7".737 -&7)K&-K '-3!)$K
G."$!($H#!-&$	

ui (0, t) = ui (1, t) , qi (0, t) = qi (1, t) , i = 1, ..., n. a�m

�$-&.57 a�m�a�m (!G!3#K.&-K #7H73;#45$ "7-G".(.3.#$K5$ G3!&#!-&./ G!�
G'3K1$/	

ui (x, 0) = u0i (x) , i = 1, ..., n.

�"$ (!G!3#$&.3;#46 '-3!)$K6 #7 G7"75.&"4 "7--57&"$)7.57K -$-&.57
!&#!-$&-K % %37--' %!-$55.&"$H#46 ($#75$H.-%$6 -$-&.5 p
q? (3K %!&!"46
)!=5!:#! )!=#$%#!).#$. #.G"."4)#46 -.5./-&) ".2.#$/� �3K '"7)#.#$K
Ẏ = F (Y ) %!-$55.&"$K L G".(-&7)3K.& -! !/ #.&"$)$73;#4/ !G."7&!"?
%!&!"4/ !"&!>!#73.# F ) %7:(!/ &!H%. 07=!)!>! G"!-&"7#-&)7� �'n.-&)!�
)7#$. %!-$55.&"$$ (3K a�m<a�m '-&7#7)3$)7.& -3.('Jn7K 3.557�
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L = (0, 0, ..., 0, ζm+1, ζm+2, ..., ζn)
T , ζi = e−ϕi/ki

∑n
j=m+1 sign (i− j) kjuj,

i = m + 1, m + 2, ..., n � :��� �mL
��:�m E��
��� �� L�	�A:>	m A
�:��
ki/kj = ϕi/ϕj = gi/gj, i, j = m+ 1, ..., n 
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$#&.>"$"!)7#$K G! )".5.#$ $-G!3;=!)73-K 5.&!( �'#>.��'&&4� 4H$3.#$.
5'3;&$G3$%7&!"!) G."$!($H.-%$6 ".:$5!) G"!$=)!($3!-; G"$ G!5!n$ 5.�
&!(7 L3!%.�

�73.. G".(-&7)3.#4 ".='3;&7&4 "7-H.&!) (3K -$-&.54 ()'6 G!G'3K1$/
6$n#$%!) $ G!G'3K1$$ :."&)4� )!(K&-K ! !=#7H.#$K u1 = u ? u2 = v ?
u3 = w �  %7H.-&). 0'#%1$$ ".-'"-7 $-G!3;=!)737-; 0'#%1$K p (x) = 1 +
0.2 sin(2πx) �

S#7H.#$K G7"75.&"!)  43$ )4 "7#4 -3.('Jn$5 ! "7=!5	 k1 = 0.2,
k2 = 0.3, μ1 = 3, μ2 = 2.5, μ3 = 2, l12 = l13 = l2 = 1, l3 = 0.8,
α = 0.1, β11 = β22 = β23 = β32 = β33 = 0, β12 = −0.2, β13 = −0.3,
β21 = 0.4, β31 = 0.32 � �43$ G"!).(.#4 "7-H.&4 (3K "7=3$H#46 =#7H.#$/
G7"75.&"7 k3 � �73.. G".(-&7)3.#4 ".='3;&7&4 )4H$-3.#$/? )4G!3#.##46
#7 -.&%. N = 24 ? 27> $#&.>"$"!)7#$K G! )".5.#$  43 "7).# τ = 0.002 �

�"$ k3 = 0.24 -$-&.57 a�m<a�m !&).H7.& '-3!)$K5 3.554 � $ K)3K.&-K
%!-$55.&"$H#!/�  o&!5 -3'H7. ! #7"':.#! -.5./-&)! G."$!($H.-%$6 ".�
:$5!)� �"$ #7"'2.#$$ '-3!)$/ 3.554 � #7 3J(7.&-K )4&.-#.#$. !(#!/
$= G!G'3K1$/ 6$n#$%!)� �7%? G"$ k3 > 0.24 !-&7.&-K G!G'3K1$K v ? 7 G"$
k3 < 0.24 < w � �7 "$-� � G!%7=7#! $=5.#.#$. )! )".5.#$ G3!&#!-&./ G!G'�
3K1$/ 6$n#$%!) G"$ k3 = 0.12 � S(.-; $ (73.. V = vN/2, W = wN/2 � �=
"$-� � )$(#!? H&! ) &.H.#$. (3$&.3;#!>! G"!5.:'&%7 )".5.#$ #7 3J(7.&-K
-!-'n.-&)!)7#$. %!#%'"$"'Jn$6 G!G'3K1$/ 6$n#$%!)�
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�7 3$17 �� �'3;&$G3$%7&!"4 (3K #.-%!3;%$6 ".:$5!)
�.:$5 k3 �7%-� 5'3;&$G3$%7&!"4
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 &7 3$1. � G".(-&7)3.#4 ".='3;&7&4 )4H$-3.#$K 5'3;&$G3$%7&!"!)
'-&7#!)$)2$6-K G."$!($H.-%$6 %!3. 7#$/� �7).#-&)! !(#!>! $= 5'3;&$G3$�
%7&!"!) .($#$1. K)3K.&-K $#($%7&!"!5 G".(.3;#!>! 1$%37� �3K ".:$57
� !-&73;#4. 5'3;&$G3$%7&!"4 3.:7& ) %"'>. .($#$H#!>! "7($'-7 #7 %!5�
G3.%-#!/ G3!-%!-&$? o&! !=#7H7.& '-&!/H$)!-&; ".:$57�  -3'H7. ".:$57 l
$5..&-K 5'3;&$G3$%7&!" a��@F@m? %!&!"4/ 3.:$& )#. %"'>7 .($#$H#!>! "7�
($'-7? o&! !=#7H7.& #.'-&!/H$)!-&; (7##!>! ".:$57� �3K ".:$5!) [ $ B
G!3'H.#4 ()7 5'3;&$G3$%7&!"7? =#7H.#$K %!&!"46  3$=%$ % .($#$1.� �($#
$= o&$6 5'3;&$G3$%7&!"!) !&).H7.& #7G"7)3.#$J )(!3; -.5./-&)7? 7 ("'�
>!/ K)3K.&-K $#($%7&!"!5 G".(.3;#!>! 1$%37� �-&73;#4. 5'3;&$G3$%7&!"4
3.:7& )#'&"$ %"'>7 .($#$H#!>! "7($'-7� W&! -!!&).&-&)'.& '-&!/H$)!-&$
1$%3!) -.5./-&)7 ) #7G"7)3.#$$? &"7#-)."-73;#!5 % -.5./-&)'� �7 3J(7.�
57K G"$ )4H$-3.#$$ �.($#$H#46� 5'3;&$G3$%7&!"!) G!>".2#!-&; )4=)7#7
"7-H.&!5 %"7&#46 ).3$H$#�  G"K5!5 H$-3.##!5 o%-G."$5.#&. - 6!"!2./
&!H#!-&;J G!3'H7J&-K -75$ G."$!($H.-%$. ".:$54? -5� "$-� 
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�!=(7#$. 37=."!) )4=)73! G!K)3.#$. #. &!3;%! 1.3!>! "K(7 #!)46 #7�
G"7)3.#$/ ) 0$=$%.? 6$5$$?  $!3!>$$ $ ("'>$6 #7'%76? #! $ "7="7 !&%'
 !3;2!>! %!3$H.-&)7 #!)46 &.6#!3!>$/ ) 5$%"!o3.%&"!#$%.? ) ! "7 !&%.?
6"7#.#$$ $ G.".(7H. $#0!"571$$? ) G"$ !"!-&"!.#$$? 5.($1$#.? )!.##!/
&.6#$%. $ 7#73$=. -)!/-&) 57&."$73!)�

�7=."#!. $=3'H.#$. ! 37(7.& 5#!>$5$ -G.1$0$H.-%$5$ -)!/-&)75$?
%!&!"4. !&%"43$ -!)."2.##! #!)4. )!=5!:#!-&$ $ ! 37-&$ G"$3!:.�
#$/ !G&$%$� �!-3.(#$. (!-&$:.#$K ) "7=)$&$$ 37=."#!/ &.6#$%$ G!=)!�
3$3$ G!3'H$&; -)."6%!"!&%$.? (3$&.3;#!-&;J ) #.-%!3;%! 0.5&!-.%'#(
a�0�-� � 10−15�m? $5G'3;-4 o3.%&"!57>#$&#!>! $=3'H.#$K - $#&.#-$)#!-&;J
1021&/-52 �  -)K=$ - o&$5 )-&737 G"! 3.57 $='H.#$K )=7$5!(./-&)$K 37=."�
#46 $5G'3;-!) - ).n.-&)!5? %!&!"7K $5..& 5#!:.-&)! #7G"7)3.#$/� .n.�
-&)!5 5!:.&  4&; H&! '>!(#!	 !& 5$%"!-%!G$H.-%$6 ! �.%&!) a7&!54? 5!3.�
%'34m (! 57%"!-%!G$H.-%$6 %!#(.#-$"!)7##46 G"!="7H#46 $ #.G"!="7H#46
-".( a>7=4? G37=57? :$(%!-&;? &)."(4. &.37m�

�5.##! G! G"$H$#. -G.1$0$H.-%$6 -)!/-&) 37=."#!>! $=3'H.#$K $ )!=�
#$%7.& G"! 3.57 )=7$5!(./-&)$K 37=."#!>! $=3'H.#$K - ).n.-&)!5�  H7-&�
#!-&$? o&!& 07%& G"$).3 % 7%&$)#45 &.!".&$H.-%$5 $ o%-G."$5.#&73;#45
$--3.(!)7#$K5 )=7$5!(./-&)$K 37=."#!>! $5G'3;-7 - G37=5!/� �(#$5 $=
5.&!(!) $--3.(!)7#$K o&!/ G"! 3.54 K)3K.&-K H$-3.##!. 5!(.3$"!)7#$.�

 "75%76 o%-G."$5.#&7 G37=57 5!:.& -H$&7&;-K 6!3!(#!/ $  .--&!3%#!�
)$&.3;#!/� �.67#$=5 $!##!>! '-%!".#$K )! )=7$5!(./-&)$$ -)."6%!"!&%!>!
$ -)."65!n#!>! 37=."#!>! $5G'3;-7 -  .--&!3%#!)$&.3;#!/ G37=5!/  7=$"'�
.&-K #7 ! "7=!)7#$$ o3.%&"$H.-%$6 G!3./  37>!(7"K $=5.#.#$K5 G3!&#!-&$
o3.%&"!#!) G!( (./-&)$.5 o3.%&"!57>#$&#!>! $=3'H.#$K�

�.&73;#!. $='H.#$. o&!/ G"! 3.54 &". '.& G!3#!/ %!5G;J&."#!/ -$5'�
3K1$$?  7=$"'Jn.-K #7 $-G!3;=!)7#$$ &7% #7=4)7.5!>! 5.&!(7 H7-&$1�)�
KH./%. $3$ Y,� < 5.&!(7�

�727 "7 !&7 G!-)Kn.#7 !G$-7#$J )4H$-3$&.3;#!>! o%-G."$5.#&7? G!�
-&"!.##!>! #7 5'3;&$G"!1.--!"#!/ G37&0!"5.� W%-G."$5.#& G"!)!($3-K )
"75%76 �l
+? %!>(7 :.37.57K 0'#%1$K "7-G".(.3.#$K $!#!) =7)$-$& !&
()'6 G"!-&"7#-&).##46 =#7H.#$/ $ &".6 %!5G!#.#& $5G'3;-7� �37=57 "7-�
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∂F (x, t)

∂t
− v(x)

∂F (x, t)

∂x
= H(F (x, t)), a�m

>(. ( < 5!5.#& )".5.#$8 v(x)< -%!"!-&; $=5.3;H.#$K8 H(F (x, t)) < $#&.�
>"73;#4/ !G."7&!"? !&).H7Jn$/ G!-&'G3.#$J 1.3;#!>! $ !&)!(' ("! 3.�
#!>! =."#!57&."$737 $? G".(G!3!:$&.3;#!? (!G'-%7Jn$/ 7GG"!%-$571$J
H(F (x, ∞)) ≈ h(x) �

�-3$ G".(G!3!:$&;? H&!

h(x) = AExp[−(
x− B

Z
)2], a�m

7 v(x) = (kx+ q
x) G"$ "7=3$H#46 5.67#$=576 ("! 3.#$K %"'G#46 $ 5.3%$6

H7-&$1 $3$ v(x) = kxn G"$ $-G!3;=!)7#$$ %"'G#!KH.$-&!>! -$&7�
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&".6G7"75.&"$H.-%!>! "7-G".(.3.#$K H7-&$1 G! "7=5."75 ) $-&!H#$%. a$-�
&!H#$%. < -&!%.m

h(x) = αxβExp[−γxβ+1 ] a
m

$3$
h(x) = αxβExp[−γxβ+1]− qExp[−mx]. aFm

�3K 7(.%)7&#!-&$ =75.#7 (!3:#7? %7% 5$#$5'5? '(!)3.&)!"K&; &".5
aG!-%!3;%' ! 7 "7-G".(.3.#$K &".6G7"75.&"$H.-%$.m #.=7)$-$545 %"$�
&."$K5�  %7H.-&). &7%!)46 )4 .".5 -!)G7(.#$. &!H.% o%-&".5'57
(Xmax;F (Xmax)) = (Xmax;ϕ(Xmax)) $ "7($'-!) %"$)$=#4 F (x) $ ϕ(x) )
-!!&).&-&)'Jn./ &!H%.�
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G7%.&7 Zzs~idzsc�z? (7.& 7#73$&$H.-%'J -)K=; 5.:(' G7"75.&"75$ "7-G".�
(.3.#$/ �[? B? �� ↔ �z? }? γ �? '(!)3.&)!"KJn$5$ )4 "7##45 %"$&."$K5	

A = α([
β

γ[β + 1]
]

β
β+1)Exp[− β

β + 1
], B = (

β

γ(β + 1)
)

1
β+1 , Z =

√
2( β

β+1)
1

β+1√
β(β + 1)

.

a�m
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57&.57&$H.-%!>! !:$(7#$K? ($-G."-$$? 7-$55.&"$$ $ o%-1.--7� �7%!/ 7#7�
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�3KF [x, A,B, Z] = AExp[−(x−BZ )2] 	

57&.57&$H.-%!. !:$(7#$.	M [x] = B = ( β
γ(β+1)

)
1

β+1 ;

($-G."-$K	D[x] = Z2

2
=

( β
1+β)

−1+ 2
1+β

(1+β)2
;

7-$55.&"$K	A[x] = 0 8
o%-1.--	 E[x] = 3 �
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#4.? &7% $ !&"$17&.3;#4. =#7H.#$K -G.%&" "7=#!-&#!>! 7#73!>7 !G."7&!"7
�7G37-7 $ H3.#7 ".7%1$$ '"7)#.#$K 5!:.& #. G"$#7(3.:7&; G"7)!/ G!3'�
G3!-%!-&$� �7-&; (7##!>! -G.%&"7 5!:.& -()$#'&;-K ) 3.)'J G!3'G3!-%!-&;?
) #.5 5!>'& G!K)$&;-K #'3.)4. -! -&).##4. H$-37? $ !# G!&."K.& )7:#!. (3K
-6!($5!-&$ $&."71$!##46 5.&!(!) -)!/-&)! =#7%!!G".(.3.##!-&$�

�=).-&#! p�Fq? H&! =#7%!#.!G".(.3.##!-&;? (7:. ) -3'H7. -75!-!G"K:.#�
#!-&$ ����? -$3;#! =7&"'(#K.& .. ".2.#$.� �7#..? %7% G"7)$3!? o&$ =7(7H$
".273$-; G"K545$ 5.&!(75$ $3$ G!-".(-&)!5 G.".6!(7 % -!!&).&-&)'Jn./
-$-&.5. #!"573;#46 '"7)#.#$/�  #7-&!Kn.. )".5K ".2.#$. =#7%!#.!G".�
(.3.##46 ���� 7%&'73;#! $ (3K #.-75!-!G"K:.##46 =7(7H p�@q�

�!-&"!$5 ) ! 37-&$ Ω "7)#!5."#'J G! x $ y -.&%' G - 27>!5 h = 1
N ?

>(. N < %!3$H.-&)! '=3!)� �7 o&!/ -.&%. )).(.5 0'#%1$$ C(xi, yk) = Cik ?
xi = i ∗ 1

h ? yk = k ∗ 1
h ? )-. #.$=).-&#4. )4H$-3KJ&-K ) 1.#&". KH./%$� �!>(7

'"7)#.#$. a�m G"$5.& )$(	

− 1

Pe
ΔhC +

1

2

(
Uik

Ci+1k − Ci−1k

2h
+
Ui+1kCi+1k − Ui−1kCi−1k

2h
+ aFm

Vik
Cik+1 − Cik−1

2h
+
Vik+1Cik+1 − Vik−1Cik−1

2h

)
+ αCik = fik.

S(.-; ΔhC < "7=#!-&#4/ 7#73!> !G."7&!"7 �7G37-7� �".! "7='.5 aFm?
'5#!:$) ! . .>! H7-&$ #7 Peh2 � �!>(7

(4 + αPeh2)Cik +

[(
−1 +

Peh

2
Ũik

)
Ci+1k +

(
−1− Peh

2
Ũi−1k

)
Ci−1k+ a�m

(
−1 +

Peh

2
Ṽik

)
Cik+1 +

(
−1− Peh

2
Ṽik−1

)
Cik−1

]
= f̃ik,

>(.

Ũik =
Uik + Ui+1k

2
, Ũi−1k =

Uik + Ui−1k

2
,
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Ṽik =
Vik + Vik+1

2
, Ṽik−1 =

Vik + Vik−1

2
,

f̃ik = Peh2fik.

�-&7#!)$) #7 -.&%. G .-&.-&).##4/ G!"K(!% G.". !"7 '=3!)? G!3'H$5 -$�
-&.5'

Ay = b, a�m

>(. y ? b < ).%&!" #.$=).-&#46 $ G"7)!/ H7-&$? -!!&).&-&).##!? A < GK&$�
($7>!#73;#7K 57&"$17�

�-6!(#7K 57&"$17 a�m .-&.-&).##45 ! "7=!5 "7--%37(4)7.&-K #7 -'55'
-$55.&"$H#!/ A0 $ %!-!-$55.&"$H#!/ A1 57&"$1

A = A0 +A1

A0 = AT
0 , A1 = −AT

1 ,

G"$H.5 ) -$55.&"$H#'J 57&"$1' A0 G!G7(7J& "7=#!-&#4. 7#73!>$ H3.#!)
($00'=$$ $ ".7%1$$ '"7)#.#$K a�m? 7 ) %!-!-$55.&"$H#'J 57&"$1' A1 <
"7=#!-&#4/ 7#73!> %!#).%&$)#46 H3.#!) '"7)#.#$K a�m? H&! -)K=7##! -! -G.�
1$73;#!/ �-$55.&"$H#!/� =7G$-;J $-6!(#!/ =7(7H$? )G.")4. G".(3!:.##!/
) pFq $ ! ! n.##!/ ) p�q $ pEq�

�=).-&#! p��q? H&!? .-3$ α ≥ 0 ? &! 57&"$17 A < G!3!:$&.3;#! (./-&)$�
&.3;#7K? $ .. -G.%&" 3.:$& ) G"7)!/ G!3'G3!-%!-&$�

�7--5!&"$5 -3'H7/? %!>(7 α < 0 � �&5.&$5? H&! ) -3'H7. ".>'3K"#!/
! 37-&$ Ω ? %"7.)46 '-3!)$/ � "!(7 $ "7)#!5."#!/ -.&%$? -! -&).##4. ).%�
&!"4 $ -! -&).##4. H$-37 "7=#!-&#!>! 7#73!>7 !G."7&!"7 Lh = − 1

PeΔh + α
$=).-&#4 p�q? pDq $ $5.J& -3.('Jn$/ )$(	

2π2

Pe
+ α ≤ λi ≤ 8

Peh2
+ α,

i = 1, 2, . . .N, N = (n− 1) ∗ (n− 1)

�3.(!)7&.3;#!? G"$ α ≤ −2π2

Pe ? "7=#!-&#4/ !G."7&!"? -!!&).&-&)'Jn$/
H3.#75 ($00'=$$ $ ".7%1$$ 5!:.& &."K&; -)!/-&)! =#7%!G!-&!K#-&)7 ) -!�
!&).&-&)$$ - &.!".5!/ O$"27 p
q? $ .>! -G.%&" H7-&$H#! -5.n7.&-K ) 3.)'J
G!3'G3!-%!-&;� �7%$5 ! "7=!5? -G"7).(3$)7 -3.('Jn7K &.!".57�

(����
� �! ��>	�9� =M�v owq� L
�E`:���� �� osq L	� ��L
�D�
��/
��� :�>:�>�:��
K
 L
	��?� L:	:<
	� E��
� �:>
`�
8 
<���>�� ����:>��
�:
>	�9�>:�D�
 �:8�>��>:�D�
8� :���

αconv ≥ −2π2

Pe
.

�.!".&$H.-%$. ".='3;&7&4 #.! 6!($5! G"!)."$&; H$-3.##!? H&!  '(.&
-(.37#! ) (73;#./2.5�
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��� �($($*::#!�*/%�# *!#�&9*(%%�# :#!(��

�3K ".2.#$K ���� a�m $-G!3;='.&-K $&."71$!##4/ 5.&!(? =7G$-7##4/
) -3.('Jn./ %7#!#$H.-%!/ 0!"5. p�q	

B(ω)
yk+1 − yk

τ
+ Ayk = f, aDm

>(. A,B ∈ Rn×n < #.)4"!:(.##4. 57&"$14? yk ∈ Rn < k �!. $&."71$!##!.
G"$ 3$:.#$.? y0 < #7H73;#!. G"$ 3$:.#$.? f ∈ Rn < ).%&!" G"7)!/ H7-&$?
k < #!5." $&."71$$? τ, ω ∈ R < $&."71$!##4. G7"75.&"4�

�37-- %!-!-$55.&"$H#46 G!G.".5.##!�&".'>!3;#46 $&."71$!##46 5.&!�
(!) a����m G".(3!:.##4/ ) p�q? p��q !G".(.3K.&-K a�m � 57&"$1./

B = (Bc + ωKL)B
−1
c (Bc + ωKU) . aEm

 a�@m Bc < -$55.&"$H#7K 57&"$17? ω < (./-&)$&.3;#4/ G7"75.&"�
�7#..  43! G!%7=7#! p�q? p�
q? H&! 5.&!(4 o&!>! %37--7 o00.%&$)#! "7 !�

&7J& %7% -75$? &7% $ ) %7H.-&). G.".! '-37)3$)7&.3./ (3K 5.&!(!) G!(G"!�
-&"7#-&)7 �"43!)7? .-3$ ���� a�m -&"!>! #.-$55.&"$H#7�

 (73;#./2.5 (3K ".2.#$K ����  '(.& $-G!3;=!)7&;-K 5.&!( ����?
-6!($5!-&; %!&!"!>! (!%7=7#7 "7#.. ) p�q

�*!#�&!��&

�� 7 $n.)$H �� ��? 7-$3;.)7 �� � �)#!�#.K)#4. -6.54 (3K =7(7H
%!#).%1$$�($00'=$$�".7%1$$ ww �$ � :'"#� )4H$-3� 57&.5� < �@���
< &� ��? xF� �� 
���
���

�� �"'%$." ����? �7"&4#!)7 ���� 3$K#$. 0!"54 =7G$-$ '"7)#.#$K
%!#).%1$$�($00'=$$ #7 -6!($5!-&; 5.&!(7 )."6#./ ".37%-71$$ww
Q� $ �L < ���� < \� 
�? C� ��� < ���E����E�D


� !.)!($# ��? �'=#.1!) 9��� �7&"$14 $ )4H$-3.#$K�< ��	 �7'%7?
��EF

F� �7"H'% �� �� �$-3.##4. 5.&!(4 $ G"!>#!= G!>!(4� < ��	 �$("!5.&.!�
$=(7&? ���D�

�� �"'%$." ���� �.K)#4. "7=#!-&#4. -6.54 $ $&."71$!##4/ 5.&!( $6
".2.#$K (3K !(#!>! %37--7 -$-&.5%)7=$3$#./#46 '"7)#.#$/ww �=)�
�S!)? �7&.57&$%7 ���D�� ��D� < ��F�����

�� �757"-%$/ [�[�? �$%!37.) ^��� �.&!(4 ".2.#$K -.&!H#46
'"7)#.#$/�< Z�	 �7'%7? ��DE�

D� �7"H'% �� �� �.&!(4 )4H$-3$&.3;#!/ 57&.57&$%$�< �!)!-$ $"-%	 �7�
'%7? ��D
�
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E� �757"-%$/ ����? 7 $n.)$H ���� �$-3.##4. 5.&!(4 ".2.#$K =7(7H
%!#).%1$$�($00'=$$� < ��	 W($&!"$73 ����? �����

�� bjy�cij ��[� ? �fg�ij�ig�i z��i{ijzscfg f| sjczg�y{zj csijzsc�i dis~f�h
}zhi� fg s~i h�i��hrddisjc� �zjs f| s~i dzsjctww [��{� Cydij� Zzs~� <
�����< +�
@� < Y��E����@�

�@� bjy�cij B���? bjy�cij ��[� `hcg� s~i A�i��Arddisjc� ,sijzsc�i Zis~f�h
|fj Af{yscfg f| zg ,g�i�gcsi Cfghrddisjc� �cgizj Arhsidh wwe� �fd��
Zzs~� < �@�F� < +� 
�? C�
� < Y� �����D��

��� Bfs�~i� Z�[�? bjy�cij ��[� ,sijzsc�i hf{yscfg f| hsjfg�{r gfghrddisjc�
hrhsidh f| {cgizj z{�i}jzc� i�yzscfghww e� �fd��Zzs~� Zzs~� Y~rhc�h� <
���D� < +�
D? C� ��� < Y���F�������

��� bjy�cij ��[�? Yc�~y�cgz P�[�? bjy�cij B��� Cydijc�z{ hf{yscfg f| s~i
hsiz�r �fg�i�scfg��c�yhcfg i�yzscfg �cs~ �fdcgzgs �fg�i�scfg ww Yjf�i�cz
�fd�ysij A�cig�i < �@�
� < +� �E� < Y��@�����@@�

�
� bjy�cij ��[� ? �~c�cgz ��_�? Bi{f�fg \�+� \jczg�y{zj h�i��hrddisjc�
csijzsc�i hf{�ijh |fj hsjfg�{r gfghrddisjc� �fhcsc�i jiz{ {cgizj hrhsid f|
i�yzscfghww [��{� Cydij� Zzs~� < �@@�� +� F�� < Y�E���@��

�F� Ziyjzgs _�? �fd�ysij Af{yscfgh f| �zj�i �cgizj Arhsidh� � [dhsij�zd	
^{hi�cij A�cig�i? �����
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 "7 !&. G".(-&7)3.#4 57&.57&$H.-%7K 5!(.3; $ ".='3;&7&4 5!(.3$"!�
)7#$K %!5G3.%-#!>! )!=(./-&)$K - G"$5.#.#$.5 &.6#!3!>$$ &."5!>7=!6$5$�
H.-%!>! )!=(./-&)$K  $#7"#45$ -!-&7)7 a��O ��m #7 -%)7:$#76� N.3;J
"7 !&4 K)3K.&-K "7="7 !&%7  4-&"!(./-&)'Jn.>! %73;%'3K&!"7 (3K !1.#�
%$ ".='3;&7&!) #7&'"#46 $-G4&7#$/ #7 !-#!). ".73;#46 G7"75.&"!) G37-&7
$ =7%7H$)7.546 ".7>.#&!)� �3K )!=5!:#!-&$ ! !-#!)7#$K G7"75.&"!) ).�
('n$6-K G"!5423.##46 $-G4&7#$/ "7="7 !&7#4 57&.57&$H.-%7K 5!(.3; $
"7-H.&#4/ 5!('3; (3K )4G!3#.#$K "7-H.&!) &.6#!3!>$H.-%$5$ -3': 75$
-.")$-#!>! G".(G"$K&$K� �7 !-#!). 7#73$=7 5!(.3$"'.5!/ &.6#!3!>$$ )4�
(.3.#4 #7$ !3.. -'n.-&).##4. 0$=$H.-%$. G"!1.--4	 G!-3.(!)7&.3;#7K =7�
%7H%7 ".7>.#&!)? )!=#$%#!).#$. =!#4 ".7%1$$? "7=!>".) $ ! "7=!)7#$. =!#4
)4-!%!>! (7)3.#$K ) 6!(. ".7%1$$? "7-G"!-&"7#.#$. &.5G."7&'"#!>! G!3K
$ G!3K (7)3.#$K G! G37-&'� �!-&"!.# 73>!"$&5 "7-H.&7 ).('n$6-K #7&'"�
#46 $-G4&7#$/? G"$).(.#4 ".73;#4. G7"75.&"4 G37-&7 $ =7%7H$)7.546
".7>.#&!) % .($#!/ 5.&"$H.-%!/ -$-&.5.� �H&.#4 )!=5!:#!-&$ ))!(7 $=�
5.#KJn$6-K G7"75.&"!) G37-&7 $ =7%7H$)7.546 ).n.-&)? -!=(7# '(! #4/
$#&'$&$)#!�G!#K&#4/ $#&."0./- - )!=5!:#!-&;J )4)!(7 ".='3;&7&!) "7-�
H.&7 ) >"70$H.-%!5 )$(.�

� �#B%(1(5*. ��	 �


�'&; 5!(.3$"'.5!/ &.6#!3!>$$ =7%3JH7.&-K ) =7%7H%. ) -%)7:$#' G! =7�
&"' #!5' G"!-&"7#-&)' a .= $=)3.H.#$K #7-!-#!>! ! !"'(!)7#$Km "7-&)!"!)
o#.">!)4(.3KJn.>! -!-&7)7 $ $#$1$7&!"7 "7=3!:.#$K�  ".='3;&7&. &."5!�
6$5$H.-%!/ ".7%1$$ ) -%)7:$#. ) '(73.##!/ !& =7 !K =!#. G"!('%&$)#!>!
G37-&7? G"$ $= 4&!H#!5 (7)3.#$$? )4(.3K.&-K  !3;2!. %!3$H.-&)! >7=!)
a7=!&? G7"4 )!(4m $ -!=(7.&-K )4-!%!&.5G."7&'"#7K ! 37-&; "7=3!:.#$K
 $#7"#!>! -!-&7)7 a(! 
@@�
�@��m�
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�!#&"!3; =7 G"!1.--!5 G"!&.%7#$K ".7%1$$ #7 =7 !. -%)7:$#4? ) ".�
:$5. ".73;#!>! )".5.#$? G"!$=)!($&-K - G!5!n;J )4-!%!&.5G."7&'"#!/
-$-&.54 $=5.".#$K? 7 -%!"!-&; "7=3!:.#$K $ &.5G."7&'"7 ".7%1$$ 5!>'&
".>'3$"!)7&;-K %!#1.#&"71$./ -!3./� �.='3;&7&!5 &."5!>7=!6$5$H.-%!>!
)!=(./-&)$K #7 G"$=7 !/#'J =!#' G37-&7 K)3K.&-K )!--&7#!)3.#$. G"!#$�
17.5!-&$ �S�? -#$:.#$. )K=%!-&$ #.0&$ $ ! "7=!)7#$. (!G!3#$&.3;#46
%7#73!) 0$3;&"71$$�

�.6#!3!>$K "7="7 !&7#7 -G.1$73$-&75$ ��� �N���? =7n$n.#7 "!-�
-$/-%$5$ $ =7"' .:#45$ G7&.#&75$? G"!237 o%-G."&$=' #7 G"!5423.##'J
 .=!G7-#!-&; ) 3$1.#=$"!)7##!5 G".(G"$K&$$ S�� �="4)$-G4&7#$K��

�3>!"$&5 "7-H.&7 G7"75.&"!) ).('n$6-K #7&'"#46 $-G4&7#$/ -!-&!$&
$= !G".(.3.#$K %!!"($#7& =!#4 ".7%1$$ $ "7-H.&7 "7-G"!-&"7#.#$K &.5�
G."7&'"#!>! G!3K $ G!3K (7)3.#$K ) G37-&.� �7--57&"$)7.&-K "7($73;#!.
"7-G"!-&"7#.#$. ".7>.#&!) ) G37-&. (3K !(#!5."#!>! -3'H7K $ "7-H.& )3$�
K#$K 7%&$)$"!)7##46 -%)7:$# #7 )-. 5.-&!"!:(.#$. ) 1.3!5 ) G37#7"#!/
()'5."#!/ 5!(.3$�

�� >�#�#1#%*# '((��*%&! 3(%� �#&'9**

�.#.. )K=%7K )4&.-#KJn7K :$(%!-&; G"!"4)7.&-K H.".= )4&.-#K.5'J?
0!"5$"'K %7#734? #7=4)7.54. )K=%$5$ G73;175$� �"$H$#!/ &7%!>! G"!�
"4)7 K)3K.&-K #.'-&!/H$)!-&; &$G7 �70057#7 � �./3!"7 G3!-%!>! 0"!#&7
)4&.-#.#$K p�q� 4&.-#.#$. !(#!/ )K=%!/ :$(%!-&$ ) G!"$-&!/ -".(. ("'>!/
:$(%!-&;J H7-&! 5!(.3$"'.&-K &.H.#$.5 ) KH./%. O.3.�R!'? %!&!"7K G".(�
-&7)3K.& -! !/ (). G7"733.3;#4. G37-&$#4? "7=(.3.##4. 57345 =7=!"!5
p�q� �=).-&#4 57&.57&$H.-%$. 5!(.3$ (3K $--3.(!)7#$K ()'5."#!/ =7(7H$
'-&!/H$)!-&$ )4&.-#.#$K ()'6 #.-:$57.546 :$(%!-&./? #7G"$5."? #7 !-�
#!). K)#46 -6.5 ~c�~�jihf{yscfg (3K >$G." !3$H.-%$6 '"7)#.#$/ $ #.K)#46
%!#-.")7&$)#46 -6.5? ".27.546 5.&!(!5 G"!(!3;#!�G!G.".H#!/ G"!>!#%$
(3K o33$G&$H.-%$6 '"7)#.#$/? !G$-4)7Jn$6 o)!3J1$J G!"!)!>! (7)3.#$K
p
q�  -3'H7. 5#!>!%!5G!#.#&#!/ 0$3;&"71$$ ) pFq  43$ "7--5!&".#4  .�
=$&."71$!##4. -6.54? ) %!&!"46 -'557"#7K 7GG"!%-$571$K (!-&$>7.&-K =7
-H.& )4G!3#.#$K &."5!($#75$H.-%$6 -!!&#!2.#$/�

 (7##!5 -3'H7. $-G!3;=!)7# "7-H.& =7%7H%$ )-.6 ).n.-&) G!"2#.)45
-G!-! !5� �-#!)#!/ G"$H$#!/ &7%!>! 'G"!n.#$K K)3K.&-K #.)!=5!:#!-&;
!G".(.3.#$K &!H#!/ >.!5.&"$$ #.!(#!"!(#!-&./ ) G37-&.� � &!5' :.? "7-H.�
&4 G73;1.) )4&.-#.#$K ).-;57 &"'(!.5%$? &7% %7% &". '.&-K )4-!%7K &!H�
#!-&; )4H$-3.#$/ G"$ $--3.(!)7#$$ #.'-&!/H$)!-&./� �.! 6!($5!? H&! 4
$&."71$$ (3K "7-H.&7 G!"!)!>! (7)3.#$K -6!($3$-; - )4-!%!/ &!H#!-&;J?
$#7H. =#7H.#$K $#%".5.#&!) !G".(.3KJ&-K - =75.&#!/ G!>".2#!-&;J�

�7=5." "7-H.&#!/ ! 37-&$ =7(7.&-K G!3;=!)7&.3.5? 27> -.&%$ !G".(.3K�
.&-K H.".= :.37.5'J &!H#!-&; !G".(.3.#$K >"7#$1 =!#4 ".7%1$$� R7> G!
)".5.#$ !G".(.3K.&-K H.".= =7(7)7.54. G7"75.&"4� )!(K&-K $ G"$)!(K&-K
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%  .="7=5."#!5' )$(' G7"75.&"4 G37-&7 $ ).n.-&)	 G!"$-&!-&;? G"!#$17�
.5!-&;? G37-&!)!. (7)3.#$.? 5!n#!-&; G37-&7? G3!&#!-&;? ! �.5 =7%7H%$?
%!o0$1$.#&4 -:$57.5!-&$? )K=%!-&$ $ &.5G."7&'"!G"!)!(#!-&$� �7 3.)!/
>"7#$1. =7(7.&-K G!o&7G#7K =7%7H%7 ".7>.#&!)� S7%7H%7 G"!(!3:7.&-K (!
(!-&$:.#$K #':#!>! ! �.57? G!&!5 =7%7H$)7.&-K -3.('Jn.. G! G!"K(%'
).n.-&)!� �7 G"7)!/ >"7#$1. =7(7#4 G37-&!)!. (7)3.#$.? #7G!3#.##!-&;
)!(!/ ) =7(7##!5 -!!&#!2.#$$ - #.0&;J? ).n.-&)! -)! !(#! )46!($& $=
! 37-&$� �"7#$17 "7=(.37 -".( !G".(.3K.&-K $= 'G"!n.##!>! !G".(.3.#$K
G!"$-&!-&$�

��� �&$/#! �&$>�($!�&%#%*. !#:>#�&!��%(5( >(1. * >(�
1. �&"1#%*. >( >1&$!�

�.27.&-K '"7)#.#$. &.G3!G"!)!(#!-&$ - 'H.&!5 G.".5.##46 %!o00$1$�
.#&!)  .= 'H.&7 %!#).%1$$ ) 1$3$#("$H.-%!/ -$-&.5. %!!"($#7& ) !(#!5."�
#!5 -3'H7.

∂T

∂t
=

1

r

∂

∂r

(
kTr

∂T

∂r

)
,

T (r, t)t=0 = T0(r)

$ ) (.%7"&!)!/ -$-&.5. %!!"($#7& ) G37#7"#!/ 5!(.3$

∂T

∂t
=

∂

∂x

(
kT
∂T

∂x

)
+

∂

∂y

(
kT
∂T

∂y

)
,

T (x, y, t)t=0 = T0(x, y).

S(.-; T < &.5G."7&'"7? kT = λ
cρ

< %!o00$1$.#& &.5G."7&'"!G"!)!(#!-&$?
λ < &.G3!G"!)!(#!-&;? c < &.G3!.5%!-&;? ρ < G3!&#!-&;�

�!:#! G!-&"!$&; G!3#'J >$("!($#75$H.-%'J 5!(.3; "7-G"!-&"7#.#$K
".7>.#&!) ) G37-&. - G!("! #45 "7-H.&!5 (7)3.#$K? G3!&#!-&$? -%!"!-&$?
#7-4n.##!-&$? '(.3;#!/ 57--4 $ &�(� S7 G"!-&!&' $ #7(.:#!-&; )4H$-3.#$/
)4 "7#! '"7)#.#$. G;.=!G"!)!(#!-&$ ) 1$3$#("$H.-%!/ -$-&.5. %!!"($#7&
) !(#!5."#!5 -3'H7.

∂P

∂t
=

1

r

∂

∂r

(
kPr

∂P

∂r

)
,

P (r, t)t=0 = P0(r)

$ ) (.%7"&!)!/ -$-&.5. %!!"($#7& ) G37#7"#!/ 5!(.3$

∂P

∂t
=

∂

∂x

(
kP
∂P

∂x

)
+

∂

∂y

(
kP
∂P

∂y

)
,

P (x, y, t)t=0 = P0(x, y).
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S(.-; P < (7)3.#$.? kP = kr
μ(mrβl+βr)

� %!o00$1$.#& G;.=!G"!)!(#!-&$? kr
< G"!#$17.5!-&;? μ < %!o00$1$.#& )K=%!-&$? mr < G!"$-&!-&;? βl, βr < %!�
o00$1$.#&4 -:$57.5!-&$ ).n.-&)7 $ G37-&7� �-G!3;=!)7# 5.&!( -&7 $3$�
=$"'Jn./ G!G"7)%$? %!&!"4/ ".73$=!)7# - G!5!n;J ).%&!"#46 G"!>!#!%�
 %7H.-&). #7H73;#46 (7##46 )4 "7#4 (7)3.#$K? &.5G."7&'"4 ) G37-&.
a$=).-&#4. ) ".='3;&7&. #7&'"#46 $=5.".#$/m $ ) ! 37-&$ ".7%1$$ a#.G!�
-".(-&).##! )4H$-3K.54. $= (7##46 ! =7%7H$)7.546 ".7>.#&76m�

�� 
(�&%*# *%!#�-#?$&

�7-H�&#4/ 5!('3; G".(!-&7)3K.& )!=5!:#!-&; =7(7&; G7"75.&"4 "7-H.�
&7 $ )4(7.& >"70$H.-%!. G".(-&7)3.#$. "7=5.n.#$K =7%7H7##46 ).n.-&)
) -%)7:$#. a)."&$%73;#4/ -".= G37-&7 H.".= 3$#$J -%)7:$#4m? >"70$�
%$ "7-G".(.3.#$K G!3K (7)3.#$K $ &.5G."7&'"4? (. .& -%)7:$#4�  6!(.
.>! "7="7 !&%$  43$ $-G!3;=!)7#4 -3.('Jn$. &.6#!3!>$$	 �� < �cg�f�h?
G37&0!"57 < �C^\ 
��? K=4% G"!>"755$"!)7#$K < C� ? &.6#!3!>$K _`, <
�Y�?  $ 3$!&.%7 PtrY{fs (3K !&"$-!)%$ >"70$%!)� � n$. -)!/-&)7 >"70$�
%!) G!=)!3KJ& G"!$=)!($&; �ffd ,gwPys "!3$%!5? G.".5.n.#$. 542;J $
G!%7= =#7H.#$K ) &!H%. aG! %3$%'m� �!G!3#$&.3;#4. )!=5!:#!-&$ 5!('3K
o&! %!G$"!)7#$. >"70$%7? -!6"7#.#$. >"70$%7 ) 07/3? -!6"7#.#$. G"!.%&7
"7 !&�

� 6&'17/#%*#

 "7 !&. G".(-&7)3.# G"$5." G"7%&$H.-%!>! G"!5423.##!>! G"$5.#.�
#$K 57&.57&$H.-%!>! 5!(.3$"!)7#$K (3K "7="7 !&%$ 5.-&!"!:(.#$/ #.0�
&$� �'n.-&)'Jn$. G7%.&4 G"!>"755 G!%7=73$ #.-G!-! #!-&; -5!(.3$"!)7&;
G"$#1$G$73;#! #!)'J &.6#!3!>$J� �!3'H.##4. ".='3;&7&4 (7J& &!H#4.
G".(-%7=7#$K "7=!>".)7 G37-&7 ) ".='3;&7&. G"$5.#.#$K ��O ���

�)&!"4 )4"7:7J&  37>!(7"#!-&; ��� S7)!3:-%!5' $ ��� O3.-&!)' =7
G!-&7#!)%' $#&.".-#!/ G"7%&$H.-%!/ =7(7H$�

�*!#�&!��&

�� F�	mI��?
� Z�� F:��?
� ��� JE	��>�:� =F� _���LL
� �Z �7�
 !"7&!"#!. 5!(.3$"!)7#$. ()'607=#46 -&"'/#46 &.H.#$/ ww �"'(4
��� $5.#$ �����' %$#7? �@�
 >�? Cf 
a�D�m? -� ������

�� M
K���
� G� � '-&!/H$)!-&$  !%!)!/ G!)."6#!-&$ )K=%$6 G73;�
1.)? ! "7='Jn$6-K G"$ )4&.-#.#$$ :$(%!-&$ $= KH./%$ O.3.�R!' ww
.-&#� �!-%� �#�&7� �."� �? �7&.5� �.67#� �@��� x �� -� F@�F��
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� 7������?�8 �i� ]:	K�A:�> �P �--3.(!)7#$. #.'-&!/H$)!-&$ &$�
G7 ��g�ijh� ) 0$3;&"71$!##46 &.H.#$K6 �".G"$#&4 ��� $5� �� �
�.3(427? �@@�? @
��

F� ��>��� �= �)&!%!3. 7&.3;#4. ".:$54 &.H.#$K ()'607=#46 5#!�
>!%!5G!#.#&#46 -5.-./ H.".= G!"$-&4. -".(4 ww �!%3� �� ����� �
�� ���? x �� � -� �
�
��
���
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�
������ �,����� ���
��������=��� � 	����	�� �������
�#F%#" 	+ �+8 �&�'("$'*? �+ �+
��
������ �	��"��������$� ������������ �( �����	"��

�7--57&"$)7J&-K $#&.>"73;#4. G".(-&7)3.#$K 0'#%1$$ &!%7 $ $6 G!�
-&"!.#$. G! >"7#$H#45 =#7H.#$K5 (3K G!&.#1$73;#46 $ )$6".)46 &.H.#$/
) !>"7#$H.##!/ ! 37-&$ Q ⊂ R

2 � �3K )$6".)46 &.H.#$/ o&! (7.&  !3.. 2$�
"!%$/ %37-- &.H.#$/ G! -"7)#.#$J - %37--$H.-%$5$ G!-&7#!)%75$? >(.? %7%
) =7(7H. �&!%-7? &". '.&-K =7(7)7&; -%!"!-&; #7 >"7#$1.�

�� L'#%1$K &!%7 ψ(x) G!&.#1$73;#!>! &.H.#$K D(x) = ∇cψ(x)
ajfs D(x) = E ? �c� D(x) = 0m? x = (x1, x2) ∈ Q ⊂ R2 ? >(. Q < !>"7#$�
H.##7K ! 37-&; - >"7#$1./ �KG'#!)7 ∂Q = S 5!:.&  4&; !G".(.3.#7 G!
>"7#$H#45 =#7H.#$K5 ψ(x)|S = f(x) ) )$(.

ψ(x) =

∫
S

q(y) ln |x− y| dSy, x ∈ Q.

L'#%1$K q(y) &7%!>! G".(-&7)3.#$K -'n.-&)'.& $ .($#-&).##7? .-3$ f(x)
(!-&7&!H#! >37(%7K�

�3>!"$&5 !G".(.3.#$K q(y) -!-&!$& ) -3.('Jn.5� �$-&.57 0'#%1$/

σm(x) =

∫
S

ln |zm − y| ln |x− y| dSy, x ∈ S, m = 1, 2, ...

K)3K.&-K G!3#!/ $ 3$#./#! #.=7)$-$5!/? .-3$ G!-3.(!)7&.3;#!-&; &!H.%
zm ∈ R

2\Q K)3K.&-K  7=$-#!/ p�q $ G!-&!K##7K �! .#7 p�q R0 (3K ! 37�
-&$ Q #. "7)#7 #'3J�

�'-&; f(x) = fn(x) + ρn ? >(. fn < G"!.%1$K f #7 G!(G"!-&"7#-&)!
{σm}nm=1 ? &!>(7

fn(x) =
n∑

m=1

cmσm(x).

�$#$5$=$"'K 0'#%1$J F (c1, ..., cn) = ‖f − fn‖2S G!3'H$5 (3K ck #.)4�
"!:(.##'J -$-&.5' '"7)#.#$/

n∑
m=1

cm (σm, σk)S = (f, σk)S , k = 1, 2, ..., n,

>(. ‖·‖2S $ (·, ·)S < #!"57 $ -%73K"#!. G"!$=).(.#$. ) L2(S) �
�"$ 3$:.##!. ".2.#$. $5..& )$(

ψn(x) =
n∑

m=1

cm

∫
S

ln |zm − y| ln |x− y| dSy, x ∈ Q.
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�� L'#%1$K &!%7 ψ(x) )$6".)!>! -!3.#!$(73;#!>! &.H.#$K D(x) ) Q
5!:.&  4&; !G".(.3.#7 G! .. >"7#$H#45 =#7H.#$K5 ψ(x)|S = h(x) ) )$(.

ψ(x) =

∫∫
Q

g(y) ln |x− y| dy, x ∈ Q.

.-3$ G3!&#!-&; )$6"./ g(y) < >7"5!#$H.-%7K 0'#%1$K? &! &7%!. !G".(.3.#$.

.($#-&).##!? H&! -3.('.& $= 3.554 �!)$%!)7 p
q� �-3$ h(x) ≡ �fghs? &! &.H.�
#$. D(x)  '(.5 #7=4)7&; �
<�>�:��mA ��Q	:A ! 37-&$ Q 8 !#! G".(-&7)3K.&
-! !/ G"$-!.($#.##4/ )$6"; Q'%!)-%!>! pFq (3K H$-&! 1$"%'3K1$!##!>! &.�
H.#$K a)#.2#.>! &.H.#$K �! .#7m� L'#%1$K &!%7 K)3K.&-K ".2.#$.5 %"7.)!/
=7(7H$	

Δ2ψ(x)
∣∣
Q
= 0, ψ(x)|S = 0,

∂ψ(x)

∂F

∣∣∣∣
S

= q∗(x),

>(. q∗(x) < G3!&#!-&; G!&.#1$737 �! .#7 (3K ∂Q �

�  -3'H7. (!-&7&!H#! >37(%!/ h(x) 73>!"$&5 !G".(.3.#$K g(y) -!-&!$&

) -3.('Jn.5� �$-&.57 0'#%1$/

μm(x) =

∫∫
Q

ln |zm − y| ln |x− y| dy, x ∈ S, m = 1, 2, ...

K)3K.&-K G!3#!/ $ 3$#./#! #.=7)$-$5!/? .-3$ G!-3.(!)7&.3;#!-&; &!H.%
zm ∈ R

2\Q K)3K.&-K  7=$-#!/ p�q $ G!-&!K##7K �! .#7 R0 (3K ! 37-&$ Q #.
"7)#7 #'3J�

�'-&; h(x) = hn + ρn ? >(. hn < G"!.%1$K h #7 G!(G"!-&"7#-&)!
{μm(x)}nm=1 ? ρn⊥hn ?

hn =
n∑

m=1

cmμm(x), x ∈ S.

�$#$5$=$"'K 0'#%1$J G(c1, c2, ..., cn) = ‖h− hn‖2S G!3'H$5 (3K ck
#.)4"!:(.##'J -$-&.5' '"7)#.#$/

n∑
m=1

cm (μm, μk)S = (h, σk)S , k = 1, 2, ..., n.

�"$ 3$:.##!. ".2.#$. 0'#%1$$ &!%7 (3K )$6".)!>! &.H.#$K $5..& )$(

ψn(x) =
n∑

m=1

cm

∫∫
Q

ln |zm − y| ln |x− y| dSy, x ∈ Q.

�*!#�&!��&

�� �.:#.) ���? �.:#.) ��� �.&!(  7=$-#46 G!&.#1$73!) ) =7(7H76 57�
&.57&$H.-%!/ 0$=$%$ $ >$("!($#75$%$� < �"7-#!(7"? �@@�? ��� -�



�
@ 	
��������� ������� ��������������� ������������	

�� 37($5$"!) � �� �"7)#.#$K 57&.57&$H.-%!/ 0$=$%$� < ��	 �7'%7?
��EE� ��� ��


� �!)$%!) ���� � .($#-&).##!-&$ ".2.#$K ! "7&#!/ =7(7H$ G!&.#1$737
ww ��� ����? ��
E?

F� �!/1K#-%$/ ���� �.67#$%7 :$(%!-&$ $ >7=7� < ��	 �"!07? �@@
� FDE ��



)������� � � < ?��� ) � /���0� )�"
(�. ���A�/�(�   �
�

����������
�� ������	����
����	����
���� ��G��������
���
,
���	� 
 ���� � ���� �
�����	
	 6������ ��
�� ����6���1

�&�*%#%'( �+	+8 G>(" �+�+
�������� ��,�����	�	� ��	�	��� � ��	,�����
�( �(�( )�	,���� -/ ���� �	�	��
����

�%%(!&9*.

�-G!3;=!)7#$. G"$G!)."6#!-&#46 '-&7#!)!% )!=5!:#! ) -3'H7. $6 -37�
 !/ H')-&)$&.3;#!-&$ % -3!J 5!"-%!/ )!(4 $? !(#!)".5.##!? G"$ (!-&7&!H�
#!5 %!3$H.-&). $#0!"571$$ ) $=5.".##!5 -$>#73. (3K )4(.3.#$K #.0&.>7�
=!)46 =73.:./ $ !G".(.3.#$K $6 >.!5.&"$H.-%$6 67"7%&."$-&$% $ '(.3;#!/
o3.%&"!G"!)!(#!-&$� -G!5#$5? %7%$5 ! "7=!5 $= 7)3KJ&-K !& o%"7#$"'�
Jn.>! o00.%&7 ) -%)7:$##!/ >.!0$=$%. p�q� �"$ >.!0$=$H.-%$6 $--3.(!�
)7#$K6 ) -%)7:$#76 '-&7#!)%7 a=!#(m #76!($&-K ) -".(.? =7G!3#.##!/ !(#!�
"!(#45 G"!)!(Kn$5  '"!)45 "7-&)!"!5� �n. ) D@�. >!(4 G"!23!>! ).%7
(3K -%)7:$##46 5!(.3./  43$ G!3'H.#4 G"$ 3$:.##4. )4"7:.#$K? !G$�
-4)7Jn$. W�� !& 573!>! &!%!)!>! )$&%7� !-G!3;=!)7)2$-; 7#73!>$./ -
=7(7H./ %7"!&7:7 $ 5.&!(!5 G!3'H.#$K G"$ 3$:.##46 )4"7:.#$/? 5!:#!
=7G$-7&; )4"7:.#$. (3K "7-H.&7 W�� #7 G!)."6#!-&$ -3!K >!"$=!#&73;#!�
!(#!"!(#!/ 5!"-%!/ )!(4? G!(-&$37.5!>! G"!)!(Kn$5 G!3'G"!-&"7#-&)!5�
 %7H.-&). '-&7#!)%$ ) &7%!/ =7(7H.  '(.& )4-&'G7&; !($# $3$  !3.. $=!3$�
"!)7##46 %7 .3./ - ()'5K G"$.5#$%75$? "7-G!3!:.##45$ G! !(#' -&!"!#'
!& $-&!H#$%7� �!3$H.-&)! #.! 6!($546 &!H.% $=5.".#$/ -!-&7)3K.& !%!3!
�@@ G!3!:.#$/ '-&7#!)%$ aG"$ 27>. �@ 5m #7( ! �.%&!5? G".(-&7)3KJn$5
&$G$H#'J 7#&$%3$#73;#'J 3!)'2%'�  %7H.-&). H$-3.##!>! 5.&!(7 1.3.-!�
! "7=#.. )-.>! $-G!3;=!)7&; ).%&!"#4/ 5.&!( %!#.H#46 o3.5.#&!)�

� �&!#:&!*/#$'&. :(�#12

�$-&.57 '"7)#.#$/ �7%-).337? !G$-4)7Jn$6 G"!1.--4 o3.%&"!57>#.�
&$=57? ) ($00.".#1$73;#!/ 0!"5. $5..& )$( p�q	⎧⎪⎪⎨⎪⎪⎩

jfs�G = −∂
�C

∂t
,

jfs�H =
∂ �I

∂t
+ �J+�K

e
,

�c��I = ρ, �c��C = 0, a�m

1������ ����	
�
� �� �
�
����� ��������� /��
�� ���� ,��������������B)
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>(. �J v G3!&#!-&; ! �.5#!>! &!%7 a�w52 m8 �K
e
v G3!&#!-&; -&!"!##.>! &!�

%7 a�w52 m8 ρ v G3!&#!-&; o3.%&"$H.-%$6 =7"K(!) a�3w53 m� �!5G!#.#&75$
o3.%&"!57>#$&#!>! G!3K K)3KJ&-K H.&4". ).%&!"7? 67"7%&."$='Jn$. G!3.
) -".(.	 �G v #7G"K:.##!-&; o3.%&"$H.-%!>! G!3K aw5m8 �I v o3.%&"$H.�
-%!. -5.n.#$. a$#('%1$Km a�3w53 m8 �H v #7G"K:.##!-&; 57>#$&#!>! G!�
3K a�w5m8 �C v 57>#$&#7K $#('%1$K a�3m� �.&4". '"7)#.#$K �7%-).337
a�m (!G!3#KJ&-K &".5K '"7)#.#$K5$? 67"7%&."$='Jn$5$ -)!/-&)7 -".(4
$ '-&7#7)3$)7Jn$5$ -)K=$ 5.:(' �I $ �G ? �C $ �H ? �J $ �G 	 �J = σ�G ?
�I = ε�G ? �C = μ�H ? >(. σ v '(.3;#7K o3.%&"!G"!)!(#!-&; a�5w5m8 ε = ε0εr ?
ε0 = 8.85∗10−12 aLw5m? εr v !&#!-$&.3;#7K ($o3.%&"$H.-%7K G"!#$17.5!-&;
-".(48 μ = μ0μr ? μ0 = 4π ∗ 10−7 a�#w5m? μr v !&#!-$&.3;#7K 57>#$&#7K
G"!#$17.5!-&; -".(4� �"$ 5!(.3$"!)7#$$ o3.%&"$H.-%$6 G!3./ ) H7-&!&�
#!/ ! 37-&$  '(.5 G!37>7&;? H&! %!5G!#.#&4 �K

e
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#z G!)."6#!-&$ G!"? &z% $ )#'&"$ G!"�

�� �z)3.#$. >z=z ) G!"z6 -$3;#! "z-&.& )-3.(-&)$. o00.%&z &."5!($0�
0'=$$? -!G"!)!:(zJn.>! &.G3!)!. $=3'H.#$. $ -%zH%$ &.5G."z&'"4 #z >"z�
#$1z6 G!"�


� �"!-%z3;=4)z#$. >z=z #z >"z#$1z6 G!" '-$3$)z.& o00.%& &.G3!)!/
"z($z1$$�

F� �"!-%z3;=4)z#$. >z=z #z >"z#$1. %z#z3z -$3;#! '-%!"K.& G"!1.-- G.�
".#!-z &.G3z $ 5z--4 ) %z#z3.� �&5.H.#4 -&"'%&'"4 0$#>."#!/ #.'-&!/H$�
)!-&$ ) "z-G".(.3.#$K6 &.5G."z&'"4 ) 0!"5. )4&K#'&46 K=4%!) )4-!%!/
&.5G."z&'"4? "z-G!3!:.##46 ) 3$=$ !63z:(z.5!/ -&.#%$ %z#z3z�

�.='3;&z&4 "z-H.&!) G".(-&z)3.#4 ) G.".5.##46 L"z#%��z5.#.&-%!>!
p��q� Oz"z%&."#4. 5z-2&z 4 )".5.#$ $ "z=5."z

t0 =
exp( E

RT0
)

k
, l0 =

√
λ0t0
cV �0

�.="z=5."#zK &.5G."z&'"z #z6!($&-K G! 0!"5'3.

T =
(T

′ − T
′
0)E

RT 2
0
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S(.-; 2&"$6 !&#!-$&-K % "z=5."#45 ).3$H$#z5? $#(.%- #!3; ! !=#zHz.&
6z"z%&."#4. =#zH.#$K G.".5.##46� �#&.#-$)#!-&$ G"!-%z3;=4)z#$K Au $
-%zH%z &.5G."z&'"4 AT G".(-&z)3.#4 )  .="z=5."#!/ 0!"5. $ =z)$-K& !&
%!o00$1$.#&!) !&"z:.#$K 5!3.%'3 !& G!)."6#!-&$ θu $ !& %!o00$1$.#&z
&.G3!)!/ z%%!5!(z1$$ αT p
?Fq�

Au =
2χbul

2
0

√
�0P0

r1Re0μ0
, bu =

(2− θ)

θ

√
π

2

AT =
2χbT l

2
0

√
�0P0

r1μ0
, bT =

(2− α)

α

√
π

2

2γ

γ + 1

�#&.#-$)#!-&; &.G3!)!>! $=3'H.#$K !G".(.3K.&-K %!o00$1$.#&!5 AR ?
%!&!"4/ =z)$-$& !& -&.G.#$ H."#!&4 G!)."6#!-&$ G!" ε ? %!o00$1$.#&z G!�
"$-&!-&$ χ ? G!-&!K##!/ �&.0z#z �!3;15z#z σ ? "z=5."z G!" r1 ? z &z%:. !&
6z"z%&."#!/ &.5G."z&'"4 $ %!o00$1$.#&z &.G3!G"!)!(#!-&$

AR =
2χl20εσT

3
0

r1λ0

�$-� �� Sz)$-$5!-&; !& )".5.#$ (z)3.#$K >z=z ) &!H%z6 #z !-$ -$55.&"$$
%z#z3z G"$ $#&.#-$)#!-&$ &.G3!)!>! $=3'H.#$K AR = 1 $ $#&.#-$)#!-&K6
G"!-%z3;=4)z#$K Au = 10 a-3.)zm $ Au = 100 a-G"z)zm� �$#$$ 1<4 !&�
#!-K&-K % &!H%z5 #z !-$ -$55.&"$$ - %!!"($#z&z5$ (0, 0) ? (0, 0.3) ? (0, 1) ?
(0, 1.5) ��"!-%z3;=4)z#$. >z=z $5..& 5.-&! %z% #z -&.#%. %z#z3z? &z% $ #z
>"z#$1z6 G!"� �.5!#-&"$"'.&-K "!-& (z)3.#$K >z=z ) G!"z6 - ').3$H.#$.5
G"!-%z3;=4)z#$K�
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�$-� �� �6.5z ()$:.#$K &.G3!)!>! 0"!#&z a[m� �.5G."z&'"z >z=z ) 5!5.#�
&4 )".5.#$ t = 0.1(B) ? t = 0.175(C) G"$ &.G3!)!5 $=3'H.#$$ AR = 1 ?
G"!-%z3;=4)z#$$ Au = 100 ? #'3.)46 -%zH%z6 &.5G."z&'"4 $ %!#1.#&"z�
1$/ �!o00$1$.#& &.G3!! 5.#z 5.:(' &)."(!/ $ >z=!)!/ 0z=z5$ κ = 0.1 �
�"!-%z3;=4)z#$. $5..& 5.-&! %z% #z -&.#%.? &z% $ #z >"z#$1z6 G!"� �.�
5!#-&"$"'.&-K "z=)$&$. G"!&K:.##46 =!# a0$#>."!)m #z>".&!>! >z=z !%!3!
-&.#%$ %z#z3z�

�*!#�&!��&

�� �� 3�k1�W �c�yc� h{c� cg dc�jf� zg� gzgf�yc�c�h ji�igs jihizj�~ zg� csh
�fhhc}{i zd�{c��zscfgh� �z} �~c�? �@@D? ��D? �����
@��

�� �� &�W( �( �WW �zhs dzhh sjzgh�fjs s~jfy�~ hy}�gzgfdisij �zj}fg
gzgfsy}ih� A�cig�i ��
��? �� Zzr �@@��


� c+� , &� \~i }{ygs }f�r �jf}{id cg ~r�ijhfgc� �f� zs {f� kirgf{�h
gyd}ij ww ,[A Yz�ij� ���
�   �
���� �@@�

F� R��1� � Ta� ��,�S R^� *���1�� a$ Pg z��{c�zscfg �fgscgyyd df�i{h
|fj sjzghcscfgz{ ~r�ijhfgc� }{ygs }f�r �jf}{idh� YZZ �@@� � �? �� D@@�
D���

�� ���1�S $$ eyd��A{c� hcdy{zscfg si�~gc�yi |fj �fd}yhscfg cg hy}dc�jfg
sy}ih zg� hy}dc�jfg �fjih� ww �fd�ysijh zg� �{yc�h ��� a�@�Fm? ��� E
����

�� ���1�S $$ Zc�jf zg� dz�jf h�z{i si�~gc�yi |fj hsjfg�{r �fy�{i� s�f�
�~zhi �f�h hcdy{zscfg�ww �fd�ysijh ¡ �{yc�h� �@@�� 
E� �F
���FFF�

D� $$ ���1�S� T$ 5�W��� �S� � - �. ���(����0� Acdy{zscfg f| |jfgs
dfscfg cg z jiz�scg� �fg�ighi� s�f �~zhi dctsyji? e� �fd�ys� Y~rh�
+f{ydi �
�? ,hhyi �@? �� [y�yhs �@��? Yz�ih �D�FN�D�F a�@��m�

E� 5�� 1/���� �(�1�� �$ lc�yhcfg zg� ]izs \jzgh|ij cg �~idc�z{ bcgisc�h�
acg kyhhczgm Y� F�� Czy�z Yy}{ch~ij� ��ED�
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�����,
�	��	���� ����	
����
����
�	 ����	� 
 ��D=E
�
G����	�� ��������1

�&�!�%("& �+
+
������ 0!1� �	��	�*��*2	��

	"#�#%*#

�--3.(!)7# %37-- G".(! '-3!)3$)7&.3./ (3K ".2.#$K -$-&.5 3$#./#46
73>. "7$H.-%$6 '"7)#.#$/ - #.o"5$&!)!/ G!3!:$&.3;#! !G".(.3.##!/ 57&�
"$1./? G!-&"!.##4/ #7 !-#!). o"5$&!)!>! $ %!-!o"5$&!)!>! "7-n.G3.#$K
57&"$14 -$-&.54� �7#! .>! ! ! n.#$. (3K ".2.#$K -$-&.5 '"7)#.#$/ - -.(�
3!)!/ 57&"$1./? %!&!"7K $5..& G!3'!G".(.3.##4/ $3$ )4"!:(.##4/ (1, 1)
 3!%� �3K ".2.#$K &7%$6 -$-&.5 $-G!3;=!)7# 5.&!( "7-2$".##!>! �7>"7#�
:$7#7� �!%7=7#!? H&! $-G!3;=!)7#$. "7--5!&".##46 G".(! '-3!)3$)7&.3./
o00.%&$)#! G"$ $&."71$!##!5 ".2.#$$ -$-&.5 3$#./#46 73>. "7$H.-%$6
'"7)#.#$/ 5.&!(!5 _Zk^A�

� �($!&%("'& 3&�&/*

�.!"$K $&."71$!##46 5.&!(!) (3K -$-&.5 3$#./#46 73>. "7$H.-%$6
'"7)#.#$/ a����m ! 2$"#7 $ (!-&7&!H#! "7=)$&7� �"$ ".2.#$$ ���� !(�
#$5 $= %3JH.)46 G!#K&$/ K)3K.&-K G".(! '-3!)3$)7#$.? &�.� )4 !" #.%!&!�
"46 57&"$1? -'n.-&).##! )3$KJn$6 #7 -%!"!-&; -6!($5!-&$ $&."71$!##46
5.&!(!)�

�(#$5 $= 7%&'73;#46 #7G"7)3.#$/ ) &.!"$$ $&."71$!##46 5.&!(!) K)�
3K.&-K .. "7=)$&$. (3K ".2.#$K 2$"!%!>! %37--7 -.(3!)46 =7(7H p�q� �"$�
5.#$&.3;#! % ���� o&! !=#7H7.&  3!H#'J -&"'%&'"' 57&"$14 -$-&.54?
%!&!"7K 5!:.&  4&; %7% o"5$&!)!/? &7% $ #.o"5$&!)!/� �.!"$K ".37%-71$�
!##46 $ ! ! n.##46 5.&!(!) (3K ".2.#$K -.(3!)46 =7(7H? 7 &7%:. G"!�
 3.54 G".(! '-3!)3$)7#$K $ !G&$5$=71$$ $&."71$!##46 5.&!(!) G!("! #!
$--3.(!)7#4 ) p�q� �3K ".2.#$K ����  !3;2!/ "7=5."#!-&$? %7% G"7)$3!?
$-G!3;='J&-K 5.&!(4 G!(G"!-&"7#-&) �"43!)7? #! !#$ $5.J& -37 'J -%!�
"!-&; -6!($5!-&$? %!>(7 G"$5.#KJ&-K % -.(3!)45 =7(7H75� �!o&!5' &".�
 '.&-K -!=(7#$. 6!"!2$6 G".(! '-3!)3$)7&.3./ (3K &!>!? H&! 4 '3'H2$&;
-%!"!-&; -6!($5!-&$ (7##46 5.&!(!)�

�7--5!&"$5 $&."71$!##!. ".2.#$.  !3;2!/ "7=".:.##!/ ����

Av = b, b ∈ C
n, a�m

1������ ����	
�
� �� �
�
����� ��������� C
���
�#� �� �/��. 6���
� 8<D��� ��6���% +���'!�
������ �-���  ���� �/��
�� , ��������--���  ,�����������EFGH�A!
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>(. A ∈ C
n×n < #.o"5$&!)7 G!3!:$&.3;#! !G".(.3.##7K 57&"$17�

�7&"$1' A -$-&.54 a�m G".(-&7)$5 ) )$(. -'554 o"5$&!)!/ $ %!-!o"�
5$&!)!/ H7-&./

A = A0 +A1, a�m

>(.

A0 =
1

2
(A+A∗), A1 =

1

2
(A−A∗). a
m

�!3!:$&.3;#7K !G".(.3.##!-&; A !=#7H7.&? H&! (3K 3J !>! x ∈ Cn \ {0} ?
x∗A0x > 0 � �'(.5 G".(G!37>7&;? H&! ) #.%!&!"!/ 57&"$H#!/ #!"5. ||| · ||| ?
|||A0||| << |||A1||| ? &�.� 57&"$17 A K)3K.&-K -$3;#! #.o"5$&!)!/ p
q� W&7 -$�
&'71$K )!=#$%7.&? #7G"$5."? G"$ ($-%".&$=71$$ '"7)#.#$/ �7);.��&!%-7?
%!>(7 %!#).%&$)#4. H3.#4 -$3;#! (!5$#$"'J& pFq� �"!5. &!>!? ) (7##!/
"7 !&. G".(G!37>7.&-K? H&! diag(A1) = 0 � W&! '-3!)$. '(!)3.&)!"K.&-K 7)�
&!57&$H.-%$? .-3$ o3.5.#&4 57&"$14 A ).n.-&).##4.�

�".(-&7)$5 %!-!o"5$&!)' H7-&; A1 57&"$14 A ) )$(.

A1 = KL +KU , aFm

>(. KL $ KU -&"!>! #$:#.� $ )."6#.&".'>!3;#7K 57&"$17 -!!&).&-&).##!�
�H.)$(#!? H&! KL = −K∗

U �
�!3;2$#-&)! $= -'n.-&)'Jn$6 G".(! '-3!)3$)7&.3./ #7G"7)3.#4 #7

'3'H2.#$. -)!/-&) o"5$&!)!/ H7-&$ -$-&.54 a�m? &!>(7 %7% H7-&! $-&!H�
#$%!5 H$-3.##46 &"'(#!-&./ K)3K.&-K G3!6! ! '-3!)3.##7K %!-!o"5$&!)7
H7-&; 57&"$14 ����� �7 !-#!). "7-n.G3.#$/ a�m�aFm ) p�? �? D? Eq G".(3!:.�
#4 $ $--3.(!)7#4 %37--4 &".'>!3;#46 a���m $ G!G.".5.##!�&".'>!3;#46
a����m %!-!o"5$&!)46 a$3$ %!-!-$55.&"$H.-%$6 ) ).n.-&).##!5 -3'H7.m
$&."71$!##46 5.&!(!) (3K ".2.#$K -$-&.54 a�m�  (7##!/ "7 !&. "7--57&�
"$)7J&-K 5.&!(4? !&#!-Kn$.-K % �����

 p�q $--3.(!)7# -!!&).&-&)'Jn$/ ()'6G7"75.&"$H.-%$/ 5.&!(? (!%7=7#7
.>! -6!($5!-&;? (7#4 !1.#%$ !G&$573;#46 $&."71$!##46 G7"75.&"!)� �3K
o&!>! 5.&!(7

B(ω1, ω2) = (Bc + ω1KL)B
−1
c (Bc + ω2KU), a�m

>(. ω1 $ ω2 < #.!&"$17&.3;#4. G7"75.&"4? #. "7)#4. #'3J !(#!)".5.##!�
 p�@? ��q G".(3!:.# ()'627>!)4/ %!-!o"5$&!) $&."71$!##4/ 5.&!(

a���m? K)3KJn$/-K ! ! n.#$.5 ����? (7#4 (!-&7&!H#4. '-3!)$K -6!�
($5!-&$ 5.&!(7 $ )4 !" !G&$573;#46 $&."71$!##46 G7"75.&"!)� �7&"$17
B(ω) (3K ��� $5..& )$(

B(ω) = (Bc +
ω

2
K̂L)B

−1
c (Bc +

ω

2
K̂U), a�m

>(.

K̂L = KL +H0, K̂U = KU −H0,
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H0 ∈ C
n×n < #.%!&!"7K o"5$&!)7 57&"$17? Bc ∈ C

n×n < o"5$&!)7 G!3!:$�
&.3;#! !G".(.3.##7K 57&"$17� �H.)$(#!? H&!

K̂L = −K̂∗
U , A1 = (KL +H0) + (KU −H0) = K̂L + K̂U .

 -3'H7.? %!>(7 H0 = 0 ? ��� -)!($&-K % ����8 -G.1$73;#4/ )4 !"
57&"$14 H0 p�@q G!=)!3K.& '3'H2$&; -6!($5!-&; 5.&!(7�

 p�q 7)&!"75$ G".(3!:.# ! ! n.##4/ %!-!o"5$&!) &".'>!3;#4/ 5.&!(
_A\A a_igijz{cui� A�i��]ijdcsczg \jczg�y{zj A�{csscg�m? K)3KJn$/-K ! ! �
n.#$.5 ()'6G7"75.&"$H.-%!>! 5.&!(7 - B(ω1, ω2) $= a�m (3K ".2.#$K -.(�
3!)46 ����?  3!H#!�-&"'%&'"$"!)7##7K 57&"$17 %!&!"46 $5..& G!3!:$�
&.3;#! !G".(.3.##4/ a�? �m  3!%� �!%7=7#7 -6!($5!-&; 5.&!(7 $ (7#4 !1.#%$
$&."71$!##46 G7"75.&"!)�

 (7##!/ "7 !&. $--3.('J&-K -)!/-&)7 57&"$14 B(ω) $= a�m? $-G!3;�
='.5!/ ) %7H.-&). G".(! '-3!)3$)7&.3K (3K ".2.#$K ���� a�m� �!%7=7#7
3.557 ! 3!%73$=71$$ -G.%&"7 G".(! '-3!)3.##!/ 57&"$14 B(ω)−1A $ &.!�
".57 ! 7-$5G&!&$H.-%!/ -%!"!-&$ -6!($5!-&$ G".(! '-3!)3.##!>! 5.&!(7
_Zk^A (3K H7-&#!>! -3'H7K? %!>(7 57&"$17 B(ω)−1A K)3K.&-K ($7>!#73$�
=$"'.5!/� �3K ! n.>! -3'H7K G!(! #46 !1.#!% G!3'H$&; #. '(7.&-K�

�3K -.(3!)46 =7(7H "7--5!&".#  !3.. ! n$/ -3'H7/? %!>(7 a�? �m 57&"$H�
#4/  3!%  3!H#!�-&"'%&'"$"!)7##!/ ���� K)3K.&-K G!3!:$&.3;#! G!3'�
!G".(.3.##45 $3$ )4"!:(.##45� �3K ".2.#$K ���� - &7%!/ 57&"$1./ $-�
G!3;='.&-K 5.&!( "7-2$".##!>! �7>"7#:$7#7� �!%7=7#7 &.!".57 ! "7-G".�
(.3.#$$ -G.%&"7 57&"$14 B−1(ω1, ω2)A ? >(. G".(! '-3!)3$)7&.3; B(ω1, ω2)
.-&; ! ! n.#$. B(ω1, ω2) $= a�m (3K -.(3!)46 =7(7H� �!3'H.##4/ ".='3;&7&
G!=)!3K.& #7$3'H2$5 ! "7=!5 )4 $"7&; 57&"$14? #.! 6!($54. (3K G!-&"!�
.#$K (7##!>! G".(! '-3!)3$)7&.3K�

�� �#4#%*# 
��, $ %#A�:*!("(? >(1(F*!#12%( (>�#�
�#1#%%(? :&!�*9#? :#!(�(: ���RSLTPU

�".(-&7)$5 57&"$1' B(ω) ? !G".(.3K.5'J a�m? &7% :.? %7% $ $-6!(#'J
57&"$1' A ? ) )$(. -'554 .. o"5$&!)!/ $ %!-!o"5$&!)!/ H7-&./� �!>(7

B(ω) = B0(ω) +B1(ω), aDm

>(. {
B0(ω) =

1
2(B(ω) +B(ω)T ) = Bc + (ω2 )

2K̂LB
−1
c K̂U ,

B1(ω) =
1
2(B(ω)−B(ω)T ) = ω

2 (K̂L + K̂U) =
ω
2A1.

�".(G!3!:$5? H&!

0 < αhI ≤ A0 ≤ βhI, 0 < αcI ≤ Bc ≤ βcI,

αlI ≤ K̂LB
−1
c K̂U ≤ βlI, αsI ≤ B0(ω) ≤ βsI,
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>(. I � .($#$H#7K 57&"$17� �!-%!3;%' A0 $ Bc < o"5$&!)4 G!3!:$&.3;#!
!G".(.3.##4. 57&"$14? B0(ω) $ K̂LB

−1
c K̂U < o"5$&!)4 57&"$14? &! >"7#$�

14 αξ $ βξ ? ξ = h, c, l, s 3.>%! )4H$-3KJ&-K�
�!&". '.5 G!3!:$&.3;#!/ !G".(.3.##!-&$ B(ω) $= aDm� �!-%!3;%' 57&�

"$17 K̂LB
−1
c K̂U K)3K.&-K !&"$17&.3;#! !G".(.3.##!/? &! B0(ω) > 0 ? .-3$

ω ∈ (0, ωmax) ? >(.

ωmax = 2

√(
−αc
αl

)
.

S75.&$5? H&! αl $ βl '(!)3.&)!"KJ& -3.('Jn$5 #."7).#-&)75	

αs ≥ αc +
(ω
2

)2

αl, βs ≤ βc +
(ω
2

)2

βl.

�3.('Jn7K 3.557 !G".(.3K.& 3!%73$=71$J -G.%&"7 G".(! '-3!)3.##!/
57&"$14 ���� a�m ) -3'H7. G"$5.#.#$K ����G".(! '-3!)3$)7&.3K a�m� �'�
(.5 ! !=#7H7&; -G.%&" 57&"$14 A %7% σ(A) �

1�

� �! ]E�>D A�>	�9m A � B(ω) �� owq L
�
f�>:�D�
 
L	:�:�:/
�m J
K�� σ(B(ω)−1A) �
�:	f�>�� � 
��
A �� ��:�EHx�Q >	:Q ?	EK
�y

C1 y
(
x−

(
βh
2αh

+ 1
ω

))2

+ y2 =
(
βh
2αh

− 1
ω

)2

� :��� αh

βs
≥ 2

ω �

C2 y
(
x−

(
αh

2βs
+ 1

ω

))2

+ y2 =
(
αh

2βs
− 1

ω

)2

� :��� βh
αs

≤ 2
ω �

C3 y
(
x− 1

2

(
βh
αs

+ αh

βs

))2

+ y2 = 1
4

(
βh
αs

− αh

βs

)2

� :��� αh

βs
≤ 2

ω
≤ βh

αs


 ��.�	��3�	��! �'-&; λ ∈ C ? λ ∈ σ(B(ω)−1A) $ x ∈ Cn < -!!&).&�
-&)'Jn$/ -! -&).##4/ ).%&!"� �!>(7

B(ω)−1A =
(
B0(ω) +

ω

2
A1

)−1

(A0 +A1)

$
λB(ω)x = Ax,

λ =
x∗Ax

x∗B(ω)x

=
x∗A0x+ x∗A1x

x∗B0(ω)x+
ω
2 · x∗A1x

=

x∗A0x
x∗B0(ω)x

+ x∗A1x
x∗B0(ω)x

1 + ω
2 · x∗A1x

x∗B0(ω)x

=
2

ω
+

x∗A0x
x∗B0(ω)x

− 2
ω

1 + ω
2 · x∗A1x

x∗B0(ω)x

.



)������� # 
 !"���&%
���������� �#�"�+����,-    �F�

�.>%! G!%7=7&;? H&! .-3$ λ = a + b
1+i·c ? &! (3K ∀a, b, c ∈ R )-. λ 3.:7& #7

!%"':#!-&$ - 1.#&"!5 (a+ 1
2b, 0) $ "7($'-!5 1

2 |b| ? >(. i < 5#$57K .($#$17�
�3K '(! -&)7 )).(.5 ).3$H$#4	

m =
x∗A0x

x∗B0(ω)x
, η =

1

i
· x∗A1x

x∗B0(ω)x
.

�!>(7

λ =
2

ω
+

m− 2
ω

1 + i · ω2η
.

�3.(!)7&.3;#!? -! -&).##4. =#7H.#$K λ 57&"$14 B(ω)−1A 3.:7& #7
!%"':#!-&$ - 1.#&"!5 (

m

2
+

1

ω
, 0

)
$ "7($'-!5 ∣∣∣∣m2 − 1

ω

∣∣∣∣ .
�!-%!3;%' αh

βs
≤ m ≤ βh

αs
? &! )-. o&$ !%"':#!-&$ -!(.":7&-K ) %"'>76(

x−
(
αh
2βs

+
1

ω

))2

+ y2 =

(
αh
2βs

− 1

ω

)2

$ (
x−

(
βh
2αs

+
1

ω

))2

+ y2 =

(
βh
2αs

− 1

ω

)2

.

�H.)$(#!? H&! o&$ %"'>$ %7-7J&-K ) &!H%. ( 2ω , 0) ? 7 ()'5K ("'>$5$ &!H%75$
G.".-.H.#$K - !-;J 7 -1$-- K)3KJ&-K (αh

βs
, 0) $ (βhαs

, 0) � !=5!:#4 &"$ -3'H7K
"7-G!3!:.#$K (7##46 &!H.% #7 !-$ 7 -1$--	

αh
βs

≥ 2

ω
,

βh
αs

≤ 2

ω
,

αh
βs

≤ 2

ω
≤ βh
αs
,

) -!!&).&-&)$$ - %!&!"45$ $ G!3'H7.5 3!%73$=71$J -G.%&"7 57&"$14
B(ω)−1A ) !(#!5 $= %"'>!) C1 ? C2 $3$ C3 � �.557 (!%7=7#7�

�.G.";? $-G!3;='K �.55' �? 5!:#! G!3'H$&; -3.('Jn$/ ".='3;&7& (3K
!1.#%$ 7-$5G&!&$H.-%!/ -%!"!-&$ -6!($5!-&$ 5.&!(7 ��� � _Zk^A�

(����
� �! ]E�>D A�>	�9m A � B(ω) �� owq L
�
f�>:�D�
 
L	:/
�:�:�m� � A�>	�9� B(ω)−1A ����:>�� ���K
������	E:A
8 J
K�� ���AL/
>
>�`:�?�� �?
	
�>D �Q
��A
�>� L	:�
<E��
��:��
K
 A:>
�� a��3. �



�F� 	
��������� ������� ��������������� ������������	

��L
�D�
����:A �;�/L	:�
<E��
�����>:�� ��� 	:I:��� =M�v opq 
L	:�:/
��:>�� �:��`��
8

�
(
Υ
(
B(ω)−1A

))
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
βh
2αs

− 1
ω

)
/
(
βh
2αs

+ 1
ω

)
, :��� αh

βs
≥ 2

ω ,(
1
ω − αh

2βs

)
/
(

1
ω + αh

2βs

)
, :��� βh

αs
≤ 2

ω ,(
βh
αs

− αh

βs

)
/
(
βh
αs

+ αh

βs

)
, :��� αh

βs
≤ 2

ω
≤ βh

αs
.

aEm

 ��.�	��3�	��! �'(.5 $-G!3;=!)7&; ��� (3K '-%!".#$K 5.&!(7
_Zk^A p�Fq�  o&!5 -3'H7. p�K #.)K=%7 G".(! '-3!)3.##!>! _Zk^A 5!�
:.&  4&; )4"7:.#7 -3.('Jn$5 ! "7=!5	

r(p) = B(ω)−1(b−Av(p)) = Pp(B(ω)−1A)r(0), Pp ∈ Πp, Pp(0) = 1,

>(. Πp < 5#!:.-&)! G!3$#!5!) -&.G.#$ #. )42.? H.5 p � �7 %7:(!5 $&."7�
1$!##!5 27>. _Zk^A )4H$-3.#$K !-'n.-&)3KJ&-K &7%$5 ! "7=!5? H&!

‖r(p)‖2 = min
Pp∈Πp,Pp(0)=1

{
‖Pp(B(ω)−1A)r(0)‖2

}
.

�-3$ 57&"$17 B(ω)−1A K)3K.&-K ($7>!#73$=$"'.5!/ $ B(ω)−1A = XΛX−1 ?
&!

‖r(p)‖2
‖r(0)‖2 ≤ 12(X) · min

Pp∈Πp,Pp(0)=1
max

λ∈Υ(B(ω)−1A)
|Pp(λ)| ,

>(. 12(X) = ‖X‖2‖X−1‖2 � �!>(7 -6!($5!-&; 5.&!(7 _Zk^A !G".(.3K.&-K
).3$H$#!/ p�Fq

�p(Υ(B(ω)−1A)) = min
Pp∈Πp,Pp(0)=1

max
λ∈Υ(B(ω)

−1
A)
|Pp(λ)| ,

>(. Υ(B(ω)−1A) < 5#!:.-&)!? -!(.":7n.. -G.%&" 57&"$14 B(ω)−1A � �!�
!&).&-&)'Jn7K 7-$5G&!&$H.-%7K -%!"!-&; -6!($5!-&$ G".(! '-3!)3.##!>!
5.&!(7 _Zk^A !G".(.3K.&-K -3.('Jn$5 ! "7=!5

�p(Υ(B(ω)−1A)) = lim
p→∞ �p(Υ(B(ω)−1A))

1
p .

�'-&; E(a, b, c, d) < o33$G- - 1.#&"!5 ) &!H%. d ? 0!%'-75$ d± c $ G!3'�
!-K5$ a $ b ? >(. c2 = a2 − b2 � �!>(7? .-3$ $=).-&#!? H&! Υ(B(ω)−1A) -!(."�
:$&-K ) o33$G-. E(a, b, c, d) ? %!&!"4/ "7-G!3!:.# ) G"7)!/ G!3'G3!-%!-&$
$ #. )%3JH7.& #7H73! %!!"($#7&? &! 7-$5G&!&$H.-%7K -%!"!-&; -6!($5!-&$
G".(! '-3!)3.##!>! 5.&!(7 _Zk^A 5!:.&  4&; )4"7:.#7 ).3$H$#!/ p�Fq	

�(Υ(B(ω)−1A)) =
a+ b

d+
√
d2 − c2

. a�m



)������� # 
 !"���&%
���������� �#�"�+����,-    �FD

�!>(7 o33$G- E(a, b, c, d) ? $5.Jn$/ #7$5.#;2'J G3!n7(; $= )-.6 o33$G�
-!)? -!(.":7n$6 -G.%&" 57&"$14 B(ω)−1A ? !G$-4)7.&-K -3.('Jn$5$ &".5K
>"'GG75$ G7"75.&"!) (c = 0) 	⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a = βh
2αs

− 1
ω , b = βh

2αs
− 1

ω , d = βh
2αs

+ 1
ω , .-3$ αh

βs
≥ 2

ω ,

a = 1
ω − αh

2βs
, b = 1

ω − αh

2βs
, d = αh

2βs
+ 1

ω , .-3$ βh
αs

≤ 2
ω ,

a = 1
2

(
βh
αs

− αh

βs

)
, b = 1

2

(
βh
αs

− αh

βs

)
, d = 1

2

(
βh
αs

+ αh

βs

)
, .-3$ αh

βs
≤ 2

ω ≤ βh
αs
.

�!(-&7)3KK =#7H.#$K G7"75.&"!) a, b, d ) a�m? G!3'H7.5 aEm� �.!".57 (!�
%7=7#7�

��� ��#�(0�$1("1*"&%*# 
��, $ $#�1("(? :&!�*9#?

���� - -.(3!)!/ 57&"$1./ )!=#$%7J& )! 5#!>$6 ! 37-&K6	 57&.57&$H.�
-%!. G"!>"755$"!)7#$.? )4H$-3$&.3;#7K >$("!($#75$%7? '-3!)#7K !G&$5$�
=71$K $ ("� p�q�

O7"7%&."#!/ =7(7H./? G"$)!(Kn./ % ".2.#$J &7%!/ ����? K)3K.&-K -3.�
('Jn7K =7(7H7 %)7("7&$H#!>! G"!>"755$"!)7#$K	 #.! 6!($5! #7/&$ 5$#$�
5'5 u 1.3.)!>! 0'#%1$!#737 J(u) ≡ 1

2u
∗Mu − u∗f G"$ #73$H$$ q ≤ p

3$#./#46 !>"7#$H.#$/ Eu = g 	(
M E∗
E 0

)(
u
μ

)
=

(
f
g

)
, a�@m

>(. M = M∗ ∈ Cp×p < G!3!:$&.3;#! G!3'!G".(.3.##7K 57&"$17? E ∈ Cq×p
< G"K5!'>!3;#7K 57&"$17 G!3#!>! "7#>7? q ≤ p ? u, f ∈ Cp ? μ, g ∈ Cq �

�7##!/ =7(7H. -!!&).&-&)'.& 0'#%1$!#73 �7>"7#:7 L(u, μ) = J(u) +
μ∗(Eu − g) ? >(. μ < ).%&!" �7>"7#:.)46 5#!:$&.3./� �7&"$17 M .-&;
>.--$7# 5$#$5$=$"'.5!/ %)7("7&$H#!/ 0'#%1$$? E < K%! $7# 3$#./#46
!>"7#$H.#$/�

(����
� L! zps{ ��>	�9� <�
`�
/�>	E?>E	�	
����
8 =M�v o|q
�:�m	
f�:�� >
K�� � >
�D?
 >
K��� ?
K��y{

rank(E∗) = q,
ker(E) ∩ ker(M) = {0}.

�'n.-&)'J& "7=3$H#4. G!(6!(4 % ".2.#$J ���� -! =#7%!#.!G".(.�
3.##!/ 57&"$1./� �#!>(7 .. G".! "7='J& % G!3!:$&.3;#! !G".(.3.##!/
0!"5.? #! G"$ o&!5 5!:.& -$3;#! '6'(27&;-K ! '-3!)3.##!-&; -$-&.54�
�!:#! G"$5.#K&; 5.&!(4? G!(6!(Kn$. (3K ".2.#$K =#7%!#.!G".(.3.##46



�FE 	
��������� ������� ��������������� ������������	

-$-&.5�  (7##!/ "7 !&. $-G!3;='.&-K &".&$/ G!(6!( < G".! "7=!)7#$. aEm
% o%)$)73.#&#!/ #.o"5$&!)!/ ����? 57&"$17 %!&!"!/ $5..& -G.%&"? 3.:7�
n$/ ) G"7)!/ G!3'G3!-%!-&$ p�? Dq� �.".G$2.5 -$-&.5' aEm ) #.o"5$&!)!/
0!"5.	 (

M E∗
−E 0

)(
u
μ

)
=

(
f
−g

)
. a��m

�7--5!&"$5 -3'H7/? %!>(7 (1, 1) 57&"$H#4/  3!% G!3'!G".(.3.# $3$ )4�
"!:(.#� �'(.5 $-G!3;=!)7&; 5.&!( "7-2$".##!>! �7>"7#:$7#7? %!&!"4/
-!-&!$& ) =75.#. a��m #7 ����

AD =

(
M̃ E∗
−E 0

)(
u
μ

)
=

(
f + γE∗g

−g
)

= M, a��m

) %!&!"!/ M =75.#K.&-K #7 57&"$1' M̃ ≡ M + γE∗E ? K)3KJn'J-K G!3!�
:$&.3;#! !G".(.3.##!/ (3K )-.6 γ > 0 ? .-3$ E $5..& G!3#4/ "7#> p�? Fq�
�H.)$(#!? H&! a�@m $5..& &! :. -75!. ".2.#$.? H&! $ a��m� �7$ !3.. o00.%�
&$).# )4 !" γ = ‖M‖2/‖E‖22 pFq�  o&!5 -3'H7. H$-3! ! '-3!)3.##!-&$ %7%
(1, 1)  3!%7? &7% $ )-./ 57&"$14 %!o00$1$.#&!) K)3K.&-K #7$5.#;2$5� �"!�
5. &!>!? ) pFq G!%7=7#!? H&! (3K G!3!:$&.3;#! G!3'!G".(.3.##!/ 57&"$14
M -'n.-&)'.& $#&.")73 =#7H.#$/ γ ? (3K %!&!"46 -G.%&"73;#4. -)!/-&)7 $
! '-3!)3.##!-&; 57&"$14 ���� a�@m 3'H2.? H.5 (3K a��m�

�!%73$=71$K -G.%&"7 57&"$14 A ) G"7)!/ G!3'G3!-%!-&$ K)3K.&-K G".(�
G!H&$&.3;#!/ G"$ $-G!3;=!)7#$$ #.%!&!"46 5.&!(!) G!(G"!-&"7#-&) �"4�
3!)7? &7%$6 %7% _Zk^A� �.5 #. 5.#..? -&!$& !&5.&$&;? H&! %7%!/  4 #$
 437 0!"5'3$"!)%7 -.(3!)!/ =7(7H$ ao"5$&!)!/ =#7%!#.!G".(.3.##!/ $3$
#.o"5$&!)!/ G!3!:$&.3;#! !G".(.3.##!/m? -6!($5!-&; o&$6 5.&!(!)  '(.&
-37 !/  .= $-G!3;=!)7#$K 6!"!2$6 G".(! '-3!)3$)7&.3./�

�".(-&7)$5 57&"$1' A $= a�@m? 7#73!>$H#! a�m? ) )$(. -'554 .. o"5$�
&!)!/ $ %!-!o"5$&!)!/ -!-&7)3KJn$6	

A = A0 +A1,

>(.

A0 =
1

2
(A+A∗), A1 =

1

2
(A−A∗)

$

A0 =

[
M̃ 0
0 0

]
, A1 =

[
0 E∗

−E 0

]
.

�!-!o"5$&!)' 57&"$1' A1 ? ) -)!J !H.".(;? G".(-&7)$5 ) )$(.	

A1 = KL +KU =

[
0 0

−E 0

]
+

[
0 E∗
0 0

]
,



)������� # 
 !"���&%
���������� �#�"�+����,-    �F�

>(. 0 < #'3.)7K 57&"$17 G!(6!(Kn./ "7=5."#!-&$? KL $ KU < -&"!>! #$:#.�
$ -&"!>! )."6#.&".'>!3;#4. 57&"$14? KL = −K∗

U �
�G".(.3$5 57&"$1' BC -3.('Jn$5 ! "7=!5	

BC =

[
B1 0
0 B2

]
,

>(. B1 $ B2 < o"5$&!)4 #.)4"!:(.##4. 57&"$14�
_A\A � G".(! '-3!)3$)7&.3; !G".(.3K.&-K -3.('Jn$5 ! "7=!5 p�q	

B(ω1, ω2) = (BC + ω1KL)B−1
C (BC + ω2KU) a�
m

$3$? )  3!H#!/ 0!"5.?

B(ω1, ω2) =

[
B1 0

−ω1E B2

] [
B−1

1 0
0 B−1

2

] [
B1 ω2E

∗
0 B2

]
=

[
B1 ω2E

∗

−ω1E B2 − ω1ω2EB
−1
1 E∗

]
,

>(. ω1 $ ω2 < #.!&"$17&.3;#4. G7"75.&"4? #. "7)#4. #'3J !(#!)".5.##!�
!=;5.5 ) %7H.-&). 57&"$14 B1 = M̃ � �G!-! 4 )4 !"7 57&"$14 B2

"7--5!&"$5 G!=(#..� �!>(7

B(ω1, ω2) =

[
M̃ ω2E

∗

−ω1E B2 − ω1ω2EM̃
−1E∗

]
=

[
M̃ ω2E

∗

−ω1E B2 − ω1ω2S̃

]
,

>(. S̃ = EM̃−1E∗ < (!G!3#.#$. R'"7 (3K M̃ �
�".(! '-3!)3.##7K a-3.)7m  3!H#!�-&"'%&'"$"!)7##7K ���� $5..& )$(	

B−1(ω1, ω2)AD = B−1(ω1, ω2)M. a�Fm

�--3.('.5 -G.%&" G".(! '-3!)3.##!/ 57&"$14 $= a�Fm�

(����
� �! ]E�>D A�>	�9m A � B(ω1, ω2) 
L	:�:��H>�� op}q � op~q�

�

>�:>�>�:��
� � B1 = M̃  ]E�>D λ ∈ σ(B−1(ω1, ω2)A)  J
K�� ��� �
</
�>�:��mQ `��:� L	:�
<E��
��:��
8 A�>	�9m �A::> A:�>
 �m	�f:��:

λ =
ν − ω̃ξ ±√

(ν − ω̃ξ)2 − 4ξν

2ν
,

K�: ξ = z∗S̃z
z∗z , ν = z∗B2z

z∗z � � L�	�A:>	 ω̃ = ω1ω2 − ω1 − ω2 

 ��.�	��3�	��! �'-&; λ ∈ σ(B−1(ω1, ω2)A) $ (y∗, z∗)∗ ∈ C
p+q < -!!&�

).&-&)'Jn$/ -! -&).##4/ ).%&!"? >(. y ∈ Cp ? z ∈ Cq � �!>(7 $5..5[
M̃ E∗
−E 0

] [
y
z

]
= λ

[
M̃ ω2E

∗

−ω1E B2 − ω1ω2S̃

] [
y
z

]



��@ 	
��������� ������� ��������������� ������������	

$3$? o%)$)73.#&#!? {
(1− λ)M̃y = (λω2 − 1)E∗z,
(λω1 − 1)Ey = λB2z − λω1ω2S̃z.

a��m

�'-&; λ �= 1 �  G"!&$)#!5 -3'H7.? .-3$ λ = 1 ? '"7)#.#$K a��m -)!(K&-K
% {

(ω2 − 1)E∗z = 0,

(ω1 − 1)Ey = B2z − ω1ω2S̃z,
a��m

$ -'n.-&)'.& #.#'3.)!/ ).%&!" (y∗1, 0)
∗ ∈ Cp+q \ {0} &7%!/? H&! '"7)#.#$K

a��m -G"7).(3$)4 (3K y1 ∈ Cp \ {0} � �-3$ λ �= 1 ? &! $= G.")!>! '"7)#.#$K
a��m $5..5	

y =
λω2 − 1

1− λ
M̃−1E∗z.

�!(-&7)3KK o&! -!!&#!2.#$. )! )&!"!. '"7)#.#$. ) a��m? G!3'H7.5(
(λω1 − 1)(λω2 − 1)

1− λ
+ λω1ω2

)
S̃z = λB2z,

$3$
(λω̃ + 1)S̃z = λ(1− λ)B2z, a�Dm

>(. ω̃ = ω1ω2 − ω1 − ω2 � �3K '(! -&)7 )).(.5 ).3$H$#4

ξ =
z∗S̃z
z∗z

, ν =
z∗B2z

z∗z
,

&!>(7? G!-3. '5#!:.#$K a�Dm -3.)7 #7 z∗ $ (.3.#$K #7 z∗z ! .$6 H7-&./ o&!>!
)4"7:.#$K? G!3'H7.5	

(λω̃ + 1)ξ = λ(1− λ)ν,

&�.� λ K)3K.&-K %!"#.5 %)7("7&#!>! '"7)#.#$K

νλ2 − (ν − ω̃ξ)λ+ ξ = 0. a�Em

�= a�Em #.G!-".(-&).##! -3.('.& '&).":(.#$. �.!".54 
� �.!".57 (!%7=7#7�
S75.&$5? H&! %!>(7 ω̃ = −1 ? %!"#K5$ a�Em K)3KJ&-K λ = 1 $ λ = ξ/ν �
�"7%&$H.-%$/ )4)!(? %!&!"4/ -3.('.& $= (!%7=7##!/ &.!".54? -3.('J�

n$/� �-3$ ω̃ = −1 $ ξ = ν ? &! )-. -! -&).##4. H$-37 G".(! '-3!)3.##!/
57&"$14 B−1(ω1, ω2)A "7)#4 1 ? 7 o&! !=#7H7.&? H&! (3K o00.%&$)#!-&$ "7-�
-5!&".##!>! G".(! '-3!)3$)7&.3K 57&"$17 B2 (!3:#7 57%-$573;#! '(7H#!
7GG"!%-$5$"!)7&; (!G!3#.#$. R'"7 S̃ �

 H7-&#!-&$? .-3$ B2 = S̃ $ ω1 = ω2 = 1 ? &! G".(! '-3!)3.##7K 57&"$17
$5..& G"!-&'J  3!H#'J 0!"5'	

B−1(ω1, ω2)A =

[
I (M̃−1 − I)E∗
0 I

]
.



)������� # 
 !"���&%
���������� �#�"�+����,-    ���

�*!#�&!��&

�� � R� [�� a& a�W!%� � X���� Cydijc�z{ hf{yscfg f| hz��{i �fcgs
�jf}{idh� [�sz Cydijc�z� �@@�� +f{� �F� Y� �<�
D�

�� Fm`:�?
� i�� n�f
�?
� Y� �&."71$!##4. 5.&!(4 ".2.#$K -.(�
3!)46 =7(7H� �!-%)7	 �����? �@�@� 
F� -�


� ;	E?�:	 M� �.K)#4. "7=#!-&#4. -6.54 $ $&."71$!##4/ 5.&!( $6
".2.#$K (3K !(#!>! %37--7 -$-&.5 %)7=$3$#./#46 '"7)#.#$/ ww �=)�
�S!)? �7&.5� ��D�� x D� �� F�<���

F� ;	E?�:	 M� �!-!-$55.&"$H#4. $&."71$!##4. 5.&!(4 ".2.#$K -&7�
1$!#7"#!>! '"7)#.#$K %!#).%1$$ � ($00'=$$ - 57345 G7"75.&"!5 G"$
-&7"2./ G"!$=)!(#!/ ww �=)� �S!)? �7&.5� ���D� x F� �� DF<E��

�� ��!1��� X$ �fg�ij�ig�i z��i{ijzscfg f| sjczg�y{zj csijzsc�i dis~f�h
}zhi� fg s~i h�i��hrddisjc� �zjs f| s~i dzsjct ww [��{� Cydij� Zzs~�
����� +f{� 
@� Y� �E�<��@�

�� F
`:� ��� ;	E?�:	 M� � $&."71$!##!5 ".2.#$$ -$3;#! #.-$5�
5.&"$H#46 -$-&.5 3$#./#46 73>. "7$H.-%$6 '"7)#.#$/ ww Q� $
�L� ���D� \� 
D� x ��� �� ��E
<���
�

D� ;	E?�:	 M�� n�?��� M� �!-!-$55.&"$H.-%$/ $&."71$!##4/ 5.�
&!( ".2.#$K -&71$!#7"#!>! '"7)#.#$K %!#).%1$$ � ($00'=$$ ww �=)�
�S!)? �7&.5� �@@@� x ��? �� ��<D��

E� ;	E?�:	 M�� ;	E?�:	 FM � -6!($5!-&$ %!-!-$55.&"$H#46 $&."7�
1$!##46 5.&!(!) ww �=)� �S!)? �7&.5� �@��� x �� �� D�<D��

�� Xa c+�1� �� RX ��!1��� Af{yscfg f| {cgizj i�yzscfg hrhsidh �cs~
z �fdcgzgs h�i��hrddisjc� �zjs yhcg� s~i �jf�y�s sjczg�y{zj csijzsc�i
dis~f� ww �fd�yszscfgz{ dis~f�h cg z��{ci� dzs~idzsc�h� �@@
� +f{� 
�
C F� Y� �FD<��@�

�@� F�� 77� ;	E?�:	 M�� ��	>m�
�� J= �)'627>!)4. $&."71$!#�
#4. 5.&!(4 ".2.#$K -&71$!#7"#!>! '"7)#.#$K %!#).%1$$�($00'=$$ -
57345 G7"75.&"!5 G"$ -&7"2./ G"!$=)!(#!/ #7 "7)#!5."#!/ -.&%. ww
Q� $ �L� �@@�� �� F�� x �� �� ���<
@��

��� ��!1��� X$� ���(� �S� *.� R�� U/U Yjf�y�s�\r�i A�i��]ijdcsczg
\jczg�y{zj A�{csscg� ,sijzscfg Zis~f�h |fj Asjfg�{r Cfg�]ijdcsczg Yfhcsc�i
li�gcsi �cgizj Arhsidh ww efyjgz{ f| �fd�yszscfgz{ zg� [��{ci�
Zzs~idzsc�h� �@@�� +f{� �
�� C �� Y� 
<���

��� ��!1��� X$� ��!1��� RX� �� U/� _igijz{cui� h�i��]ijdcsczg
sjczg�y{zj h�{csscg� csijzscfg dis~f�h |fj hz��{i��fcgs {cgizj hrhsidh ww
Cydij� �cgizj [{�i}jz [��{� �@�F� +f{� ��� Y� ���<�D@�

�
� a& a�W!%� c a���4 Pg hf{�cg� }{f���hsjy�syji� cg�i�gcsi {cgizj hrhsidh
ww A,[Z efyjgz{ fg A�cigsc�� �fd�yscg�� �@@
� +f{� �F� Y� �@D�<�@���
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�F� .��- ) ,sijzsc�i dis~f�h |fj A�zjhi �cgizj Arhsidh� Y�A Yy}{ch~cg�
�fd�zgr� ����� ��E ��

��� U/U R��� a& a�W!%� �/) #� Yji�fg�cscfgi� ]ijdcsczg zg� h�i��
]ijdcsczg h�{csscg� dis~f�h |fj gfg�]ijdcsczg �fhcsc�i hidc�i�gcsi {cgizj
hrhsidh ww Cydijch�~i Zzs~idzsc�� �@@F� +f{� �E� Y� �<
��

��� R� [� �� a�W!% a& [ �ji�fg�cscfgij |fj �igijz{cui� hz��{i �fcgs
�jf}{idh ww A,[Z e� Zzsjct [gz{� [��{� �@@F� +f{� ��� Y� �@<F��
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���������� ������� 6���� ,
�	��
�����6���� 
 
�
���� ��������
�������������	��
�	1

�&�!�%("& �+
+8 ���'*#� �+�+
������ 0!1� �	��	�*��*2	��

	"#�#%*#

�7--57&"$)7.&-K ".2.#$. =7(7H '-3!)#!/ !G&$5$=71$$ - -$-&.5!/ 3$�
#./#46 !>"7#$H.#$/ &$G7 "7).#-&)? %!&!"4. )!=#$%7J& G"$ $--3.(!)7#$$
=7>"K=#KJn$6 ).n.-&) 5.&!(75$ ".#&>.#!-G.%&"73;#!>! 7#73$=7� O!&K G"$
".2.#$$ (7##!/ =7(7H$ )!=5!:#! $-G!3;=!)7#$. '#$)."-73;#46 5.&!(!)
5$#$5$=71$$? 1.3.-!! "7=#! 'H$&4)7&; -G.1$0$%' =7(7H$ $ $-G!3;=!)7&;
(3K .. ".2.#$K -G.1$73;#4. 5.&!(4� �"!5. &!>!? ) ".27.5!/ =7(7H. G"$-'&�
-&)'.& -$-&.57 3$#./#46 !>"7#$H.#$/�"7).#-&)? H&! (.37.& #.)!=5!:#45
$-G!3;=!)7#$. 5.&!(!)  .='-3!)#!/ !G&$5$=71$$�

�!3;2$#-&)! =7(7H - !>"7#$H.#$K5$�"7).#-&)75$ G"$)!($& % G!K)3.�
#$J -$-&.5 '"7)#.#$/ - -.(3!)!/ &!H%!/? %!&!"4. $5.J& G!3'!G".(.3.#�
#4/ (1, 1)  3!%� �3K '3'H2.#$K ! '-3!)3.##!-&$ (1, 1)  3!%7 $-G!3;='�
.&-K 5.&!( "7-2$".##!>! �7>"7#:$7#7� �"$ ".2.#$$ -$-&.5 - -.(3!)!/
&!H%!/ G"$5.#K.&-K G".(! '-3!)3$)7&.3;? G!-&"!.##4/ #7 !-#!). -$55.&�
"$H#!>!w%!-!-$55.&"$H#!>! "7-n.G3.#$K 57&"$14 -$-&.54�

� �($!&%("'& 3&�&/*

�.3$#./#7K =7(7H7 ! #7$5.#;2$6 %)7("7&76 a�S��m $5..& )$( p�? �q	
#7/&$ x∗ ? &7%!. H&!

F (x∗) = min
x∈Rn

F (x) =
1

2
R(x)TR(x) =

1

2

m∑
i=1

ri(x)
2, a�m

>(. m > n a! 4H#! m � nm? 0'#%1$K #.)K=%$ R : Rn → Rm #.3$#./�
#7 G! x ? $ H.".= ri(x) ! !=#7H.#7 i�K %!5G!#.#&7 0'#%1$$ R(x) � �S��
! 4H#! )!=#$%7.& $= G"$3!:.#$/? -)K=7##46 - #7$3'H2$5 G"$ 3$:.#$.5
(7##46? >(. -&7"7J&-K #7$3'H2$5 ! "7=!5 G"$ 3$=$&; (7##4. (ti, yi), i =
1, ..., m - G!5!n;J 5!(.3$ M(x, t) ? %!&!"7K #.3$#./#7 G! x �  o&!5 -3'H7.
ri(x) = M(x, ti) − yi ? $ �S�� =7%3JH7.&-K ) &7%!5 )4 !". G7"75.&"!) x ?
H&! G"$ 3$:.#$. K)3K.&-K 57%-$573;#!  3$=%$5 % (7##45 - &!H%$ =".#$K

1������ ����	
�
� �� �
�
����� ��������� C
���
�#� �� �/��. 6���
� 8<D��� ��6���% +���'!�
������ �-���  ���� �/��
�� , ��������--���  ,�����������EFGH�A!
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5$#$5$=71$$ -'554 %)7("7&!) #.)K=!% ri(x) p�q� �"$H$#4? G! %!&!"45 (3K
�S�� ! 4H#! #. $-G!3;='J&-K G"!>"7554 5$#$5$=71$$ ! n.>! #7=#7H.�
#$K? -)K=7#4 - :.37#$.5 'H.-&; -G.1$73;#'J -&"'%&'"' 1.3.)!/ 0'#%1$$�
 H7-&#!-&$? $5..&-K ) )$(' !-! 7K -&"'%&'"7 >"7($.#&7 0'#%1$$ a�m $ .�
57&"$14 �.--.�

�'-&; J(x) ∈ Rm×n < 57&"$17 �%! $ (3K R(x) ? &�.� J(x)ij = ∂ri(x)/∂xj ?
H(x) < 57&"$17 �.--. $ g(x) < >"7($.#& 0'#%1$$ F (x) ? -!!&).&-&).##!�
� !=#7H$5 H.".= Hi(x) 57&"$1' �.--. (3K ri(x) � �!>(7 $5.J& 5.-&! )4"7�
:.#$K p�? �q	

H(x) = J(x)TJ(x) +Q(x), a�m

g(x) = J(x)TR(x), a
m

>(. Q(x) =
∑m

i=1 ri(x)Hi(x) �
�".(G!3!:.#$. ! &!5? H&! 5!(.3;#7K %"$)7K (!3:#7 G"!/&$ H.".= #.%!�

&!"4. =7(7##4. &!H%$? 3$ ! #73$H$. ) =7(7H. $#46 !>"7#$H.#$/ ) )$(.
"7).#-&) G"$)!($& % �S�� - !>"7#$H.#$K5$�"7).#-&)75$ aS��m? &�.� #.! 6!�
($5! 5$#$5$=$"!)7&; F (x) $= a�m G"$ '-3!)$$ h(x) = 0 � ! 5#!>$6 -3'H7K6
G"$ ".2.#$$ &7%$6 =7(7H )!=#$%7J& -$-&.54 '"7)#.#$/ - -.(3!)!/ &!H%!/�
S75.&$5? H&! ) "7--57&"$)7.5!/ =7(7H. h(x) K)3K.&-K 3$#./#!/ 0'#%1$./?
&�.� h(x) = Ex−f ? 57&"$17 !>"7#$H.#$/ E ∈ Rp×n $5..& G!3#4/ -&"!H#4/
"7#>? f ∈ R

p ? p ≤ n < H$-3! !>"7#$H.#$/ =7(7H$�
�!3;2$#-&)! 73>!"$&5!) ".2.#$K �S�� !G$"7.&-K #7 G".(G!3!:.#$.

! &!5? H&! -37>7.5!. J(x)TJ(x) ) a�m G"$ ()$:.#$$ % !G&$5'5' -&7#!)$&�
-K (!5$#$"'Jn$5� �!-%!3;%' R(x) < #.3$#./#7K 0'#%1$K x ? ".2.#$. a�m
)!=5!:#! 3$2; - G!5!n;J G!-3.(!)7&.3;#46 G"$ 3$:.#$/� � !=#7H$5 H.�
".= xk &.%'n'J !1.#%' ".2.#$K =7(7H$ 5$#$5$=71$$ 0'#%1$$ a�m? $ G'-&;
#$:#$/ $#(.%- k ' 3J !/ ).3$H$#4 !=#7H7.& .. G"$#7(3.:#!-&; xk �  %7�
H.-&). %)7("7&$H#!/ 5!(.3$ 1.3.)!/ 0'#%1$$ F (x) ) !%".-&#!-&$ &!H%$ xk
)!=;5.5	

Fk(x) ≈ F (xk) + gTk (x− xk) +
1

2
(x− xk)

THk(x− xk). aFm

�3K ".2.#$K =7(7H$  '(.5 $-G!3;=!)7&; 5.&!( 5#!:$&.3./ �7>"7#:7
a���m� �3K S�� '-3!)$K !G&$573;#!-&$ $5.J& )$( p�q	{ ∇xL(x, λ) = ∇F (x) +∇h(x)λ = 0,

∇λL(x, λ) = h(x) = 0,
a�m

>(. L(x, λ) < 0'#%1$K �7>"7#:7? &�.� L(x, λ) = F (x) + λT (Ex− f) ? λ ∈ Rp

< ).%&!" #.$=).-&#46 G7"75.&"!)? #7=4)7.546 5#!:$&.3K5$ �7>"7#:7�
�&3$H$&.3;#!/ H."&!/ ��� K)3K.&-K &!? H&! ).%&!" λ "7--57&"$)7.&-K
%7% ).%&!" #.$=).-&#46? "7)#!G"7)#4/ - ).%&!"!5 G7"75.&"!) =7(7H$? $
$&."71$$ ).('&-K G! x $ λ !(#!)".5.##!� W&$5 (7##4/ G!(6!( G"$#1$G$�
73;#! !&3$H7.&-K !& 5.&!(!) )!=5!:#46 #7G"7)3.#$/? >(. !-'n.-&)3K.&-K



)������� # 
 < (2��� � � �#�"�+����,� )�#��,    ���

$&."7&$)#4/ -G'-% &!3;%! G! x ? 7 5#!:$&.3$ �7>"7#:7 ) )4H$-3.#$K6
#. 'H7-&)'J&� �!H%7 (x∗, λ∗) ∈ Rn+p K)3K.&-K -.(3!)!/ &!H%!/ 0'#%1$$
�7>"7#:7 p
q? &�.�

L(x∗, λ∗) = min
x∈Rn

L(x, λ∗) = max
λ∈Rp

L(x∗, λ).

�.&!( �;J&!#7 (3K ".2.#$K -$-&.54 a�m $5..& )$( p
q	

xk+1 = xk +Δxk, λk+1 = λk +Δλk, a�m

>(. G7"7 (Δxk,Δλk) ∈ R
n+p !G".(.3K.&-K - G!5!n;J ".2.#$K -$-&.54 '"7)�

#.#$/	

∇2L(xk, λk)
[
Δxk
Δλk

]
= −∇L(xk, λk)

$3$ [
Hk ∇h(xk)

∇h(xk)T 0

] [
Δxk
Δλk

]
= −

[ ∇xL(xk, λk)
h(xk)

]
. aDm

�H$&4)7K? H&! 57&"$17 Q(x) $= a�m G"$ 3$:7.&-K % #'3.)!/ G"$ ()$�
:.#$$ % !G&$5'5'? 5!:#! 7GG"!%-$5$"!)7&; Hk ≈ JTk Jk ? &�.� $-G!3;=!)7&;
5.&!( �7'--7��;J&!#7 a��m� � 'H.&!5 a
m? =7(7H7? ".27.57K #7 k �5 $&."7�
1$!##!5 27>. 5.&!(7 �� $5..& )$(	[

Mk ET

E 0

] [
Δxk
Δλk

]
= −

[
uk
vk

]
, aEm

>(. Mk = JTk Jk ∈ Rn×n < G!3!:$&.3;#! G!3'!G".(.3.##4. 57&"$14?
(uTk , v

T
k )

T ∈ Rn+p ? uk = JTk Rk + ETλk ? vk = Exk − f ? uk ∈ Rn ? vk ∈ Rp ?
k = 0, 1, .. �

�=).-&#!? H&! (3K ! .-G.H.#$K -6!($5!-&$ 5.&!(!) �;J&!#7 $ �� #.! �
6!($5! $5.&; 6!"!2.. #7H73;#!. G"$ 3$:.#$. (3K )-.6 G7"75.&"!) =7(7H$�
�7% G"7)$3!? ) "7--57&"$)7.5!/ =7(7H. 6!"!2.. G"$ 3$:.#$. x0 (3K x
$=).-&#!� �5.K 6!"!2.. G"$ 3$:.#$. x0 ? 5!:#! G!3'H$&; $ 6!"!2.. G"$�
 3$:.#$. λ0 G! 0!"5'3. p
q	

λ0 = λ̂(x0), λ̂(x) = [∇h(x)T∇h(x)]−1[h(x)−∇h(x)T∇F (x)]
$3$? (3K (7##!/ =7(7H$ λ0 = λ̂(x0) = [EET ]−1[v0 − EJT0 R0] �

 -3'H7.? %!>(7 (3K k = 0, 1, .. 57&"$14 Mk #.)4"!:(.#4? ! !=#7H$5
H.".= Sk = EM−1

k ET (!G!3#.#$. R'"7 G!(57&"$14 Mk � �!-%!3;%' "7#> E
"7).# p ? &! Sk #.)4"!:(.#4� �3K o&!>! -3'H7K #.-3!:#45$ G".! "7=!)7#$�
K5$ p
q 5!:#! G!3'H$&; -3.('Jn'J 0!"5' =7G$-$ $&."71$!##!>! G"!1.--7
a�m�aEm	 {

λk+1 = S−1
k [vk − EM−1

k JTk Rk],
xk+1 = xk −M−1

k ∇xL(xk, λk+1).
a�m
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 %7H.-&). %"$&."$K !%!#H7#$K $&."71$/ 5.&!(7 ��  ."'&-K -3.('Jn$.
'-3!)$K	 ‖R‖1 ≤ ε1 ? $ ‖xk+1 − xk‖1 ≤ ε2 ? ε1 = 10−6, ε2 = 10−7 �

�7%$5 ! "7=!5? %7:(4/ 27> 5.&!(7 �� 0!"573;#! -)!($&-K % ! "7n.�
#$J #.)4"!:(.##46 57&"$1 Sk ? &�%� ) $6 !G".(.3.#$. ':. )6!(K& 57&"$�
14 M−1

k � �3K '3'H2.#$K ! '-3!)3.##!-&$ 57&"$1 Mk  '(.5 $-G!3;=!)7&;
5.&!( "7-2$".##!>! �7>"7#:$7#7? G!=)!3KJn$/ G!3'H$&; =7(7H'? o%)$)7�
3.#&#'J aEm? #! - G!3!:$&.3;#! !G".(.3.##45 (1, 1)  3!%!5 #7 %7:(!5
$&."71$!##!5 27>.� �-3$ :. (1, 1)  3!% G!3!:$&.3;#! !G".(.3.#? &! ����
aEm "7=".2$57 .($#-&).##45 ! "7=!5 $ !G".(.3K.& .($#-&).##4/ 5$#$5'5
5!(.3;#!/ 0'#%1$$ aFm� �"!5. &!>!? .-3$ R(x∗) = 0 $ J(x∗)TJ(x∗) G!3!:$�
&.3;#! !G".(.3.#7? &! x∗ K)3K.&-K $=!3$"!)7##45 3!%73;#45 5$#$5'5!5
0'#%1$$ a�m? $ 5.&!( �� $5..& 3!%73;#'J %)7("7&$H#'J -%!"!-&; -6!($�
5!-&$ p�q�

�� �#!(� �&$4*�#%%(5( �&5�&%F*&%&

�.&!( "7-2$".##!>! �7>"7#:$7#7 pFq 5!:.& G"$5.#K&;-K ) -3'H7.? %!�
>(7 57&"$14 Mk ) aEm K)3KJ&-K G3!6! ! '-3!)3.##45$ $3$ )4"!:(.##4�
5$ p�q� �7 %7:(!5 k �5 $&."71$!##!5 27>. =75.#$5 %)7("7&$H#4/ 1.3.)!/
0'#%1$!#73 aFm #7 ".>'3K"$=!)7##4/ Fγ(x) ≡ F (x) + γ‖Ex− f‖2 ? >(. ‖ · ‖
.-&; l2 �#!"57? γ > 0 < G7"75.&"� �!>(7 -!!&).&-&)'Jn$/ ".>'3K"$=!)7##4/
�7>"7#:$7# $5..& )$(	

Lγ(x, λ) = L(x, λ) + γ

2
‖Ex− f‖2,

$ )5.-&! ���� aEm #7 %7:(!5 $&."71$!##!5 27>. 5.&!(7 �� #.! 6!($5!
".27&; -3.('Jn'J �"7-2$".##'J� -$-&.5'	[

M̃k ET

E 0

] [
Δxk
Δλk

]
= −

[
uk + γkE

Tvk
vk

]
, a�@m

>(. M̃k ≡Mk+γkE
TE � �7&"$17 M̃k ) a�@m  '(.& G!3!:$&.3;#! !G".(.3.#7?

.-3$ γk > 0 ? $ 57&"$17 E $5..& G!3#4/ "7#> pFq� �H.)$(#!? H&! a�@m $5..&
&! :. -75!. ".2.#$.? H&! $ aEm�

�'-&; S̃k = EM̃k

−1
ET � �7&"$14 S̃k K)3KJ&-K G!3!:$&.3;#! !G".(.3.#�

#45$? .-3$ G!3!:$&.3;#! !G".(.3.#4 M̃k ? G!-%!3;%' E $5..& G!3#4/ "7#>�
�&."71$!##4. 0!"5'34? 7#73!>$H#4. a�m? $5.J& )$(	⎧⎪⎨⎪⎩

λ̂k+1 = S̃−1
k [vk − EM̃−1

k JTk Rk],

λk+1 = λ̂k+1 − γkvk,

xk+1 = xk − M̃k

−1∇xL(xk, λ̂k+1).

a��m

�H.)$(#!? H&! G"$ γk = 0 -!!&#!2.#$K a��m G.".6!(K& ) a�m� �6!($5!-&;
$&."71$!##46 G"!1.--!) a�m $ a��m $--3.(!)7#7 ) p
q�



)������� # 
 < (2��� � � �#�"�+����,� )�#��,    ��D

�7--5!&"$5 )!G"!- ! #7$3'H2.5 )4 !". G7"75.&"!) γk ? k = 0, 1, ....
(3K a�@m�a��m� �7$ !3.. o00.%&$).# )4 !" γk = ‖Mk‖2/‖E‖22 #7 %7:(!5
27>. 5.&!(7 �� pFq�  o&!5 -3'H7. H$-3! ! '-3!)3.##!-&$ %7% (1, 1)  3!�
%7? &7% $ )-./ 57&"$14 %!o00$1$.#&!) K)3K.&-K #7$5.#;2$5� �"!5. &!>!?
) pFq G!%7=7#!? H&! (3K G!3!:$&.3;#! G!3'!G".(.3.##46 57&"$1 Mk -'n.�
-&)'.& 1.34/ $#&.")73 =#7H.#$/ γk ? (3K %!&!"46 -G.%&"73;#4. -)!/-&)7 $
! '-3!)3.##!-&; 57&"$14 ���� a�@m 3'H2.? H.5 (3K $-6!(#!/ 57&"$14 aEm�

��� ��#�(0�$1("1*"&%*# 01(/%(�$!��'!��*�("&%%�B

��,

�"$"!(7 5#!>$6 G"$%37(#46 =7(7H  !3;2!/ "7=5."#!-&$ G!=)!3K.&
-&"!$&; (3K #$6 -G.1$73;#4. o00.%&$)#4. -6.54 5$#$5$=71$$? G!-%!3;%'
&$G$H#!/ H."&!/ 57&"$1 �.--. )-&".H7Jn$6-K #7 G"7%&$%. 0'#%1$/  !3;�
2!>! H$-37 G.".5.##46 K)3K.&-K "7=".:.##!-&; $ -&"'%&'"$"!)7##!-&;� 
&7%$6 -3'H7K6? %7% G"7)$3!? $-G!3;='J& 5.&!(4 G!(G"!-&"7-&) �"43!)7?
#! !#$ $5.J& -37 'J -%!"!-&; -6!($5!-&$? %!>(7 G"$5.#KJ&-K % =7(7H75 -
-.(3!)!/ &!H%!/� �!o&!5' &". 'J&-K 6!"!2$. G".(! '-3!)3$)7&.3$? H&! 4
'3'H2$&; -%!"!-&; -6!($5!-&$ (7##46 5.&!(!)� �.".G$2.5 =#7%!#.!G".�
(.3.##'J ���� a�@m? ".27.5'J #7 k �5 27>. 5.&!(7 ��? ) o%)$)73.#&#!5
#.-$55.&"$H#!5 )$(. p�? Dq	

AD = N,

>(.

A =

[
M̃ ET

−E 0

]
, D =

[
Δx
Δλ

]
, N =

[ −ũ
v

]
,

>(. ũ = u + γETv a(3K '(! -&)7 =(.-; $ (73.. #$:#$/ $#(.%- #!5."7 $&.�
"71$$$ 5.&!(7 �� !G'-%7.&-Km�

�"$ &7%!/ 0!"5. =7G$-$ 57&"$17 A ∈ R(n+p)×(n+p) K)3K.&-K
G!3!:$&.3;#!�'-&!/H$)!/? &�.� -! -&).##4. H$-37 A $5.J& G!3!:$&.3;#4.
).n.-&).##4. H7-&$ p�? Dq? H&! K)3K.&-K G".(G!H&$&.3;#45 G"$ $-G!3;=!)7�
#$$ #.%!&!"46 5.&!(!) G!(G"!-&"7#-&) �"43!)7? &7%$6 %7% _Zk^A�

�7--5!&"$5 G".(! '-3!)3$)7&.3;? G!-&"!.##4/ - $-G!3;=!)7#$.5 -$5�
5.&"$H#!>!w%!-!-$55.&"$H#!>! "7-n.G3.#$K $-6!(#!/ 57&"$14� �=).-&#!?
H&! 3J 'J 57&"$1' 5!:#! G".(-&7)$&; ) )$(. -'554 -$55.&"$H#!/ $ %!�
-!-$55.&"$H#!/ -!-&7)3KJn$6 pEq� �!>(7 (3K A $5..5	

A = A0 +A1, a��m

>(.

A0 =
1

2
(A+AT ), A1 =

1

2
(A−AT )



��E 	
��������� ������� ��������������� ������������	

.-&; -$55.&"$H#7K $ %!-!-$55.&"$H#7K H7-&$ 57&"$14 A 	

A0 =

[
M̃ 0
0 0

]
, A1 =

[
0 ET

−E 0

]
.

�!-!-$55.&"$H#'J 57&"$1' A1 ? ) -)!J !H.".(;? 5!:#! G".(-&7)$&; )
)$(.	

A1 = KL +KU =

[
0 0

−E 0

]
+

[
0 ET

0 0

]
,

>(. 0 � #'3.)7K 57&"$17 G!(6!(Kn./ "7=5."#!-&$? KL $ KU < -&"!>! #$:#.�
$ -&"!>! )."6#.&".'>!3;#4. 57&"$14? G"$H.5 KL = −KT

U � �3K ".27.5!/
=7(7H$ &7%$. "7-n.G3.#$K K)3KJ&-K .-&.-&).##45$? G!-%!3;%' (1, 1)  3!%
���� aEm K)3K.&-K 7GG"!%-$571$./ 57&"$14 �.--. a$ G.".-H$&4)7.&-K #7
%7:(!5 27>.m? 7 57&"$17 E $=).-&#7 $= G!-&7#!)%$ =7(7H$�

�7 !-#!). o&$6 "7-n.G3.#$/ ) p�q 7)&!"75$  43 G".(3!:.# ! ! n.##4/
%!-!-$55.&"$H.-%$/ &".'>!3;#4/ 5.&!( _A\A a_igijz{cui� A�i��]ijdcsczg
\jczg�y{zj A�{csscg�m (3K ".2.#$K  3!H#!�-&"'%&'"$"!)7##46 �����  p�@q
(7#! ".2.#$. 5!(.3;#46 =7(7H '-3!)#!/ !G&$5$=71$$ o&$5 5.&!(!5 $ G"!�
).(.#! .>! -"7)#.#$. - %37--$H.-%$5 5.&!(!5 _APk� S75.&$5? H&! _A\A
5!:.& G"$5.#K&;-K ) -3'H7.? %!>(7 a�? �m 57&"$H#4/  3!% ) aEm $ a�@m #.
"7).# #'3J�

�G".(.3$5 57&"$1' BC -3.('Jn$5 ! "7=!5	

BC =

[
B1 0
0 B2

]
,

>(. B1 $ B2 -$55.&"$H#4. #.)4"!:(.##4. 57&"$14� �!>(7 _A\A�
G".(! '-3!)3$)7&.3; !G".(.3K.&-K -3.('Jn$5 ! "7=!5 p�? �@q	

B(ω1, ω2) = (BC + ω1KL)B−1
C (BC + ω2KU), a�
m

$3$ )  3!H#!/ 0!"5.

B(ω1, ω2) =

[
B1 ω2E

T

−ω1E B2 − ω1ω2EB
−1
1 ET

]
,

>(. ω1 $ ω2 #.!&"$17&.3;#4. G7"75.&"4? #. "7)#4. #'3J !(#!)".5.##!�
!=;5.5 ) %7H.-&). 57&"$14 B1 = M̃ � �G!-! 4 )4 !"7 57&"$14 B2

"7--5!&"$5 G!=(#..� �!>(7

B(ω1, ω2) =

[
M̃ ω2E

T

−ω1E B2 − ω1ω2EM̃
−1ET

]
=

[
M̃ ω2E

T

−ω1E B2 − ω1ω2S̃

]
,

$ G".(! '-3!)3.##7K a-3.)7m  3!H#!�-&"'%&'"$"!)7##7K ���� $5..& )$(	

B−1(ω1, ω2)AD = B−1(ω1, ω2)N. a�Fm



)������� # 
 < (2��� � � �#�"�+����,� )�#��,    ���

�&."71$!##4. 5.&!(4 $ G".(! '-3!)3$)7&.3$? G!-&"!.##4. #7 !-#!).
-$55.&"$H#!>! < %!-!-$55.&"$H#!>! "7-n.G3.#$K $-6!(#!/ 57&"$14 $5.J&
2$"!%$/ -G.%&" G"$3!:.#$/�  (7##!/ "7 !&. ".27.&-K 3$2; !(#7 $= =7�
(7H? (3K %!&!"!/ G"$5.#.#$. o&$6 5.&!(!) 1.3.-!! "7=#!� �"'>!/ G"$%37(�
#!/ ! 37-&;J? >(. $-G!3;='J&-K (7##4. 5.&!(4? K)3K.&-K >$("!($#75$%7
a".2.#$. =7(7H$ �&!%-7? '"7)#.#$/ �7);.��&!%-7? ($00'=$$�%!#).%1$$ $
("�m�

�� �*$1#%%�# A'$>#�*:#%!�

�!-&"!$5 5!(.3; "7--.K#$K >"'GG4 6$5$H.-%$6 o3.5.#&!)? %!&!"4. 5!�
>'& -!(.":7&;-K ) )!(.� �"$ !G$-7#$$ G"!0$3K o%-G."$5.#&73;#!/ %7"&$#4
"7--.K#$K G"!$=)!($&-K )4 !" G"!0$3;#!/ 0'#%1$$ (3K !G$-7#$K 0!"54
G$%!) G!3'H.##!/ ($0"7%&!>"7554	 �7'-- aGm? �!".#1 aLm? G-.)(!�!/&
aPV m�

�$%!)7K 0!"57	 �7'--$7#

G(t, x0,Δx) =
2

Δx

√
ln2

π
exp

[
−4ln2

(
t− x0
Δx

)2
]
,

G$%!)7K 0!"57	 �!".#1$7#

L(t, x0,Δx) =
2

πΔx
[
1 + 4

(
t−x0
Δx

)2],
G$%!)7K 0!"57	 �-.)(!�!/& aPV m

PV (t, x0,Δx, η) = η ·G(t, x0,Δx) + (1− η) · L(t, x0,Δx), 0 ≤ η ≤ 1,

>(. G7"75.&" x0 67"7%&."$='.& G!3!:.#$. G$%7? Δx K)3K.&-K 2$"$#!/ #7
G!3')4-!&. G$%7? 0'#%1$K PV < 3$#./#7K %!5 $#71$K �7'--$7#7 G $ �!�
".#1$7#7 L - &!/ :. -75!/ 2$"$#!/ Δx ? η < G7"75.&" PV �

�&!H#.#$. G"!0$3K 3$#$$ !-#!)7#! #7 )).(.#$$ 0'#%1$$ F ? %!&!"7K
(!3:#7  4&; 5$#$5$=$"!)7#7 !&#!-$&.3;#! )-.6 G7"75.&"!)	

F =

∑m
i=1 |yobsi − ycalci |2∑m

i=1 |yobsi |2 ,

>(. yobsi � (7##4.? G!3'H.##4. ) G"!1.--. o%-G."$5.#&7? ycalci � )4H$-3K.54.
(7##4.?

ycalci =

k∑
j=1

IjPV (ti, x
(j)
0 ,Δx(j), η(j)) + ϕ(ti, x1, ..., xs),



��@ 	
��������� ������� ��������������� ������������	

>(. k < %!3$H.-&)! G$%!) #7 ($0"7%&!>"755.? Ij < $#&.>"73;#7K $#&.#-$)�
#!-&;? ϕ(ti, x1, ..., xs) < #.%!&!"7K #.$=).-&#7K 0'#%1$K 0!#7 aBz���jfyg�m�

�#!:.-&)! G7"75.&"!)? '&!H#K.546 5.&!(!5 #7$5.#;2$6 %)7("7&!)?
-!-&7)3KJ& G7"75.&"4? 67"7%&."$='Jn$. 0!"5' G$%!) (7##!/ ($0"7%�
&!>"7554	 {Ij, x(j)0 ,Δx(j)} ? ).-!)4. %!o00$1$.#&4 {η(j)} ? j = 1, ..., k $
G7"75.&"4? )6!(Kn$. ) 0'#%1$J ϕ 	 {xl}, l = 1, ...., s � �3K ".2.#$K (7#�
#!/ =7(7H$ &". '.&-K )).-&$ G"$ 3$=$&.3;#4. =#7H.#$K )-.6 G7"75.&"!) $
#7/&$ '(7H#'J 7GG"!%-$571$J (3K 0'#%1$$ ϕ aH&! K)3K.&-K !&(.3;#!/
G"! 3.5!/m�  (7##!/ "7 !&. 0'#%1$K ϕ 7GG"!%-$5$"'.&-K - G!5!n;J %'�
 $H.-%!>! -G37/#7 - .-&.-&).##45$ %"7.)45$ '-3!)$K5$�

�$#./#45$ !>"7#$H.#$K5$ ) (7##!/ =7(7H. K)3KJ&-K	

I1/Ij = I1/Ij, j = 2, ..., k, η(j) = η(i), Δx(j) = Δx(i), i, j = 1, ..., k,

=#7H.#$K ).3$H$# {Ij} ? j = 1, ..., k (7#4 ) &7 3$176 OO $ �� �G.%&"73;�
#4. 3$#$$? (3K %!&!"46 Ij < 1e−2 ? 3$ ! $6 o#.">$$ aG!3!:.#$K G$%!)m #.
)6!(K& ) "7--57&"$)7.54/ ($7G7=!# (14KeV − 121KeV ) ? !&5.H.#4 ) &7 �
3$176 -$5)!3!5 ¢�I� �!-%!3;%' (3K )-.6 6$5$H.-%$6 o3.5.#&!) &7 3$14 OO
-G.%&"73;#4. 3$#$$ Lα1, Lα2, Lβ1, Lβ3, Lβ4, Lβ5, Lβ6, Lγ1 #. )6!(K& ) '%7=7#�
#4/ ($7G7=!# o#.">$/? -!!&).&-&)'Jn$. -&"!%$ ) o&!/ &7 3$1. G!3#!-&;J
!&-'&-&)'J&� �7##4. (3K &7 3$1 OO $ � )=K&4 $= p��q�

�3K 7GG"!%-$571$$ K%! $7#7 $-G!3;='J&-K "7=#!-&$ )G.".(? &�.� j �/
-&!3 .1 J(x) 7GG"!%-$5$"'.&-K G! 0!"5'3.	

J̃(P, j) =
R(x+ hjej)− R(x)

hj
,

>(. ej ! !=#7H7.& j �/ .($#$H#4/ ).%&!"? hj < 27> 7GG"!%-$571$$? '5.#;�
27.54/ G! 5.". G"$ 3$:.#$K % !G&$5'5'�

4H$-3.#$K G"!)!($3$-; ) Z[\�[B - 572$##!/ &!H#!-&;J 10−16 � �!�
>(7 #7 %7:(!5 27>. 5.&!(7 �� ".2737-; ����  !3;2!>! "7=5."7 G".(!�
 '-3!)3.##45 5.&!(!5 _Zk^A? &! %"$&."$.5 !%!#H7#$K )#'&".##$6 $&.�
"71$/ K)3K3!-; '-3!)$.	

‖B−1N− B−1ADk‖2 ≤ 10−6‖B−1N− B−1AD0‖2.
�7--57&"$)73$-; &"$ )."-$$ _A\A�G".(! '-3!)3$)7&.3K	 _A\Aa�m?

_A\Aa�m $ _A\Aa
m? !&3$H7Jn$.-K )4 !"!5 57&"$14 B2 a&7 3$17 
m� !
)-.6 "7-H.&76 B1 = M̃ � S#7H.#$K G7"75.&"!) !G".(.3K3$-; o%-G."$5.#�
&73;#!? G"$H.5 ω1 = ω2 = ωexp � S#7H.#$. G7"75.&"7 (3K "7-2$".##!/
37>"7#:.)!/ -$-&.54 #7 %7:(!5 27>. 5.&!(7 �� !G".(.3K3!-; %7% γk =
‖Mk‖2/‖E‖22 �

 &7 3$1. F (7#4 ".='3;&7&4 "7-H.&!) =7(7H$ - #. !3;2$5 H$-3!5 G7"7�
5.&"!) G! 0!"5'375 a��m 5.&!(7 ��� S(.-; '%7=7#! H$-3! $&."71$/ a¢,\Im?
)".5K ) -.%'#(76 a¢�Y`Im? #!"57 #.)K=%$ ‖R‖1 a¢k^AIm? -'557 %)7("7&!)



)������� # 
 < (2��� � � �#�"�+����,� )�#��,    ���

#.)K=!% G! =7)."2.#$$ )-.6 $&."71$/ a¢Ah�Im? H$-3! ! '-3!)3.##!-&$ (1, 1)
 3!%7 $-6!(#!/ aG!3'!G".(.3.##!/m 57&"$14 a�fg�aM0 mm? %!3$H.-&)! G7"7�
5.&"!)? !G".(.3K.546 G! 5.&!(' #7$5.#;2$6 %)7("7&!) anm? H$-3! !>"7�
#$H.#$/ =7(7H$ apm $ #7=)7#$K 6$5$H.-%$6 o3.5.#&!)? (3K -G.%&"73;#46
3$#$/ %!&!"46 G!(! "7#4 #.! 6!($54. G7"75.&"4� �7 �$-� � G!%7=7#4
o%-G."$5.#&73;#7K $ 5!(.3;#7K %"$)4. "7--.K#$K (3K =7(7H$ -! ��� G7�
"75.&"75$�

 &7 3$1. � G".(-&7)3.#4 ".='3;&7&4 "7 !&4 G".(! '-3!)3.##!>! 5.&!�
(7 Y_Zk^A - $-G!3;=!)7#$.5 G".(! '-3!)3$)7&.3./ _A\Aaim? i = 1, 2, 3
#7 !(#!/ $&."71$$ 5.&!(7 ��� �$-3.##4. o%-G."$5.#&4 G!%7=73$? H&! G"$
".2.#$$ =7(7H  !3;2!/ "7=5."#!-&$ 5.&!(!5 �� ) %7H.-&). G".(! '-3!)�
3$)7&.3K (3K 5.&!(7 _Zk^A #7 %7:(!5 27>. #7$3'H2$. -)!/-&)7 G"!K)$3
_A\Aa�m %7% G! H$-3' $&."71$/? &7% $ G! )".5.#$ �Y`� W&! -)K=7#!? >37)�
#45 ! "7=!5? - #7$ !3.. '(7H#!/ 7GG"!%-$571$./ 57&"$14 B2 � �".(! '�
-3!)3$)7&.3; _A\Aa�m #.-%!3;%! '-&'G7.& _A\Aa
m G! )".5.#$ $ G! H$-3'
$&."71$/� W&! G!=)!3K.& ".%!5.#(!)7&; $-G!3;=!)7#$. _A\Aa�m ) %7H.-&).
G".(! '-3!)3$)7&.3K (3K 5.&!(!) G!(G"!-&"7#-&) �"43!)7 G"$ ".2.#$$
�S�� - -$-&.5!/ !>"7#$H.#$/�"7).#-&)� �7% $ -3.(!)73! !:$(7&;?  .= $-�
G!3;=!)7#$K G".(! '-3!)3$)7&.3./ 5.&!( _Zk^A "7 !&7.& %"7/#. 5.(3.#�
#!�

 &7 3$1. � G".(-&7)3.#4 ".='3;&7&4 "7-H.&!) )#.2#$6 $&."71$/ 5.&!�
(7 �� (3K =7(7H  !3;2!/ "7=5."#!-&$ - $-G!3;=!)7#$.5 #7 %7:(!5 27>.
#7$3'H2.>! G".(! '-3!)3$)7&.3K _Zk^A�_A\Aa2m�

�7 3$17 �� �&7#(7"&#4. !&#!-$&.3;#4. $#&.#-$)#!-&$ $=3'H.#$K 6$5$H.�
-%$6 o3.5.#&!)

O$5$H.-%$/ o3.5.#& aG!"K(%!)4/ #!5."m
Ij �$#$K Aj a
Em �� aFEm � aDFm ]� aE@m
I1 Kα1 ���E��
i�@� ��F�@F�i�@� ��@@�@�i�@� F����F�i�@�
I2 Kα2 ���@��Di�@� ��EDD�Fi�@� ��EDD@�i�@� ��EE���i�@�
I3 Kβ1 E�D�F@Ei�@� ���F
�Fi�@� ��@EE
�i�@� ���@D
@i�@�
I4 Kβ2 ���DF�Fi�@� ��E�D��i�@� F�
@��Di�@� F�D����i�@�
I5 Kβ3 F����

i�@� F�E@FF�i�@� ���F
@
i�@� ��D����i�@�
I6 Lγ2 � � � ��@�F��i�@�
I7 Lγ3 � � � ��FF�@Di�@�
I8 Lγ6 � � � ��F����i�@�



��� 	
��������� ������� ��������������� ������������	

�7 3$17 �� �&7#(7"&#4. !&#!-$&.3;#4. $#&.#-$)#!-&$ $=3'H.#$K 6$5$H.�
-%$6 o3.5.#&!)

O$5$H.-%$/ o3.5.#& aG!"K(%!)4/ #!5."m
Ij �$#$K Y} aE�m \~ a�@m ` a��m Yy a�Fm
I1 Kα1 F�EDD��i�@� F�D�E��i�@� F�D
�FDi�@� F�D@���i�@�
I2 Kα2 ��E��

i�@� ����
FFi�@� ���
F��i�@� ���FE@�i�@�
I3 Kβ1 ���@E��i�@� ���@F��i�@� ���@
��i�@� ���@�DEi�@�
I4 Kβ2 F��D��Fi�@� ��D@��@i�@� ��E��D�i�@� ��EE��Ei�@�
I5 Kβ3 ��DD���i�@� ��E@���i�@� ��E@�@�i�@� ��E��@@i�@�
I6 Lα1 � � � ���F
�
i�@�
I7 Lα2 � � � D�
�E�Ei�@�
I8 Lβ1 � D��
��@i�@� D����E�i�@� D��FE��i�@�
I9 Lβ3 � 
�F��F@i�@� 
�
�D
�i�@� 
���
D�i�@�
I10 Lβ4 � 
��
�@Ei�@� 
����DFi�@� 
�D��@
i�@�
I11 Lβ5 � 
�F�@�Ei�@� 
���@�@i�@� 
�E�@
�i�@�
I12 Lβ6 � ���@F@�i�@� ���
DD�i�@� ���D�D
i�@�
I13 Lγ1 �����F�i�@� ��DE�@
i�@� ��E�E
�i�@� ��E��@Di�@�
I14 Lγ2 ���FDD
i�@� ��F


�i�@� ����@��i�@� �������i�@�
I15 Lγ3 ��F����i�@� ��F
���i�@� ��F��
Ei�@� ��F��

i�@�
I16 Lγ6 ��E�

�i�@� 
�E
��Ei�@� 
��@FD@i�@� 
���D��i�@�

�7 3$17 
� 4 !" 57&"$14 B2

�".(! '-3!)3$)7&.3; �7&"$17 B2 �G$-7#$.
_A\Aa�m EM̂−1ET M̂ = tridiag(M̃)

_A\Aa�m EM̂−1ET M̂ = tridiag(M) + γdiag(ETE)

_A\Aa
m tridiag(EM̃−1ET )



)������� # 
 < (2��� � � �#�"�+����,� )�#��,    ��


�7 3$17 F� �.2.#$. �S�� - #. !3;2$5 H$-3!5 G7"75.&"!) 5.&!(!5 ��

n p �fg�aM0m Ah� ,\ �Y` k^A O$5� o3.5.#&4
�� �� ����i�@� ���i��@ E @��� F���i�� �
F� �� ��FFi��@ ��
�i�@� �� @�F� E�F�i�D �? ��
D@ F@ ����i��� ���Fi��@ �E @��� ���Ei�� �? ��? Aj
��� E� ��
�i��� ����i�@� 
� @��E 
���i�� �? ��? Aj? ]�
��@ ��� ��D�i��F 
���i�@� F� ���D ����i�D �? ��? Aj? ]�? Y}
�
� �FE ��EDi��� ����i�@� �E ���� ��
�i�� �? ��? Aj? ]�? Y}? \~

�@ �D� F�D�i��� ����i�@E �� ���E ����i�� �? ��? Aj? ]�? Y}? \~? `
F@@ ��@ ��D�i��E 
���i�@E E� 
��� 
��@i�� �? ��? Aj? ]�? Y}? \~? `? Yy

20 30 40 50 60 70 80
0

5

10

15

20

25

30

35

40

45

�$-� �� W%-G."$5.#&73;#7K a2&"$6G'#%&$"#7K 3$#$Km $ 5!(.3;#7K a-G3!2�
#7K 3$#$Km %"$)4. "7--.K#$K (3K =7(7H$ -! ��� G7"75.&"75$



��F 	
��������� ������� ��������������� ������������	

�7 3$17 �� �"7)#.#$. ,\? �Y` $ k^A 5.&!(7 _Zk^A $ _Zk^A - G".(! '�
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�� � "�2�-�W � - .� e��,+( Cydijc�z{ f�scdcuzscfg� A�jcg�ij Aijcih cg
P�ijzscfgh kihizj�~	 A�jcg�ij�+ij{z�? Ci� �fj�? �����
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�!-%)7	�7($! $ -)K=;? ��ED�

F� a& a�W!%� c a���4 Pg hf{�cg� }{f���hsjy�syji� cg�i�gcsi {cgizj hrhsidh
ww A,[Z efyjgz{ fg A�cigsc�� �fd�yscg�� �@@
� +f{� �F� Y� �@D�<�@���
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�'H%!)7K #.'-&!/H$)!-&; K)3K.&-K !(#!/ $= #7$ !3.. "7-G"!-&"7#.##46
#./-&!/H$)!-&./ ) G37=5. $ G".(-&7)3K.&  !3;2!/ $#&.".- (3K 2$"!%!�
>! %"'>7 G"$3!:.#$/? &7%$6 %7% '-%!".#$. =7"K:.##46 H7-&$1 )#.2#$5$
o3.%&"!57>#$&#45$ G!3K5$ $ #7>".) 37 !"7&!"#!/ G37=54�

 "75%76 "7 !&4? G"!)!($5!/ - ��L �� ��� G! -!)5.-&#45 G"!�
.%&75?  437 -!=(7#7 &".65."#7K H$-3.##7K 5!(.3; )=7$5!(./-&)$K G'H%7
o3.%&"!#!) - G37=5!/? !-#!)7##7K #7 5.&!(. H7-&$1 $ !"$.#&$"!)7##7K #7
$--3.(!)7#$. '-&!/H$)!-&$ $ #7>".)7 G37=54 o3.%&"!##45 G'H%!5� �3K $-�
-3.(!)7#$K )3$K#$K G'H%!)46 #.3$#./#!-&./ #7 G!).(.#$. #.'-&!/H$)!-&$
) '-3!)$K6 "7=)$&!/ &'" '3.#&#!-&$ #.! 6!($5! H$-3.##!. 5!(.3$"!)7#$.?
%!&!"!.? - !(#!/ -&!"!#4? -G!-! #! #7  !3;2$6 )".5.#76 !&-3.:$)7&; o)!�
3J1$J )!= ':(7.5!/ G'H%!5 &'" '3.#&#!-&$? 7 - ("'>!/ < G!=)!3K.& ! .-�
G.H$&; (!-&7&!H#! G!("! #!. !G$-7#$. %$#.&$H.-%$6 o00.%&!)? -)K=7##46
- =76)7&!5 G'H%7�

�-#!)#7K 1.3; (7##!/ "7 !&4 < $--3.(!)7#$. &!H#!-&$ 5.&!(7 H7-&$1
) KH./%76 ) =7)$-$5!-&$ !& %!3$H.-&)7 H7-&$1� �=).-&#!? H&! 2'5!)7K G!�
>".2#!-&; ' 4)7.& 5.(3.##!? %7% N−1/2 ? H&! ).(.& % ".=%!5' ').3$H.#$J
)".5.#$ "7-H.&!)? 7 &7%:. ! �.5!) 6"7#$546 $ G.".(7)7.546 (7##46� �!�
o&!5' )7:#! !&).&$&; #7 )!G"!-? -%!3;%! H7-&$1 (!-&7&!H#! (3K %7H.-&).##!
$ %!3$H.-&).##! '(!)3.&)!"$&.3;#!>! ".2.#$K %!#%".&#!/ =7(7H$� �&).& #7
#.>! &7%:. G!=)!3$& G!#K&;? #7-%!3;%! ) &!5 $3$ $#!5 -3'H7. #.! 6!($5!
$-G!3;=!)7&; 5!($0$%71$$ 73>!"$&57 5.&!(7 H7-&$1 ) KH./%76�

� �($!&%("'& 3&�&/*

�!(.3; )4-!%!&.5G."7&'"#!/  .--&!3%#!)$&.3;#!/ G37=54 G".(-&7)3K�
.&-K %$#.&$H.-%$5 '"7)#.#$.5 37-!)7 $ -$-&.5!/ '"7)#.#$/ �7%-).337 p�q?
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%!&!"4. )  .="7=5."#!/ 0!"5. $5.J& -3.('Jn$/ )$(	

∂fi,e
∂t

+ v
∂fi,e
∂r

+ qi,e(E+ [v,B])
∂fi,e
∂v

= 0, a�m

∂E
∂t = rotB− j, a�m
∂B
∂t = − rotE, a
m

divE = ρ, divB = 0. aFm

S(.-; $#(.%-75$ i $ e G!5.H.#4 ).3$H$#4? !&#!-Kn$.-K % $!#75 $
o3.%&"!#75? -!!&).&-&).##!8 qe = −1, qi = me/mi 8 fi,e(t, r,p) < 0'#%�
1$K "7-G".(.3.#$K H7-&$18 mi,e,pi,e, ri,e < 57--7? $5G'3;-? G!3!:.#$. $!#7
$3$ o3.%&"!#78 E ? B < #7G"K:.##!-&$ o3.%&"$H.-%!>! $ 57>#$&#!>! G!3./�
�3K G.".6!(7 %  .="7=5."#!5' )$(' ) %7H.-&). .($#$1 $-G!3;='J&-K -3.('�
Jn$.  7=!)4. ).3$H$#4	-%!"!-&; -).&7 c = 3 · 1010 -5w-? 57--7 o3.%&"!#7
me = 9, 1 · 10−28 >? G3!&#!-&; G37=54 n0 = 1014 -5 −3 ? )".5K t = ω−1

pe ? >(.
G37=5.##7K o3.%&"!##7K H7-&!&7 ωpe = 5, 6 · 1011�−1 �

�.2.#$. '"7)#.#$K 37-!)7 G"!)!($&-K 5.&!(!5 H7-&$1 ) KH./%76 p�q�
�37=57 G".(-&7)3K.&-K #7 !"!5 5!(.3;#46 H7-&$1? &"7.%&!"$K5$ ()$:.�
#$K %!&!"46 K)3KJ&-K 67"7%&."$-&$%$ '"7)#.#$K 37-!)7

dpi,e

dt
= qi,e(E+ [v,B]),

dri,e
dt

= vi,e, pi,e =
vi,e√
1− v2

i,e

. a�m

�3K ".2.#$K -$-&.54 '"7)#.#$/ a�m $-G!3;='.&-K -6.57 - G.".27>$�
)7#$.5? 7 (3K ".2.#$K -$-&.54 '"7)#.#$/ �7%-).337 $-G!3;='.&-K 5.&!(
�o#>(!#7��7=$#-%!>!? !G$-7##4/ ) "7 !&. p
q� L!"57 K("7 H7-&$14 )4 "7#7
%37--$H.-%7K < Y,��

 #7H73;#4/ 5!5.#& )".5.#$ ) &".65."#!/ ! 37-&$ ".2.#$K? $5.Jn./
0!"5' G"K5!'>!3;#!>! G7"733.3.G$G.(7 x ∈ [0, L], y, z ∈ [0, L⊥], #76!($&�
-K G37=57? -!-&!Kn7K $= o3.%&"!#!) $ $!#!) )!(!"!(7? $ G'H!% o3.%&"!#!)�
S7(7J&-K G3!&#!-&$ G'H%7 nb $ o3.%&"!#!) G37=54 ne = 1−nb ? &.5G."7&'�
"7 o3.%&"!#!) G37=54 Te $ G'H%7 Tb 8 &.5G."7&'"7 $!#!) -H$&7.&-K #'3.)!/
Ti = 0 � �7H73;#!. "7-G".(.3.#$. H7-&$1 G! -%!"!-&K5 57%-).33!)-%!. -
G3!&#!-&;J "7-G".(.3.#$K

f(v) =
1

Δv
√
2π

exp

(
−(v − v0)

2

2Δv2

)
,

>(. Δv < "7= "!- H7-&$1 G! -%!"!-&K5 aTb = Δv2 m? v0 < -".(#KK -%!"!-&;
G'H%7� �".(#KK -%!"!-&; $!#!) $ o3.%&"!#!) 0!#7 #'3.)7K� -. H7-&$14
ao3.%&"!#4 $ $!#4 G37=54? o3.%&"!#4 G'H%7m "7-G".(.3.#4 G! ! 37-&$
"7)#!5."#!? #7H73;#7K -".(#KK -%!"!-&; G'H%7 #7G"7)3.#7 G! x $ "7)#7
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v0 = 0.2 � �"7#$H#4. '-3!)$K (3K )-.6 0'#%1$/ G! )-.5 #7G"7)3.#$K5 G.�
"$!($H.-%$.�

 "7-H.&76 #7- $#&.".-'.& "7=)$&$. !&(.3;#! )=K&!/ #.'-&!/H$)!/ 5!(4?
G!o&!5' (3$#7 ! 37-&$ ) #7G"7)3.#$$ x )4 "7#7 "7)#!/ !(#!/ (3$#. $--3.�
('.5!/ G37=5.##!/ )!3#4? Ly = Lz = L⊥ = 4hx � �7% %7% >"7#$H#4. '-3!)$K
(3K )-.6 0'#%1$/ G! )-.5 #7G"7)3.#$K5 G."$!($H.-%$.? &! $= #.G"."4)#!>!
-G.%&"7 )!3#!)46 H$-.3 k )4".=7J&-K ($-%".&#4. =#7H.#$K ks = 2πs/Ls
as = x, y, z m? $= %!&!"46 &!3;%! !-#!)#7K 5!(7 - kx = 2π/L ? ky = kz = 0
G!G7(7.& ) ! 37-&;  !3;2!>! $#%".5.#&7� W&' )!3#' $ 67"7%&."$='Jn$/ ..
$#%".5.#& 54 $  '(.5 "7--57&"$)7&; ) "7-H.&76�  =7)$-$5!-&$ !& "7= "!-7
o3.%&"!#!) G'H%7 G! -%!"!-&K5 "7=3$H7J& #.-%!3;%! ".:$5!) #.'-&!/H$)!�
-&$	 >$("!($#75$H.-%$/ (kΔv � γ) ? G.".6!(#4/ (kΔv ∼ γ) $ %$#.&$H.-%$/
(kΔv � γ) � S(.-; γ < $#%".5.#& "7=)$)7Jn./-K #.'-&!/H$)!-&$? Δv < "7=�
 "!- o3.%&"!#!) G'H%7 G! -%!"!-&K5�

�!3;2!/ ! �.5 (7##46? -)K=7##46 - &".65."#!-&;J =7(7H$? &". '.& $-�
G!3;=!)7#$K "7-G".(.3.##46 )4H$-3$&.3;#46 -$-&.5� �7-G7"733.3$)7#$.
)4G!3#.#! 5.&!(!5 (.%!5G!=$1$$ "7-H.&#!/ ! 37-&$ G! #7G"7)3.#$J r?
G."G.#($%'3K"#!5' #7G"7)3.#$J ()$:.#$K o3.%&"!##!>! G'H%7 t� �-G!3;�
='.&-K -5.27##7K o/3."!)!�37>"7#:.)7 (.%!5G!=$1$K� �!("! #!-&$ G7"73�
3.3;#!/ ".73$=71$$ !G$-7#4 ) -&7&;. pFq�

�� 	�/*$1#%*# *%'�#:#%!& %#�$!(?/*"($!*

�3K !1.#%$ &!H#!-&$ G!3'H7.5!>! ".2.#$K G"!)!($&-K -"7)#.#$. $#%".�
5.#&7 "7=)$)7Jn./-K #.'-&!/H$)!-&$ - .>! 7#73$&$H.-%$5$ !1.#%75$ (3K
&!/ :. =7(7H$ ) !(#!5."#!/ G!-&7#!)%. p�q� �=).-&#!? H&! #7 #7H73;#!/ -&7�
($$ "7=)$&$K #.'-&!/H$)!-&$ o#.">$K o3.%&"$H.-%!>! G!3K aW m #7"7-&7.&
G! o%-G!#.#&.? W ∝ e2γt � �!o&!5' $#%".5.#& #.'-&!/H$)!-&$ 5!:#! )4H$-�
3K&; %7% G"!$=)!(#'J !& 3!>7"$057 o#.">$$ o3.%&"$H.-%!>! G!3K )! )-./
-H.&#!/ ! 37-&$� �7-H.&4? !(#7%!? G!%7=73$? H&! (7##4/ -G!-! )4H$-3.#$K
$#%".5.#&7 #.'-&!/H$)!-&$ #. G!(6!($& (3K )4H$-3.#$/ ) %$#.&$H.-%!5 ".�
:$5.? %!>(7 )=7$5!(./-&)$. - )!= ':(7.5!/ )!3#!/ )-&'G7.& )-. 5.#;27K
H7-&; o3.%&"!#!) G'H%7? $ )".5K #7-4n.#$K #.'-&!/H$)!-&$ ').3$H$)7.&-K�
�"$ o&!5 o#.">$K o3.%&"$H.-%!>! G!3K )!3#4 '5.#;27.&-K $ G"$ #.(!-&7�
&!H#!5 %!3$H.-&). H7-&$1 -&7#!)$&-K G! ).3$H$#. -"7)#$57 - H$-3.##45$
2'575$� �7%$. "7-H.&4 &". 'J&  !3;2!>! %!3$H.-&)7 H7-&$1? H&! #. )-.>(7
)!=5!:#! ! .-G.H$&;� �!o&!5' ) %7H.-&). ($7>#!-&$%$  43 )4 "7# "7-H.&
$#%".5.#&7 #.'-&!/H$)!-&$ G! 75G3$&'(. !&(.3;#!/ #.'-&!/H$)!/ 5!(4 E0 ?

γ =
∂

∂t
ln(E0), a�m

%!&!"4/ 6!"!2! "7 !&7.& )! )-.6 ".:$576�
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��� �#3�12!&!� �&$/#!("

�H.&#4. G7"75.&"4	 -.&%7 G! G"!-&"7#-&)' �@@tFtF? 27> G! )".5.#$ τ =
0.001 � � !=#7H$5 lp H$-3! H7-&$1 ) !(#!/ KH./%. -.&%$ $ "7--5!&"$5 )!G"!-
&!H#!-&$ G!3'H7.5!>! ".2.#$K ) "7=#46 ".:$576 ) =7)$-$5!-&$ !& lp �

� !=#7H.#$K	 !&#!2.#$. G3!&#!-&$ G'H%7 % G3!&#!-&$ G37=54 < nb ? "7=�
 "!- o3.%&"!#!) G'H%7 G! -%!"!-&K5 < Δv ? (3$#7 ! 37-&$ < L �

�7-H.&4 G"!)!($3$-; G"$ G7"75.&"76? -!!&).&-&)'Jn$6 &".5 "7=#45
".:$575 "7=)$&$K G'H%!)!/ #.'-&!/H$)!-&$	

�� 6��	����
 �*����� 	��� (kΔv � γ) 	 nb/n0 = 2 ·10−3 ? Δv/v0 =
0.035 ? L = 1.2566 � �"$ =7(7##46 G7"75.&"76 ).3$H$#7 $#%".5.#&7
#.'-&!/H$)!-&$ (!3:#7  4&; γ = 0.0722 p�q�

�� '�	�(����� 	��� (kΔv ∼ γ) 	 nb/n0 = 2 · 10−3 ? Δv/v0 = 0.14 ?
L = 1.1424 � �"$ o&$6 G7"75.&"76 ).3$H$#7 $#%".5.#&7 #.'-&!/H$)!�
-&$ (!3:#7  4&; γ = 0.0232 �


� #�����*����� 	��� � (kΔv � γ) 	 nb/n0 = 2 · 10−4 ? Δv/v0 =
0.14 ? L = 1.1424 � �#73$&$H.-%!. =#7H.#$. $#%".5.#&7 #.'-&!/H$)!-&$
) o&!5 -3'H7. γ = 0.0027 �

�7 3$17 �� �#%".5.#& $ .>! !&#!-$&.3;#7K G!>".2#!-&; a) �m ) =7)$-$�
5!-&$ !& %!3$H.-&)7 H7-&$1 G'H%7 ) KH./%. a lpm� γ1 < "7-H.&#!. =#7H.#$.
$#%".5.#&7 ) >$("!($#75$H.-%!5 ".:$5.? γ2 < ) G.".6!(#!5 ".:$5.? γ3 <
) %$#.&$H.-%!5 ".:$5.� �#73$&$H.-%!. =#7H.#$. (3K &.6 :. $#%".5.#&!)
γ01 = 0.0722 ? γ02 = 0.0232 ? γ03 = 0.0027 �

lp γ1 ε a�m γ2 ε a�m γ3 ε a�m

50 0.068 6 0.017 27 − −
500 0.07 3 0.02 14 − −
2500 0.071 2 0.021 9 0.002 20

5000 0.071 2 0.022 5 0.002 20

10000 0.071 2 0.022 5 0.002 20

�-#!)#4. ".='3;&7&4 5!(.3$"!)7#$K !&"7:.#4 ) &7 3� �� S(.-; ε < !&�
#!-$&.3;#7K G!>".2#!-&; )4H$-3.##!>! $#%".5.#&7 #.'-&!/H$)!/ )!3#4?
γ0k < 7#73$&$H.-%!. =#7H.#$. $#%".5.#&7 #.'-&!/H$)!/ )!3#4? γk < H$-�
3.##!. =#7H.#$. $#%".5.#&7� �7% G!%7=73$ "7-H.&4? (7##4/ %!5G3.%- G"!�
>"755 G!=)!3K.& G"!)!($&; 5!(.3$"!)7#$. o)!3J1$$ o3.%&"!##!>! G'H%7 )
2$"!%!5 ($7G7=!#. G7"75.&"!)�  >$("!($#75$H.-%!5 ".:$5. ".=!#7#-#!/
)!3#!/ =76)7&4)7J&-K )-. o3.%&"!#4 G'H%7? ) %$#.&$H.-%!5 < 5737K H7-&;
o3.%&"!#!) G'H%7? -%!"!-&$ %!&!"46 3.:7& ) '=%!5 ($7G7=!#.� �7 "$-� �
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�$-� �� W3.%&"!#4 G'H%7 #7 07=!)!/ G3!-%!-&$ (x, vx) (3K %$#.&$H.-%!>!
".:$57 - (!-&7&!H#45 a lp = 2500m $ #.(!-&7&!H#45 a lp = 500m H$-3!5
H7-&$1� �!5.#& )".5.#$ t = 2100 �

$=! "7:.#! G!).(.#$. H7-&$1 G'H%7 #7 07=!)!/ G3!-%!-&$ - (!-&7&!H#45 $
#.(!-&7&!H#45 H$-3!5 5!(.3;#46 H7-&$1 (3K %$#.&$H.-%!>! ".:$57� �7-�
H.&4 G!%7=73$? H&! (3K )!-G"!$=).(.#$K #. &!3;%! %7H.-&).##!/ %7"&$#4?
#! $ %!3$H.-&).##46 67"7%&."$-&$% G'H%!)!/ #.'-&!/H$)!-&$ a).3$H$#4
$#%".5.#&7 #.'-&!/H$)!/ 5!(4 - &!H#!-&;J #. 5.#.. 20%m G"$ #72$6 G7�
"75.&"76 #.! 6!($5! $5.&; #. 5.#.. 2 · 105 5!(.3;#46 H7-&$1 G'H%7 ) $#�
&.")73. -%!"!-&./? ) %!&!"!5 G"!$-6!($& )=7$5!(./-&)$. - #.'-&!/H$)!/
)!3#!/�

�.".0!"5'3$"'.5 (7##!. =7%3JH.#$. )  !3.. ! n.5 )$(. ) &."5$#76
H$-37 H7-&$1 ) KH./%.� �7--5!&".##!. "7=".2.#$. a�@@ '=3!) -.&%$ #7 )!3�
#!)!/ G."$!(m K)3K.&-K &$G$H#45 (3K 5!(.3$"!)7#$K 5.&!(!5 H7-&$1 )
KH./%76� �!37>7K 2$"$#' G7%.&7 "7)#!/ ∼ k−1

s G! y $ z a$3$ �� '=3!)m? G!�
3'H7.5? H&! 2× 105/100/162 ∼ 10 H7-&$1 ) KH./%. (!-&7&!H#! (3K %!"".%&�
#!>! 5!(.3$"!)7#$K? .-3$ ).-; G'H!% )-&'G7.& )! )=7$5!(./-&)$. - )!3#!/�
�-3$ :. #.'-&!/H$)!-&; "7=)$)7.&-K ) %$#.&$H.-%!5 ".:$5.? $ &!3;%! 57�
37K H7-&; ε o3.%&"!#!) =76)7&4)7.&-K )!3#!/? &! #.! 6!($5!. H$-3! H7-&$1
∼ 10/ε �

�*!#�&!��&

�� ;	
�� Z� J	�8�:�L�� � �-#!)4 0$=$%$ G37=54� �!-%)7	 �$"? ��D��

�� �	�K
	D:� iZ� �I��?
� ��� _:�
	E? �] �$-3.##!. 5!(.3$"!�
)7#$. 5.&!(75$ H7-&$1�)�KH./%76� �!)!-$ $"-%	 �=(�)! �� ���? �@@F�


� X� ,-� $R� X��� �1� R5 ^{i�sjfdz�gisc� zg� ji{zsc�chsc� �{zhdz
hcdy{zscfg df�i{h ww Zis~f�h cg �fd�yszscfgz{ Y~rhc�h� ��D�� +f{� ���
Y� 
�D<
���
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F� . 0( �1�S $^ Ay�ij�fd�ysij hcdy{zscfg f| �{zhdz i{i�sjfg ~izs
�fg�y�sc�csr �i�jizhi �yi sf ji{zsc�chsc� i{i�sjfg }izd ji{ztzscfg ww
Yjf�i�cz �fd�ysij A�cig�i� �@�@� +f{� �? ,hhyi �� Y� �@D<����

�� M
>
� ;�� J�A
�::� @� �.".6!(#4/ ".:$5 !(#!5."#!/ ()'6G!�
&!%!)!/ #.'-&!/H$)!-&$ ww .-&#$% ���� �."$K	 L$=$%7� �@@E� �� 
?
)4G� �� �� ��<���
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�� ������	����
������� ����	�
��
���&!("& �+	+8 �&"*% 	+	+8 �%��##"& �+�+8
�#1(�$ �+�+
�������� ��������� �&����� � �	�#6����$& ����
!./1 3�/ 70��$� ,�"����#�$� �����������7
�( �	��	�*��*2	��

	"#�#%*#

�%&'73;#45 #7G"7)3.#$.5 -!)".5.##!/ #7'%$ K)3K.&-K 57&.57&$H.-%!.
5!(.3$"!)7#$.  $!3!>$H.-%$ G"7)(!G!(! #46 #./"!##46 -.&./? ) %!&!"46
G"!$-6!(K& G"!1.--4 >.#."71$$ $ "7-G"!-&"7#.#$K #.")#46 $5G'3;-!)? $=�
5.#.#$K ).3$H$#4 5.5 "7##!>! G!&.#1$737 #./"!#!) )! )".5.#$ p�? �q�

�7 !-#!). ($#75$H.-%$6 5.67#$=5!) "7 !&4 #./"!#7 -!-&7)3.#4 "7=3$H�
#4. 57&.57&$H.-%$. 5!(.3$� �".($ #$6 .-&; !&#!-$&.3;#! G"!-&4.? #7G"$�
5." �,gji�jzsi zg� �cjiI? ) %!&!"!/ #./"!# G".(-&7)3K.&-K ) )$(. G7"733.3;�
#! G!(%3JH.##46 %!#(.#-7&!"7? !&).H7Jn.>! =7 .5%!-&#!/ &!% 5.5 "7#4?
$ ".=$-&!"7? $5$&$"'Jn.>! '&.H%' $!#!) H.".= $!##4. %7#734 p
q� �!=(7#4
$  !3.. -3!:#4.?  $!3!>$H.-%$ G"7)(!G!(! #4. 5!(.3$? #7G"$5."? 5!(.3;
O!(:%$#7�O7%-3$ pFq? %!&!"7K >!"7=(! -3!:#.. ) )4H$-3$&.3;#!5 G37#. $
) G37#. 7#73$=7 .� ($#75$%$? #! !#7 >!"7=(! &!H#.. !G$-4)7.& ($#75$%'
5.5 "7##!>! G!&.#1$737 #./"!#7�

�.67#$=5 ! "7=!)7#$K 5.5 "7##!>! G!&.#1$737 $5..& $!##'J G"$"!('�
�%)!=; 5.5 "7#'? !&(.3KJn'J )#'&"$%3.&!H#'J -".(' !& )#.%3.&!H#!/?
$('& G!&!%$ $!#!)� �7=#!-&; %!#1.#&"71$/ $!#!) - ! .$6 -&!"!# -!=(7.&
"7=#!-&; G!&.#1$73!) #7 5.5 "7#. 5.:(' )#.2#./ $ )#'&".##./ -".(!/�
 G"!1.--. "7-G"!-&"7#.#$K #.")#46 $5G'3;-!)? G!( )!=(./-&)$.5 o3.%�
&"$H.-%!>! -$>#737 ) 5.5 "7#. !&%"4)7J&-K Na+ �%7#734? $!#4 G! >"7�
($.#&' %!#1.#&"71$$ G"!6!(K& ) %3.&%'? (.G!3K"$='K .�� �-3$ ).3$H$#7
(.G!3K"$=71$$ 5.5 "7#4 (!-&$>7.& G!"!>7? %3.&%7 )!= ':(7.&-K? $ G! ..
&.3' "7-G"!-&"7#K.&-K G!&.#1$73 (./-&)$K�  (.G!3K"$=!)7##!/ 5.5 "7#.
#7H$#7J& !&%"4)7&;-K K+ �%7#734? G"!$-6!($& ".G!3K"$=71$K < $!#4 G!
>"7($.#&' %!#1.#&"71$$ )46!(K& $= %3.&%$? )!=)"7n7K ) -!-&!K#$. G!%!K�

� �(�#12 �F*'#"*/&

 (7##!5 $--3.(!)7#$$ #./"!##!/ 7%&$)#!-&$ 54 $-G!3;='.5 5!(.3;
�:$%.)$H7 p�q? %!&!"7K !G$-4)7.&-K ($#75$%' 5.5 "7##!>! G!&.#1$737
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V a�$-��m ) )$(.  4-&"!�5.(3.##!/ -$-&.54 ()'6 ($00.".#1$73;#46 '"7)�
#.#$/ a�m� ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

cm
dV

dt
= g(v − vrest)(v − vthresh)− u + I

dU

dt
= a (b(v − vrest)− u)

.-3$ V ≥ Vpeak, &!

{
V = c
U = U + d

a�m

�$-� �� �"70$% 0!"54 #.")#!>! $5G'3;-7 5!(.3$ �:$%.)$H7�

�$-� �� L7=!)7K G3!-%!-&; 5!(.3$�

 =7)$-$5!-&$ !& #7H73;#46 '-3!)$/ $ ).3$H$#4 G"$3!:.##!>! &!%7
5!(.3; 5!:.&  4&; ) ()'6 ($#75$H.-%$6 ".:$576 < o&! ()$:.#$. % G!&.#�
1$73' G!%!K P1 ? $3$ >.#."71$K o3.%&"$H.-%!>! $5G'3;-7 P2 p�q� L7=!)7K
&"7.%&!"$K 5!:.& -6!($&;-K ) '-&!/H$)'J &!H%'? ) %!&!"!/ ).3$H$#7 G!�
&.#1$737 "7)#7 ).3$H$#. G!&.#1$737 G!%!K? #7G"$5." &!H%7 P1 #7 �$-��?
3$ ! "7-6!($&;-K? $(K % G$%!)!5' =#7H.#$J? #7G"$5." &!H%7 P2 #7 "$-���
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�&"'%&'"7 5!(.3$ #./"!##!/ -.&$ -!-&!$& $6 o3.5.#&!) ()'6 &$G!)	 #./�
"!#!) $ -$#7G&$H.-%$6 -)K=./? -!.($#KJn$6 #./"!#4� �(#7 -$#7G&$H.-%7K
-)K=; -!.($#K.& ()7 #./"!#7? G"$H.5 #./"!#? )46!( a7%-!#m %!&!"!>! -!�
.($#.# - )6!(!5 a(.#("$&!5m ("'>!>!? K)3K.&-K G".-$#7G&$H.-%$5? 7 )&!"!/
#./"!#? -!!&).&-&).##!? G!-&-$#7G&$H.-%$5� �$37 -)K=$ 5.:(' #./"!#75$
67"7%&."$='.&-K ).3$H$#!/ ).-7 -)K=$ < W ? o%)$)73.#&#!/ %!3$H.-&)' #./�
"!5.($7&!"!)? )4(.3K.546 ) -$#7G&$H.-%!/ n.3$ G"$ G"!6!:(.#$$ G!&.#�
1$737 (./-&)$K�  =7)$-$5!-&$ !& ).3$H$#4 ).-7 -)K=; �.".= -)K=; G"!6!($&
$!##4/ &!%? G.".(7Jn$/ G!&.#1$73 (./-&)$K? %!&!"!5' -!!&).&-&)'.& G.�
".5.##7K -$#7G&$H.-%!>! &!%7 < Y � �./"!#4 67"7%&."$='J&-K ).3$H$#!/
o3.%&"$H.-%!>! G!&.#1$737 < V ? %!&!"7K =7)$-$& !& ).3$H$#4 -'557"#!>!
)6!(Kn.>! -$#7G&$H.-%!>! &!%7 < I �  -.&$ !($# #./"!# 5!:.& $5.&; 5#!>!
)6!(!) $ &!3;%! !($# )46!(? -!.($#.##4/ -! 5#!>$5$ #./"!#75$ p�q�

�$-� 
� �&"'%&'"7 -.&$�

�� �15(�*!: :(�#1* SJSJV

�!(.3$"!)7#$. #./"!##46 -.&./ K)3K.&-K &". !)7&.3;#45 % )4H$-3$�
&.3;#45 ".-'"-75 G"!1.--!5 $=�=7 #73$H$K  !3;2!>! %!3$H.-&)7 !(#!&$G�
#46 o3.5.#&!)� �7%$. 5!(.3$ 5!>'& -!(.":7&; -!&#$ &4-KH G7"733.3;#!
0'#%1$!#$"'Jn$6 #./"!#!)� �3K G!)42.#$K o00.%&$)#!-&$ 57&.57&$H.�
-%!/ 5!(.3$ G'&�5 ').3$H.#$K G"!$=)!($&.3;#!-&$ 5!(.3$"!)7#$K G"$5.�
#KJ&-K G7"733.3;#4. )4H$-3.#$K� �.73$=71$K G7"733.3;#46 )4H$-3.#$/
!-#!)7#7 #7 &.6#!3!>$$ a� ���W/\!�\��� 2��\!(� , 4�� ,��\+�2� \��2���� ,
! �(�oa#a#jq� G!=)!3$)2./ G"!).-&$ "7-H.&4 #7 >"70$H.-%!5 G"!1.--!�
". )$(.!%7"&4 #7 K=4%. aX.X�

4H$-3.#$K a#j "7=(.3.#4 #7 "7=3$H#4. )4H$-3$&.3;#4. G!&!%$? -
"7=3$H#45$ G"7)$375$ (!-&'G7� 4H$-3.#$K )4G!3#KJ&-K #7 %)7("7&#!/
-.&%.? >(. %7:(!5' o3.5.#&' < G$%-.3J -!!&).&-&)'.& !&(.3;#4/ )4H$-�
3$&.3;#4/ G!&!% - !(#$5 #7 !" %!57#(� �7##4. 5!(.3$ 6"7#K&-K ) ()'6�
5."#46 -&"'%&'"76 (7##46 < &.%-&'"76? o3.5.#&4 %!&!"46 -!(.":$& H.�
&4". G.".5.##4. - G37)7Jn./ =7GK&!/� �"$ G7"733.3;#46 )4H$-3.#$K6 =7
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$&."71$J !(#7 &.%-&'"7 G!().":.#7 3$ ! !G."71$$ H&.#$K? 3$ ! !G."71$$
=7G$-$? H&! (.37.& #.)!=5!:#45 !G."71$J G.".=7G$-$ o&!/ &.%-&'"4� �!�
o&!5' (3K '-&"7#.#$K o&!>! #.(!-&7&%7 %7:(7K &.%-&'"7 $5..& (). )."-$$
< H.&#'J $ #.H.&#'J�  -3'H7. H.&#!/ $&."71$$ G"!$-6!($& H&.#$. H.&#!/
)."-$$? 7 =7G$-; !-'n.-&)3K.&-K ) #.H.&#'J )."-$J &.%-&'"4? -!!&).&-&).#�
#!? #7 #.H.&#!/ $&."71$$ < H&.#$. $= #.H.&#!/ )."-$$? 7 =7G$-; < ) H.&#'J
)."-$J &.%-&'"4�

�7 %7:(!/ $&."71$$ 5!(.3$ G!-3.(!)7&.3;#! G"!-H$&4)7J&-K &"$ G!(�
G"!>"7554	 (3K "7-H.&7 G!&.#1$737 #./"!#!)? -$#7G&$H.-%!>! &!%7 -)K=./
$ -$#7G&$H.-%!>! &!%7 #./"!#!)�

�#7H737 )4G!3#K.&-K G!(G"!>"7557? "7--H$&4)7Jn7K ).3$H$#' G!&.#�
1$737 V (3K %7:(!>! #./"!#7� �$#75$%7 G!&.#1$737 #./"!#7 !G$-4)7.&-K
5!(.3;J �:$%.)$H7� �-3$ ).3$H$#7 G!&.#1$737 #./"!#7 G".)427.& G!"!>
Vpeak ? < =#7H$&? #./"!# )!= ':(.# $ >.#."$"'.& G!&.#1$73 (./-&)$K� �G."7�
1$K H&.#$K &.%'n$6 G7"75.&"!) #./"!#!) G"!$-6!($& $= &.%-&'"4 �#./"!#4
�I? %7:(!5' o3.5.#&' %!&!"!/ -!!&).&-&)'.& G7"75.&"4

[
V U I 0

]
? 7

!G."71$K =7G$-$ #!)46 G7"75.&"!) G"!)!($&-K #7 &.%-&'". �#./"!#4 �I� �!�
>(7 (3K k �>! #./"!#7 #7 (i+1) �!/ $&."71$$ $&."71$!##4. 0!"5'34 $5.J&
)$( a�m	

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
V i+1
k = V i

k +Δt ·
[
I ik + g · (V i

k − Vtresh) · (V i
k − Vrest)− U i

k

Cm

]
U i+1
k = U i

k +Δt · [a · (b · (V i
k − Vrest)− U i

k)
]

.-3$ V i
k ≥ Vpeak &!

{
V i+1
k = c

U i+1
k = U i

k + d

a�m

�3.('Jn7K G!(G"!>"7557 "7--H$&4)7.& ).3$H$#' -$#7G&$H.-%!>! &!%7
%7:(!/ -)K=$ -.&$� �7"75.&"4 -)K=./ 6"7#K&-K ) &.%-&'". �-)K=$I? %7:�
(4/ o3.5.#& %!&!"!/ -!(.":$& $#(.%- G".-$#7G&$H.-%!>! #./"!#7? $#�
(.%- G!-&-$#7G&$H.-%!>! #./"!#7? ).3$H$#4 -$#7G&$H.-%!>! &!%7 $ ).-7[
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� #� � 1�� ^^� *�S�(�S�� 3$� #� � 1� $^? +zjczscfgz{ z��jfz�~ zg�
^y{ij£h cgsi�jzscg� |z�sfjh |fj ig�cjfgdigsz{ hsy�cihww �fd�ysijh zg�
Zzs~idzsc�h �cs~ [��{c�zscfgh? �@�F? �f{� �D? �� ��F@������
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��
�=E
�
�� 	 ������ ������6�1

�#�#"&�7B& �+E+∗ 8 ��0�("$'&. 	+�+∗∗
∗ -����*�����
������� �������� ��,	������ �
���	�����%�� ���� -����*�����
���
∗∗ -����*�����
������� �	��"��������$� �����������
�+�	�	��'���	�	 ���
	�	���	����� -����*�����
���

� 	"#�#%*#

�&7&;K G!-)Kn.#7 "7="7 !&%. )4H$-3$&.3;#!/ 5!(.3$ G!G'3K1$!##!>!
G"!1.--7 - 'H.&!5 #.%!&!"46 -G.1$0$H.-%$6 '-3!)$/ G"!&.%7#$K ".G"!('%�
&$)#!>! 1$%37 $ 0!"5$"!)7#$K G!%!3.#$/ ) "7##.5 !#&!>.#.=. 7#7("!5#46
"4 � 4H$-3$&.3;#!. $--3.(!)7#$. G".(37>7.546 -$-&.5 '"7)#.#$/ G".(G!�
37>7.&-K G"!)!($&; ) "75%76 ".27.546 G"$%37(#46 =7(7H - $-G!3;=!)7#$.5
0!"573$=57 >$ "$(#46 7)&!57&!)�

�� �#(�#:& 
*%5#�& * :#!(�� >�(5%(3*�("&%*. �1("("

�3K ($#75$%$ H$-3.##!-&$  $!3!>$H.-%$6 -!! n.-&) 67"7%&."#! -75!�
".>'3$"!)7#$.� #'&"$G!G'3K1$!##45 5.67#$=5!5 ".>'3K1$$? )3$KJn$5
#7 ($#75$%' G!G'3K1$/ !-.&"!)46 "4 $ 3!-!-�)46? K)3K.&-K -3!:#7K
=7)$-$5!-&; 5.:(' #.".-&'Jn$5 #7 !>"7#$H.##46 "'-3!)46 'H7-&%76 -
G"$>!(#45 >"'#&!5 =7G7-!5 $ 0!"5$"'Jn$5-K !& #.>! #!)45 G!%!3.#$�
.5�  $6&$!3!>$$ G".(37>73$-; 57&.57&$H.-%$. 5!(.3$ (3K 0!"573$=71$$
=7)$-$5!-&$ G!G!3#.#$K R !& =7G7-7 S ahsf��<ji�jycsdigsm? ) H7-&#!-&$?
$=).-&#7 5!(.3; �� �$%."7	

R = aSe−bR,

>(. a v  .="7=5."#4/ G7"75.&"? 67"7%&."$='Jn$/ ".G"!('%&$)#4/ G!�
&.#1$73 G!G'3K1$$8 b v !&"7:7.& )3$K#$. 3$5$&$"'Jn$6 =7)$-Kn$6 !&
G3!&#!-&$ 07%&!"!)� �"! 3.57 #.-!!&).&-&)$K G"!>#!=!) $ (7##46 #7 3J�
(.#$/ -)K=7#7 - &.5? H&! #. 7#73$=$"!)73$-; -)!/-&)7 ($#75$H.-%!/ -$-&.�
54 M 〈Ω, t, ψ〉 ? >(. !G."7&!" o)!3J1$$ ψ(R; a) .-&; 0!"573$=71$K #.%!&!�
"!/ G7"75.&"$H.-%!/ =7)$-$5!-&$ 5.:(' !-#!)#45$ ).3$H$#75$? 67"7%&.�
"$='Jn$5$ "7=)$&$. G!G'3K1$!##!>! G"!1.--7? $ ) -3'H7. $&."71$/ 5!(.3$

1������ ����	
�
� �� �
�
����� ��������� ���� /��
� ,����0������.
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�$%."7	 Rn+1 = aRn exp(−bRn) (3K M #7 3J(7.&-K )!=#$%#!).#$. &!G!3!�
>$H.-%$ #.o%)$)73.#&#46 07=!)46 G!"&".&!)�

�-3!)$. G.")!>! 5.&75!"0!=7 G!).(.#$K M !G".(.3K.&-K &.5? %!>(7
G"!$=)!(#7K ) #.G!()$:#!/ &!H%. x∗ G.".-&7#.& '(!)3.&)!"K&; %"$&."$J
'-&!/H$)!-&$ |ψ′(x∗)| < 1, -3.('Jn.5' $= &.!".54 �"! 57#7�O7"&57#7�
�3K !(#!G7"75.&"$H.-%!>! -.5./-&)7 !&! "7:.#$/ ψ : I → I %37--7 >37(�
%!-&$ C2 - '-3!)$K5$	 ψ′

x(x
∗) = v(a), ψ′(x) �= 0 .-3$ x �= c, ψ′′(c) �= 0 G"$

a = ā &7%!5 H&! ψ′(x∗) = −1 #7 3J(7.&-K -3.('Jn7K -$&'71$K (3K ψ2(x)
) &."KJn./ '-&!/H$)!-&; x∗ :

dψ2(x∗)
dx

= 1, a�m

d2ψ2(x)

dx2
= ψ′′(ψ(x))(ψ′(x))2 + ψ′(ψ(x))ψ′′(x),

d2ψ2(x∗)
dx2

= 0. a�m

�3.(!)7&.3;#!? dψ2(x)/dx G"$ a = ā $5..& ) x∗ 3!%73;#4/ o%-&".5'5?
%!&!"4/ G"$ )4G!3#.#$$ d3ψ2(x)/dx3 < 0  '(.& 57%-$5'5!5 $ &!>(7 � G!�
K)3.#$.5 ()'6 #.G!()$:#46 &!H.% x∗1, x

∗
2 (3K ψ2(x) )!=#$%7.&  $0'"%71$K

'()!.#$K G."$!(7�
�$00.".#1$73;#4/ $#)7"$7#& R)7"17	

Hψ =
ψ′′′(x)
ψ′(x)

− 3

2

(
ψ′′(x)
ψ′(x)

)2

.

! 37(7.& -)!/-&)!5 -!6"7#K&; =#7% G"$ $&."71$K6? .-3$ Hf < 0 &! Hfn < 0,
7 - 'H.&!5 a�m $ a�m G!3'H7.5	

Hψ2(x∗) =
d3ψ2(x)

dx3
.

�.>%! G!%7=7&;? H&! (3K 5!(.3$ �$%."7 H < 0 G"$ x ∈ R.

�"$ G37)#!5 ').3$H.#$$  $0'"%71$!##!>! G7"75.&"7 ) ! 37-&$ =#7H.�
#$/ a > e2 G"!$-6!($& G.".6!( % 67!-' H.".= %7-%7(  $0'"%71$/ '()!.#$K
G."$!(7� �=5.#.#$. G!).(.#$K -$-&.54 H.".=  .-%!#.H#4/ %7-%7(  $0'"�
%71$/ $=).-&#! %7% -1.#7"$/ �� L./>.# 7'57� �!(! #4/ G.".6!( % 67!-'
".73$='.&-K ) ($00.".#1$"'.546 !(#!5."#46 !&! "7:.#$K6 G"$ )4G!3#.�
#$$ %"$&."$.) &.!".54 �� �$#>."7 p�q (!%7=7)2.>!? H&! !&! "7:.#$. '#$5!�
(73;#!/ 0'#%1$$ - -!6"7#KJn$5 =#7% Hψ < 0 a%"$&."$$ �$#>."7m 5!:.&
$5.&; #.  !3.. !(#!/ '-&!/H$)!/ G."$!($H.-%!/ &"7.%&!"$$ $ o&7 &"7.%&!�
"$K K)3K.&-K ω �G".(.3;#45 5#!:.-&)!5 (3K &!H%$ c : ψ′(c) = 0.
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��� 6&"*$*:($!2 "�F*"&#:($!* * >�*�($!&

�757K G"!-&7K 5!(.3; H$-3.##!-&$ G!%!3.#$K N(t) $-6!($& $= ($00.�
".#1$73;#!>! '"7)#.#$K G"!G!"1$!#73;#!/ -5."&#!-&$? $ =7(7.& o%-G!#.#�
1$73;#'J %"$)'J ' 43$ - !(#$5 G7"75.&"!5	

dN

dt
= −zN,N(t) = N0e

−zt.

� o%-G!#.#1$73;#!/ ' 43;J $-6!(#!/ >.#."71$$ G"$ 3$=$&.3;#! -!>37-'�
J&-K (7##4. ! 57--!)46 )$(76 5.3%$6 %!"!&%!1$%3!)46 "4 !=." $ )!(!�
6"7#$3$n� �3K "7=#46 )$(!) "4 &.5G ' 43$ (!3:.# )7";$"!)7&;-K G!
5.". "7=)$&$K !-! ./? #7$ !3.. ".=%! )4"7:7&;-K ' 5!3!($ %!"!&%!1$%3!�
)46 G.37>$H.-%$6 "4 ? G!().":.##46  $!&$H.-%!5' G".--' #7 )-.5 :$=�
#.##!5 1$%3.� �3K %"'G#46 !-.&"!)46 $ 3!-!-.)46 5!(.3$ 0!"5$"!)7#$K
G!%!3.#$/ K)3KJ&-K )7:#45 -".(-&)!5 !1.#%$ G."-G.%&$) )!--&7#!)3.#$K
H$-3.##!-&$ $=�=7 #."71$!#73;#!>! G"!54-37�

�-#!)4)7K-; #7 (7##46 #7 3J(.#$/ =7 �G!%7&#!/� 5$>"71$./ 5!3!($
)!3:-%$6 !-.&"!)46 "4 ) >!(4 - "7=3$H#45 ! �.5!5 -&!%7 )!(4 ) G!3!)!�
(;. $ !&5.&$) -()$>$ G$%7 G"!6!:(.#$K 5$>"$"'Jn./ % 5!"J 5!3!($ 54
G".(3!:$3$ 5!(.3; - ()'5K 5>#!).##45$ %!o00$1$.#&75$ -5."&#!-&$ )
'"7)#.#$$ ' 43$	 ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dN

dt
= −(αw(t)N(t) + θ(S)β)N(t)

dw

dt
=

g

N + ζ
, θ(S) =

1

1− exp(−cS)
dg

dt
= rg − rg2

G
− νN(t),

a
m

>(.	 S < ).3$H$#7 #.".-&!)!>! =7G7-78 w(t) < !&"7:7.& '"!).#; "7=5."#!�
>! "7=)$&$K G!%!3.#$K? )3$KJn$/ #7 ').3$H.#$. G$n.)46 G!&". #!-&./8
 &".&;.5 '"7)#.#$$ g < !G$-4)7.& ($#75$%' %!3$H.-&)7 (!-&'G#46 %!"�
5!)46 ! �.%&!) -!>37-#! $=).-&#!5' '"7)#.#$J L."6J3;-&7��$"37 - 'H.�
&!5 )4.(7#$K %!"57 5!3!(;J νN(t) 8 ' 4)7Jn7K 0'#%1$K θ(S) → 1 G"$
S → ∞ ? -37 ! )3$K.& #7 )4H$-3.#$. $&!>!)!>! G!G!3#.#$K N(T ) ? .-�
3$ H$-3.##!-&; =7G7-7 (!-&7&!H#! ).3$%7� L'#%1$!#73 G".(#7=#7H.# (3K
5!(.3$"!)7#$K ".=%!>! -#$:.#$K o00.%&$)#!-&$ )!-G"!$=)!(-&)7 G"$ (.�
>"7(71$$ G!G'3K1$$? )7:#!>! (3K  37>!G!3'H$K !-.&"!)468 ζ < G7"75.&"?
'H$&4)7Jn$/ !>"7#$H.#$. &.5G!) "7=)$&$K? #. =7)$-Kn$. !& H$-3.##!-&$8
c � G7"75.&"? 67"7%&."$='Jn$/ -&.G.#; )4"7:.##!-&$ o00.%&7 �33$8 α
< 5>#!).##4/ %!o00$1$.#& %!5G.#-71$!##!/ -5."&#!-&$8 β < 5>#!).##4/
%!o00$1$.#& (.%!5G.#-71$!##!/ -5."&#!-&$8 t ∈ [0, T ] < -G.1$0$H#4/ (3K
 $!3!>$H.-%!>! )$(7 $#&.")73 'K=)$5!-&$�

�"70$% =7)$-$5!-&$? G!3'H.##4/ G"$ H$-3.##!5 ".2.#$$ =7(7H$ �!2$
(3K )-.6 S ∈ Z+ - #7H73;#45$ '-3!)$K5$ w(0) = w0, g(0) = 0.5G,N(0) =
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λS, >(. λ < -".(#KK G3!(!)$&!-&; !-! ./? G".(-&7)3K.& '#$5!(73;#'J %"$�
)'J - '5.#;27Jn$5-K #7%3!#!5 #$-G7(7Jn./ G"7)!/ ).&)$ aG"$ G7"75.&�
"76 α = 0.8 × 10−14, G! -".(#./ G3!(!)$&!-&$ )!3:-%!/ -.)"J>$ =7 )".5K
#7 3J(.#$/ λ = 227 × 103, c = 2.5 × 10−3, G = 125000, T = 55 �'&�m� �"$�
)7K $5..& #.#'3.)'J >!"$=!#&73;#'J 7-$5G&!&'? (). &!H%$ G.".>$ 7 $ ().
#.&"$)$73;#4. &!H%$ G.".-.H.#$K -  $--.%&"$-!/ %!!"($#7&#!>! '>37�

�� 
B#:& >�#�$!&"1#%*. :(�#12%(5( "�#:#%*

�='H.#$.  $!3!>$H.-%$6 !-! .##!-&./ !-.&"!)46 G"$).3! % )4)!(75 !
-'n.-&).##!5 )3$K#$$  4-&"46 $=5.#.#$/ ) $6 !#&!>.#.=.? $5.Jn.5 o%-�
G."$5.#&73;#!. G!(&).":(.#$. ) "7 !&76 G! $--3.(!)7#$J -5.#4 o&7G!)
"7=)$&$K !">7#$=5!)�  -!)".5.##46 '-3!)$K6 "7=)$&$K )4H$-3$&.3;#!/
57&.57&$%$ (3K ".2.#$K =7(7H$ -!=(7#$K 5!(.3$? 'H$&4)7Jn./ 5.&75!"�
0!=4 ) :$=#.##!5 1$%3.? 1.3.-!! "7=#! )!-G!3;=!)7&;-K G".(-&7)3.#$.5
5!(.3;#!>! )".5.#$	

τ =
⋃
n

{Gap¤pren, [Tn−1, Tn], Gap¤postn},

>(. Gap¤pre < �)".5.##7K n.3;� (3K )4H$-3.#$K -!>37-!)7##46 #7H73;�
#46 '-3!)$/ $ G"!)."%$ G".($%7&7 #7 3.)!5 %!#1. G"!5.:'&%7 !H.".(#!>!
(3$&.3;#!>! G!).(.#$K8 Gap¤post < 7#73!>$H#7K �n.3;�? >(. !G".(.3KJ&-K
#!)4. #7H73;#4. '-3!)$/ #7 G"7)!5 %!#1. &.%'n.>! G"!5.:'&%7 τi (3K ".�
2.#$K -3.('Jn./ G! G!"K(%' $3$ )4 "7##!/ G! '-3!)$K5 G".($%7&7 =7(7H$
�!2$� Ti < )".5K -"7 7&4)7#$K G.".6!(7	 ) %!&!"!/ -&7#!)$&-K $-&$##45
G".($%7& -! 4&$K? G"$)!(Kn.>! % -5.#. G!).(.#$K� �"$ (!-&$:.#$$ !-! 46
-!-&!K#$/ ) G"!-&"7#-&). G.".5.##46 -!-&!K#$K a-! 4&$/m 5!>'& $=5.#K&;�
-K =#7H.#$K G7"75.&"!) ) G"7)46 H7-&K6? 0!"57 G"7)!/ H7-&$ $3$ H$-3!
'"7)#.#$/� �! 4&$K !G$-4)7J&-K G".($%7&75$? !G".(.3.##45$ #7 ".2.#$�
K6 ($00.".#1$73;#46 '"7)#.#$/ $ G!=)!3KJn$5$ )4H$-3$&.3;#!. -".(.
)4(.3K&; $= )-.>! 5#!:.-&)7 -!-&!K#$/ -$-&.54 &!? %!&!"!. G"$)!($& % $=�
5.#.#$J G!).(.#$K� �!#.H#!. 5#!:.-&)! $#&.")73!) 5.:(' -! 4&$K5$ $
 '('& -!!&).&-&)!)7&; 5!(.3$"'.545 -&7($K5$ "7=)$&$K� �3K $6 $--3.(!�
)7#$K >$ "$(#46 -$-&.5 "7="7 !&7#4 -G.1$73;#4. 73>!"$&54 p�q� �(! #!/
0!"5!/ G".(-&7)3.#$K #.G"."4)#!�($-%".&#46 -$-&.5 K)3K.&-K >$ "$(#4/
7)&!57&? "7-2$".#$. $(.$ ($-%".&#46 %7"& -!-&!K#$/ - '-3!)#45$ G.".6!�
(75$? >(. '=375 >"70$H.-%!/ 0!"54 -!G!-&7)3.#4 G"!1.--4? !G$-4)7.54.
($00.".#1$73;#45$ '"7)#.#$K5$�

� ��#�*'&!*"%( *3:#%.#:&. $'(�($!2 �($!&

 -3'H7. )7:#!/ "!3$ 5.&75!"0!=!) ' 5!3!($ 7#7("!5#46 "4 #7 G."�
)4/ )=>3K( 3!>$H#! !">7#$=!)7&; G"K5!. G.".!G".(.3.#$. %!o00$1$.#&!)
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5>#!).##!/ -5."&#!-&$ ) G.")!5 '"7)#.#$$ a
m G! 5.". #7-&'G3.#$K 0$%-$�
"!)7##46 !&".=%!) )".5.#$ Tk � �4 !G"! !)73$ (7##4/ 5.&!( ) p
q? -&!3%�
#')2$-; - &"'(!.5%!/ "7 !&!/ G! G7"75.&"$H.-%!/ $(.#&$0$%71$$? $ G".(�
37>7.5 ("'>!/ G!(6!(� �(.K =7%3JH7.&-K ) !G$-7#$$ ".=%$6 $=5.#.#$/ -%!�
"!-&$ "!-&7 G"$ -5.#. o&7G!)? H&! !G!-".(!)7##! )3$K.& #7 )4:$)7.5!-&;�
�5.##! -%!"!-&; "!-&7 !-! ./ !G".(.3K.& 5!5.#& )46!(7 G!%!3.#$K $=�G!(
(./-&)$K G".)73$"'Jn$6 #7 (7##!5 o&7G. !#&!>.#.=7 07%&!"!) -5."&#!�
-&$� &!"!. '"7)#.#$. (3K -%!"!-&$ "7=5."#!>! "7=)$&$K w(t) $= -$-&.54
a
m =75.#$5 >$ "$(#!/ -&"'%&'"!/ - ()7:(4 G".($%7&$)#! G.".!G".(.3K.�
5!/ G"7)!/ H7-&;J	

dw

dt
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
q, 0 < t < τ

g√
N + ζ

, t > τ, w(t) < wk1

ηw(t)− V
√
w(t), wk1 < w(t) < wk

aFm

>(. [0, τ) < (3$&.3;#!-&; G."$!(7 "7=)$&$K (! ".=! "1$$ :.3&!H#!>! 5.2%7?
!G".(.3K.57K  $!3!>$H.-%$5$ !-! .##!-&K5$ )$(7 a(3K !-.&"!)46 ) -".(�
#.5 E -'&!%m � 3$#./#45 %!o0$1.#&!5 q 8 wk < $#&."G".&$"'.&-K %7% '"!).#;
"7=)$&$K? G"$ (!-&$:.#$$ %!&!"!>! $=5.#K.&-K 67"7%&." 5.&7 !3$=57 $=�=7
-5.#4 67"7%&."7 G$&7#$K? H&! )3$K.& #7 )46!( $= G!( G".--7 (!5$#$"'J�
n.>! 6$n#$%7 $ G"!(!3:$&.3;#!-&; $#&.")737 'K=)$5!-&$�

�� 6&'17/#%*#

�"$ G.".6!(. % &".&;./ 5!(.3;#!/ -&7($$ "7=)$&$K G!37>7.&-K? H&! -%!�
"!-&; "!-&7 -)! !(#! 5$>"$"'Jn./ 5!3!($ #. !G".(.3K.&-K  !3.. G3!&#!�
-&;J $ 5!:.& !G$-4)7&;-K $=).-&#45 '"7)#.#$.5 �� 0!# �."&737#0$? >(.
%!o00$1$.#&4 7#7 !3$=57 η $ %7&7 !3$=57 V !G".(.3$-; (3K 5#!>$6 )$�
(!) :$)!&#46� �7 G.")46 -&7($K6 :$=#.##!>! 1$%37 G"!$-6!($& G!5$5!
"!-&7 0!"5$"!)7#$. -$-&.5 :$=#.(.K&.3;#!-&$ !">7#$=57? &!>(7 %7% #7 G!�
-3.('Jn$6 "!-& $ G!3!)!. -!6".)7#$.� G!3#. !G"7)(7#! "7=(.3K&; G!#K&$K
$ -!!&).&-&).##!>! '"7)#.#$K (3K '-3!)#!>! "7=5."#!>! "7=)$&$K 5!3!($ #7
"7##$6 -&7($K6 !#&!>.#.=7 $ "!-&7 ':. -0!"5$"!)7)2$6-K !-! ./�

�7 !&7 G"!)!($&-K ) "75%76 G"!.%&!) �LL��

�*!#�&!��&

�� .� ,�� � Asz}{i fj}csh zg� }c|yj�zscfgh f| s~i dz�h fg s~i cgsij�z{ ww
A,[Z �fyjgz{ f| z��{ci� dzs~� ��DE� +f{� 
�� Y� ��@<��E�

�� =:��`:�?
� iF �$-3.##!. 5!(.3$"!)7#$. >$ "$(#46 -$-&.5�v
�� �	 �=(�)! �!3$&.6#� '#�&7? �@@F� �@� ��
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� ]:	:��	HQ� � i �7="7 !&%7 )4H$-3$&.3;#46 5!(.3./ )!-G"!$=)!(�
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 "7 !&. "7--57&"$)7.&-K !($# $= #.K)#46 73>!"$&5!) ".2.#$K '"7)#.�
#$K &.G3!G"!)!(#!-&$? ! 37(7Jn$/ 5$#$573;#45 )4H$-3$&.3;#45 27 3!�
#!5 $ -)!/-&)!5  .='-3!)#!/ '-&!/H$)!-&$� �".(37>7.&-K .>! 5!($0$%71$K
) )$(. (! 7)3.#$K ) 73>!"$&5 (!G!3#$&.3;#!/ G"!1.('"4 %!"".%1$$ )4H$-�
3K.546 G.".5.##46? ! .-G.H$)7Jn./ )4G!3#.#$. =7%!#!) -!6"7#.#$K (3K
G!3'H7.546 =#7H.#$/? 7 &7%:. G!=)!3KJn7K ) "K(. -3'H7.) -'n.-&).##!
-!%"7&$&; )4H$-3$&.3;#4. =7&"7&4  .= G!&."; ) %7H.-&). G7"733.3;#!>!
%!(7� �"$)!(K&-K G"$5."4 &.-&!)46 "7-H.&!)� �"!)!($&-K )."$0$%71$K $
7#73$= o00.%&$)#!-&$ G".(3!:.##!/ 5!($0$%71$$� � -':(7.&-K G7"73�
3.3;#7K ".73$=71$K�

� �&!#:&!*/#$'&. :(�#12

�7--5!&"$5 o)!3J1$!##'J =7(7H' "7-H.&7 "7-G".(.3.#$K &.5G."7&'"4
T ) &".65."#!/ ! 37-&$ Ω - >"7#$1./ Γ ? #7 %!&!"!/ =7(7#4 ! n$. '-3!)$K
&".&;.>! "!(7	

cV (r)
∂T

∂t
+ divq = F (r) G"$ r ∈ Ω,

q = σ (r) gradT G"$ r ∈ Ω,

q · n+ κ [T − Tw(r)] = Qw(r) G"$ r ∈ Γ,

T = T0 G"$ t = 0, r ∈ Ω.

a�m

S(.-; t < )".5K? r < G"!-&"7#-&).##4. %!!"($#7&4? n < )#'&".##KK #!"573;
% >"7#$1. Γ ? q < ).%&!" &.G3!)!>! G!&!%7? cV < &.G3!.5%!-&;? σ < %!o0�
0$1$.#& &.G3!G"!)!(#!-&$? F < 0'#%1$K ! �.5#46 &.G3!)46 $-&!H#$%!)?
Tw < &.5G."7&'"7 G!)."6#!-&$ Γ ? Qw < &.G3!)!/ G!&!% H.".= G!)."6#!-&;
Γ ? κ < %!o00$1$.#& &.G3!! 5.#7 - G!)."6#!-&;J� �-3$ #7 H7-&$ >"7#$14
Γ1 ∈ Γ =7(7#! '-3!)$. G.")!>! "!(7? &! Qw = 0, κ = G"$ r ∈ Γ1 � �-3$ #7
Γ2 ∈ Γ =7(7#! '-3!)$. )&!"!>! "!(7? &! κ = 0 G"$ r ∈ Γ2 �
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�3K #.-&71$!#7"#!/ =7(7H$ a�m -&"!$&-K #.K)#4/ 5.&!( (3K &"�65."#46
>.%-7o("73;#46 #.-&"'%&'"$"!)7##46 "7-H.&#46 -.&!%? ! ! n.#$. %!&!"!>!
#7 -3'H7/ -.&!% $= G"!$=)!3;#46 )4G'%346 5#!>!>"7##$%!)? %7% G".(-&7)�
3K.&-K? #. (!3:.# )4=4)7&; =7&"'(#.#$/�
�75 5.&!( G!("! #! !G$-7# ) "7 !&. p�q $ G!=(#.. G!3'H$3 #7=)7#$. 5.&!�
(7 -37 !/ 7GG"!%-$571$$� S(.-; :. $=3!:$5 .>! -'&; $ !&"7=$5 %3JH.)4.
5!5.#&4? H&! 4 $5.&; )!=5!:#!-&; G"!(!3:$&; "7--':(.#$K ! G"!1.('".
%!"".%1$$�

� %7:(!/ KH./%!/ 7--!1$$"!)7#4 =#7H.#$K &.5G."7&'"4 T ? &.G3!.5�
%!-&$ cV ? %!o00$1$.#&7 &.G3!G"!)!(#!-&$ σ $ 0'#%1$$ &.G3!)46 $-&!H�
#$%!) F � � '=375$ 7--!1$$"!)7# ).%&!" G!&!%7 q � �3K >"7#./ ))!($&-K
G!#K&$. G3!&#!-&$ &.G3!)!>! G!&!%7 Q ? $>"7Jn.. %3JH.)'J "!3; ) 73>!�
"$&5.� �!&!%!)4. 0'#%1$$ $-G!3;='J&-K %7% -75!-&!K&.3;#4. =7)$-$54.
G.".5.##4.�

�37>!(7"K G"$).(.##!5' )4 !"' G.".5.##46? $-G!3;='.54/ )4H$-3$�
&.3;#4/ 27 3!# G!3'H7.&-K 57%-$573;#! %!5G7%&#45 aH&! ! 3.>H7.& "7-�
G7"733.3$)7#$. 73>!"$&57m� �(#7%!? G!=)!3KJn$5? - !(#!/ -&!"!#4? %!"�
".%&#! 7GG"!%-$5$"!)7&; G!&!%$ #7 %"$)!3$#./#46 #. !"&!>!#73;#46 -.&�
%76? $? - ("'>!/ -&!"!#4? G!3'H$&; )#'&".##. -!>37-!)7##4. 7GG"!%-$57�
1$$ ($00.".#1$73;#46 !G."7&!"!)? &7%$6 %7% ($).">.#1$K $ >"7($.#&� �
%7% -3.(-&)$.? G!3'H$&; "7=#!-&#4/ 7#73!> !G."7&!"7 �7G37-7? ! 37(7J�
n$/ -)!/-&)!5 -75!-!G"K:.##!-&$�

 G".(G!3!:.#$$ ! &!5? H&! >"7#$ a#'5."'J&-K (73.. $#(.%-!5 f m KH.�
.% a#'5."'J&-K (73.. $#(.%-!5 cm K)3KJ&-K �G!H&$ G3!-%$5$�? (3K #$6
!G".(.3KJ&-K .($#$H#4. #!"573$ s $ ).3$H$#4 G3!&#!-&./ &.G3!)!>! G!�
&!%7 Q(f) = q · s � �H./%$? -!(.":7n$. >"7#;? G!5.H7J&-K %7% �6!=K$#� $
�-!-.(� (3K 'H.&7 =#7%7 G"$ )4H$-3.#$K6�

�73.. -&"!$&-K .-&.-&).##7K $ %!"".%&#7K 7GG"!%-$571$K ($).">.#1$$
).%&!"7 q �

divq ≈ − 1

V (c)

∑
f∈If (c)

Q(f)S(f)Z(f, c). a�m

� &7% :. ($).">.#&#7K 7GG"!%-$571$K ! �.57 "7-H.&#!/ KH./%$ V (c)

V (c) ≈ −1

3

∑
f∈If (c)

⎧⎨⎩1

4

⎡⎣ ∑
n∈In(f)

rn(f) · s(f)
⎤⎦S(f)Z(f, c)

⎫⎬⎭ . a
m

 '"7)#.#$K6 a�m?a
m V (c) < ! �.5 "7--57&"$)7.5!/ KH./%$ c ? S(f) < G3!�
n7(; KH./%$ f ? In(f) < 5#!:.-&)! '=3!) n ? G"$#7(3.:7n$6 >"7#$ f ? If(c)
< 5#!:.-&)! >"7#./? ! "7='Jn$6 KH./%' c ? rn(f) < "7($'-�).%&!"4 '=3!)?
! "7='Jn$6 >"7#; f ? s(f) < #!"573; % >"7#$ f ? #7G"7)3.##7K ) -&!"!#'
KH./%$ �6!=K$#7�? Z(f, c) < =#7%!)7K 0'#%1$K? G"$#$57Jn7K =#7H.#$. �?
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.-3$ c K)3K.&-K KH./%!/�6!=K$#!5 >"7#$ f ? ��? .-3$ c K)3K.&-K KH./%!/�
-!-.(!5? @ ) !-&73;#46 -3'H7K6�

�3K 7GG"!%-$571$$ =7%!#7 L'";. a���m $-G!3;='.&-K &!? H&! 5$#$573;�
#!. =#7H.#$. 0'#%1$!#737

Φ =

∫
Ω

(|q|2/σ − 2Tdivq
)
dΩ +

∫
Γ

(
q2n/κ− 2Twqn

)
dΓ,

qn = q · n
aFm

(!-&$>7.&-K G"$ )4G!3#.#$$ -3.('Jn$6 -!!&#!2.#$/	

q/σ = −gradT ) ! 37-&$ Ω , qn/κ = T − Tw #7 >"7#$1. Γ . a�m

S(.-; T >37(%7K 0'#%1$K? =7(7##7K ) ! 37-&$ - >37(%!/ >"7#$1./�
�!"".%&#7K 7GG"!%-$571$K 0'#%1$!#737 aFm K)3K.&-K $-&!H#$%!5 "7-�

H.&#46 0!"5'3? -)K=4)7Jn$6 =#7H.#$K G3!&#!-&$ &.G3!)!>! G!&!%7 Q H.�
".= >"7#$ -! =#7H.#$K5$ &.5G."7&'"4 T ) KH./%76�

�"$).(.##4/ $#&.>"73 aFm G".(-&7)3K.& -! !/ -'55' ()'6 ! ��5#46 $
!(#!>! G!)."6#!-&#!>!�  &! )".5K %7% 7GG"!%-$571$K )&!"!>! $ &".&;.>!
-37>7.546 G"!)!($&-K  .= &"'(7 - $-G!3;=!)7#$.5 0!"5'34 a�m? 7GG"!%-$�
571$K %)7("7&7 5!('3K ).%&!"7 q G".(-&7)3K.& !G".(.3�##'J -3!:#!-&;�
4G!3#K.&-K !#7 )).(.#$.5 ) '=376 KH./%$ 3!%73;#46  7=$-!)? -!-&7)3.#�
#46 $= #!"573./ % >"7#K5? ! "7='Jn$5 &"�6>"7##4/ '>!3? -!(.":7n$5
"7--57&"$)7.54/ '=.3� �G".(.3.#$. ('73;#!>! % #.5'  7=$-7? $ G!3'H.#$.
)4"7:.#$K? -)K=4)7Jn.. %!5G!#.#&4 ).%&!"7 &.G3!)!>! G!&!%7 ) '=3. -
G3!&#!-&K5$ &.G3!)!>! G!&!%7 H.".= >"7#$? %!&!"45 G"$#7(3.:$& (7##4/
'=.3�

�!-3. H.>! $#&.>"73 G! ! �.5' KH./%$ -.&%$ !& %)7("7&$H#!>! H3.#7
q2/σ ) aFm 7GG"!%-$5$"'.&-K )=).2.##!/ -'55!/ =#7H.#$/ o&!/ ).3$H$#4 )
'=376? ! "7='Jn$6 KH./%'	∫

V (c)

|q|2/σdΩ ≈ V (c)

8σ(c)

∑
n∈In(c)

|q(n, c)|2 a�m

�"!(.37##4. !G."71$$ G!=)!3KJ& G!3'H$&; )4"7:.#$. (3K 7GG"!%-$57�
1$$ =7%!#7 L'";. $ -!!&#!2.#$K? -)K=4)7Jn$. &.5G."7&'"' T ) KH./%76 $
G3!&#!-&$ &.G3!)46 G!&!%!) Q H.".= >"7#$? -3.('Jn.>! )$(7�

a(f)Q(f) + b(f) = gT (f), b(f) =
∑

fk∈If (f)
b(fk)Q(fk),

If(f) = I ′f(c1f) ∪ I ′f(c1f)
aDm

S75.H7&.3;#45 -)!/-&)!5 (7##46 -!!&#!2.#$/ K)3K.&-K &!? H&! 7--!1$$�
"!)7##4. - >"7#K5$ ).3$H$#4 a(f) $ b(fk) < G!-&!K##4.? =7)$-Kn$. 3$2;
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!& >.!5.&"$H.-%$6 67"7%&."$-&$% KH./%$�6!=K$#7 $ KH./%$�-!-.(7� �'55$�
"!)7#$. ) )4"7:.#$$ (3K G7"75.&"!) b(f) G"!)!($&-K G! 5#!:.-&)' If(f) ?
-!-&!Kn.5' $= 5#!:.-&)7 I ′f(c1f) )-.6 >"7#./ fk ? G"$3.>7Jn$6 % >"7#$ f
-&!"!#4 KH./%$�6!=K$#7? $ 5#!:.-&)7 >"7#./ I ′f(c2f) ? G"$3.>7Jn$6 % f -!
-&!"!#4 KH./%$�-!-.(7� �-3$ >"7#; f G"$#7(3.:$& >"7#$1. ! 37-&$? &! )
-'55$"!)7#$$ 'H7-&)'.& 3$2; 5#!:.-&)! >"7#./ I ′f(c1f) �

��� �#."%&. $B#:&

�GG"!%-$5$"'.5 &.G."; =7(7H' a�m ) %7:(!/ KH./%. c $ #7 %7:(!/ >"7#$
f -.&%$ "7=#!-&#!/ -6.5!/

cV
T (c)− T (c)

τ
− 1

V (c)

∑
f∈If (c)

Q(f)S(f)Z(f, c) = F (c),

a(f)
Q(f)−Q(f)

ω
+ a(f)Q(f) +

∑
fk∈If (f)

b(fk)Q(fk) = gT (f).

aEm

S(.-; $ (73.. τ < 27> G! )".5.#$? H."&7 -)."6' G!5.H7.& =#7H.#$K 0'#%1$/
#7 )."6#.5 )".5.##!5 -3!.? 7 ω < ".37%-71$!##4/ G7"75.&"�
�.2.#$. -$-&.54 '"7)#.#$/ aEm G"!)!($&-K -3.('Jn$5 ! "7=!5� �'-&; #7
#.%!&!"!5 )".5.##!5 -3!. =#7H.#$K T ) KH./%76 $ Q #7 >"7#K6 $=).-&#4� �
G!5!n;J $-%3JH.#$K $= aEm ).3$H$# Q 5!:#! G!3'H$&; -$-&.5' 3$#./#46
73>. "7$H.-%$6 '"7)#.#$/ (3K ).3$H$# T - 6!"!2! ! '-3!)3.##!/ -$55.&�
"$H#!/ 57&"$1./? ) %7:(!/ -&"!%. %!&!"!/ 3$2; ($7>!#73;#4/ o3.5.#& H0

$ 2.-&; )#.($7>!#73;#46 o3.5.#&!) Hk(k = 1, . . . , 6) !&3$H#4 !& #'3K�
�!-3. ".2.#$K 3$#./#!/ =7(7H$ #!)4. =#7H.#$K Q 3.>%! #76!(K&-K - G!5!�
n;J -!!&#!2.#$K aEm	

Q(f) = (1− ω)Q(f) + ω [gT − b(f)] /a(f). a�m

�".($ G".$5'n.-&) (7##!>! G!(6!(7 !-! ! )4(.3KJ&-K -3.('Jn$.	

� ($).">.#&#7K 7GG"!%-$571$K ! �.5!) %"$)!3$#./#46 KH..%8

� -!>37-!)7##7K - ! �.575$ %!#-.")7&$)#7K 7GG"!%-$571$K !G."7&!"7
($).">.#1$$8

� $-G!3;=!)7#$. .-&.-&).##46 G!&!%!)46 G.".5.##468

�  .='-3!)#7K '-&!/H$)!-&; 73>!"$&578

� -75!-!G"K:.##!-&;? G!3!:$&.3;#7K !G".(.3.##!-&; $ 57%-$573;#7K
%!5G7%&#!-&; o33$G&$H.-%!>! !G."7&!"7? ! "7n7.5!>! #7 %7:(!5 )".�
5.##!5 27>.�
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�.&!(  43 ".73$=!)7# 7)&!"75$� �"$ -!=(7#$$ %!(7 $-G!3;=!)73$-;
K=4% ���? &.6#!3!>$K ZY,?  $ 3$!&.%7 -.&!H#46 (7##46 ZP[B (3K 'G"7)�
3.#$K (7##45$ #7 "7-G".(.3�##46 G! G"!1.--!"75 #.-&"'%&'"$"!)7##46
"7-H.&#46 -.&%76? ).%&!"#!�57&"$H#4. !G."71$$ $ ".27&.3; ���� $=  $ �
3$!&.%$ (3K G7"733.3;#46 #7'H#46 )4H$-3.#$/ Y^\A�? G"K5!/ ".27&.3;
$=  $ 3$!&.%$ Z`ZYA� �!( G!%7=73 6!"!2'J 57-2&7 $"'.5!-&;� �3K ).�
"$0$%71$$  43$ )4 "7#4 ()7 &.-&!)46 "7-H.&7? ! 37(7Jn$6 $=).-&#45
7#73$&$H.-%$5 ".2.#$.5�

QR!� +������ S���?��� ����������, ������ �� ���
���!

�$-� �� �7-G".(.3.#$. &.5G."7&'"4 - #73!:.#$.5 "7-H.&#!/ -.&%$

�3K G"!).(.#$K &.-&7 ) %7H.-&). "7-H.&#!/ ! 37-&$  437 )4 "7# 1$�
3$#(" - $-%"$)3.##!/ $ #75.".##! �$-G!"H.##!/� -.&%!/ #7 #.5�  KH./%.?
"7-G!3!:.##!/ ) -.".($#. ! 37-&$? =7(7�&-K &.5G."7&'"7 &7%$5 ! "7=!5?
H&! 4 $#&.>"73 !& &.5G."7&'"4 G! )-./ ! 37-&$  43 "7).# .($#$1. G"$
'-3!)$$? H&! ) !-&73;#46 KH./%76 ! 37-&$ &.5G."7&'"7 =7(7�&-K #'3.)!/�
�7-H.& G"!(!3:7.&-K �@@ 27>!) G! )".5.#$? )4 "7##46 &7%$5 ! "7=!5?
H&! 4 )3$K#$.5 >"7#$H#46 '-3!)$/ #7 "7-G".(.3.#$. &.5G."7&'"4 5!:#!
 43! G".#. ".H;� �!-3. G"!).(.#$K "7-H.&7? G!3'H.##4. (7##4. (!3:#4
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-!!&).&-&)!)7&; 7#73$&$H.-%!5' ".2.#$J ) -!!&).&-&)$$ - 0!"5'3!/	

Φ(x, t) = (4tπ)
n
2 exp

(
−|x|2

4t

)
. a�@m

n < "7=5."#!-&; ! 37-&$ "7-H.&7� �7 "$-'#%. � $=! "7:.#7 "7-H.&#7K ! �
37-&; - -.&%!/ $ "7-G".(.3.#$.5 &.5G."7&'"4 G!-3. �@@ 27>!) G! )".5.#$�

radius

te
m

p
er

at
u

re

0 0.1 0.2 0.3 0.4 0.5
0

1

2

3

4

5

6

7

8

analytical
experimental

�$-� �� �7($73;#!. "7-G".(.3.#$. &.5G."7&'"4 ) -"7)#.#$$ - 7#73$&$H.�
-%$5 ".2.#$.5

�$-'#!% � -!(.":$& >"70$% "7-G".(.3.#$K &.5G."7&'" G!-3. G"!).(.�
#$K "7-H.&7 $ 7#73$&$H.-%!. ".2.#$.� �7% )$(#!? ".='3;&7& "7-H�&7 6!"!2!
-!)G7(7.& - 7#73$&$H.-%$5 ".2.#$.5� �"$ "7-H.&76 ) &".65."#!/ ! 37-&$
a-0."7m G!3'H.#4 7#73!>$H#4. ".='3;&7&4�

QR!L (�������������	3 � ��.��2��������, ����	���!

�.-& )=K& $= )."$0$%71$!##!/  $ 3$!&.%$ &.-&!) G"!>"755#!>! G7%.&7
[CA�A ��`^C\ a[CA�A �{yc� lrgzdc�h +ijc��zscfg Zzgyz{m? >(. ) -)!J
!H.".(;? G"$)!($&-K --43%7 #7 "7 !&' p
q� �!(.3$"'.&-K G"!1.-- #7>".)7�
#$K &!#%!/ 5.(#!/  73%$�  #7H73;#4/ 5!5.#& )".5.#$ G37-&$#7 #7>".&7
"7)#!5."#!? $ % !(#!5' $= .� %"7�) G!()!($&-K $-&!H#$%? G!"!:(7Jn$/
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&.G3!)!/ G!&!%� �!-3. ()'6 5$#'& G"!&.%7#$K G"!1.--7 ) %7H.-&). G"!).�
"!H#!>! =#7H.#$K "7--57&"$)7.&-K "7-G".(.3.#$. &.5G."7&'"4�

�7"75.&"4 "7-H.&7� �3!&#!-&; 5.($ 8995.67%>/53 � �(.3;#7K &.G3!�5�
%!-&; 381�:/%>�� �.G3!G"!)!(#!-&; aG"!)!($5!-&;m 401&/5�� �7=5."4
G37-&$#4 75055/30055 a)4 "7##4. "7=5."4 (!-&7&!H#! ).3$%$? H&! 4
G".(G!3!:$&; G37-&$#' G!3'� .-%!#.H#!/ ) #7G"7)3.#$$ "7-G"!-&"7#.#$K
&.G37m� �"7#$H#4. '-3!)$K	

� &.G3!)!/ G!&!% 300000&/52 #7 3.)!/ -&.#%.8

� G"!&$)!G!3!:#7K aG"7)7Km -&.#%7 =7(7#7 7($7 7&$H.-%!/8

�  !%!)4. G!)."6#!-&$ G37-&$#4 5!(.3$"'J&-K -$55.&"$H#45$ $3$ G.�
"$!($H.-%$5$ >"7#$H#45$ '-3!)$K5$�

�$-� 
� �7-G".(.3.#$. &.5G."7&'"4 - #73!:.#$.5 "7-H.&#!/ -.&%$

�3K G"!).(.#$K "7-H.&7  437 )4 "7#7 !"&!>!#73;#7K "7)#!5."#7K -.&%7�
�7 "$-�
 $=! "7:.#7 G37-&$#7 - -.&%!/ $ "7-G".(.3.#$.5 &.5G."7&'"4 G!�
-3. ()'6 5$#'& G"!&.%7#$K G"!1.--7�  &7 3$1.� G"$)!(K&-K ".='3;&7&4
-"7)#.#$K G!3'H.##46 ".='3;&7&!) - o&73!##45$�

�7 3$17 �� �.='3;&7&4 &.-&$"!)7#$K
�!H#!. �.='3;&7&4 �&#!2.#$.

".2.#$. K "7-H.&7 K
�.5G."7&'"7 #7>".)7.5!/ -&.#%$ 
�
 
�
�� ���EF
�.5G."7&'"7 #7 '(73.#$$ 0.155 
�E�F 
�� ���E�
!& #7>".)7.5!/ -&.#%$

�.='3;&7&4 &.-&$"!)7#$K G".(-&7)3KJ&-K #75 ).-;57 '(!)3.&)!"$&.3;�
#45$�
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�!-&"!.##4/ 5.&!( 6!"!2! -. K =7".%!5.#(!)73 #7 G"7%&$%.? !%7=7)�
2$-; )G!3#. G"$>!(#45 (3K ".2.#$K =7(7H $#('-&"$73;#!/ 57&.57&$%$�
�(#7%!? #.$=5.##! 7%&'73;#45 (3K 3J !>! )4H$-3$&.3;#!>! %!(7 K)3K.&-K
)!G"!- .>! o00.%&$)#!-&$� .(; $-G!3;=!)7#$. #.K)#!>! 5.&!(7  !3;2$�
5$ 27>75$ G! )".5.#$ K)3K.&-K !G"7)(7##45 &!3;%! ) &!5 -3'H7.? .-3$
-3!:#!-&; )4H$-3.#$/ (3K ".73$=71$$ o&!>! !(#!>!  !3;2!>! 27>7 #. G".�
)!-6!($& -'557"#!/ -3!:#!-&$ )4H$-3.#$/ )-.6 57346 27>!) K)#!/ -6.54?
(7Jn$6 ) -'55. o&!&  !3;2!/ 27>�

�"$ $--3.(!)7#$$ o&!>! 7-G.%&7 ) G.")'J !H.".(; )-&7�& )!G"!- ! &"'�
(!=7&"7&76 #7 ! "7n.#$. !G."7&!"7? )6!(Kn.>! ) '"7)#.#$. (3K &.5G."7�
&'"4�  #7-&!Kn.. )".5K -'n.-&)'.& 5#!:.-&)! G7%.&!)�-!3)."!) aY^\A�?
Z`ZYh? A`Y^k�` $ ("�m? G".(!-&7)3KJn$6 )!=5!:#!-&; ! "7n7&; 57&�
"$14 G"K545$ a�`? ,�` $ ("�m $ $&."71$!##45$ a��? �djih? }c��hsz}?
z{�dy{sc�jc� $ ("�m 5.&!(75$ #7 )4H$-3$&.3;#46 572$#76 - 57--$)#!�
G7"733.3;#!/ 7"6$&.%&'"!/ -"7)#$&.3;#! o00.%&$)#!� �(#7%!? !H.)$(#!?
H&! -3!:#!-&; ! "7n.#$K (7##!>! !G."7&!"7 "7-&�& #.3$#./#! - "!-&!5
"7=5."#!-&$ =7(7H$ $ =7H7-&'J K)3K.&-K )4H$-3$&.3;#45 K("!5 )-.>! 73�
>!"$&57� �!o&!5' =7(7H7 -#$:.#$K #7>"'=%$ #7 ".27&.3; G"$ ".73$=71$$
#.K)#!>! 5.&!(7 K)3K.&-K H".=)4H7/#! 7%&'73;#!/�
�%7=73!-;? H&! ' o&!/ G"! 3.54 .-&; )! 5#!>$6 -3'H7K6 o00.%&$)#!. ".2.�
#$.? %!&!"!. =7%3JH7.&-K )! )).(.#$$ (!G!3#$&.3;#!/ G"!1.('"4 %!"".%�
1$$ G!-3. %7:(!>! 27>7 G! )".5.#$�

�= '"7)#.#$K E�� )4"7=$5 =#7H.#$K &.5G."7&'"4 - #!)!>! -3!K�

T (c) = T (c) +
τ

cV

⎡⎣ 1

V (c)

∑
f∈If (c)

Q(f)S(f)Z(f, c) + F (c)

⎤⎦ . a��m

�!3'H$) =#7H.#$K qn G!-3. !%!#H7#$K )4H$-3.#$/ G! $-6!(#!5' 5.&!�
('? G!(-&7)$5 $6 ) a��m? H&! (7-& #75 #!)4. -%!"".%&$"!)7##4. =#7H.#$K
&.5G."7&'" T̃ (c) � �!-3. o&!>! G! 0!"5'3. a�m #76!(K&-K -!!&).&-&)'Jn$.
-%!"".%&$"!)7##4. =#7H.#$K G!&!%!) Q̃(f) �

�54-3 !G$-7##!/ G"!1.('"4 =7%3JH7.&-K ) &!5? H&! G!(-&7)3KK G!3'�
H.##4. =#7H.#$K G!&!%!) Q(f) ) =7%!# -!6"7#.#$K? 54 G!3'H7.5 ($).">.�
#$=$"!)7##4. =#7H.#$K &.5G."7&'" T̃ (c) ? !&).H7Jn$6 =7%!#' -!6"7#.#$K�
�!G!3#$&.3;#4/ )4$>"42 =7%3JH7.&-K ) &!5? H&! !&G7(7.& #.! 6!($5!-&;
".27&; G!3'H.##!. ���� (3K &.5G."7&'" &!H#45$ G"K545$ 5.&!(75$�
�&7#!)$&-K (!-&7&!H#! 3$2; '5.#;2$&; #.)K=%' #7 #.-%!3;%! G!"K(%!)?
H&! 4 G!3'H$&; G"$.53.5!. %7H.-&)! ".2.#$K�

�".$5'n.-&)! G!(! #!>! G!(6!(7 =7%3JH7.&-K ) &!5? H&! )).(K (!G!3#$�
&.3;#'J G"!1.('"' %!"".%1$$? 7 -3.(!)7&.3;#! $ (!G!3#$&.3;#'J )4H$-�
3$&.3;#'J -3!:#!-&; 73>!"$&57? 54 "7=>"':7.5 -!3)."? G!=)!3KK .5' #.
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! "7n7&; 57&"$1' &!H#!? 7 3$2; )4G!3#$&; #.-%!3;%! $&."71$/� �"K5!.
".2.#$. ����  !3;2!/ =7(7H$ "7-&�& #.3$#./#! $ =7#$57.& -'n.-&).#�
#!  !3;2. )".5.#$? H.5 G7"7 (!G!3#$&.3;#46 )4H$-3.#$/ ($).">.#1$$ $
G!&!%!) ) G"!1.('". %!"".%1$$� � (7:. G"$ 7)$) % -3!:#!-&$ %!"".%1$$
-3!:#!-&; G"!(.37##46 $&."71$/ -!3)."7? 54 G!3'H$5 -'n.-&).##4/ G"$�
"!-& ) -%!"!-&$ )4H$-3.#$/�
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analytical
residual -2
residual -1
residual -1 with correction

�$-� F� �"7)#.#$. &.5G."7&'"4 ) "7($73;#!5 #7G"7)3.#$$

�7--5!&"$5 (./-&)$. %!"".%1$$ #7 G"$5.". o)!3J1$$ -$#>'3K"#!/
0'#%1$$� �"$ $-G!3;=!)7#$$ &!H#!>! G"K5!>! ".27&.3K ���� G!-3. n
27>!) G! )".5.#$ τ ? 54 G!3'H7.5 !&%3!#.#$. ".='3;&7&7 H$-3.##!>! o%-�
G."$5.#&7 !& 7#73$&$H.-%!>! =#7H.#$K #.  !3.. !(#!>! G"!1.#&7 )! )-.6
&!H%76 -.&%$� �-3$ =75.#$&; &!H#4/ ".27&.3; $&."71$!##45? G!#$:7J�
n$5 =#7H.#$. #.)K=%$ )-.>! #7 G!"K(!% $3$ ()7? &! ".2.#$. G!-3. n 27>!)
-'n.-&).##! G!"&$&-K� �-3$ :. G"$5.#$&; G"!1.('"' %!"".%1$$? ".='3;&7&
!GK&; G"$! ".&7.& G".:#.. %7H.-&)!� �7 "$-'#%. F !&! "7:.#4 >"70$%$
"7-G".(.3.#$K &.5G."7&'"4 G! !%!#H7#$$ "7-H.&!) G"$ $-G!3;=!)7#$$ $&.�
"71$!##!>! -!3)."7? G!#$:7Jn.>! =#7H.#$. #.)K=%$ #7 !($# G!"K(!% aH."�
#7K G'#%&$"#7K 3$#$Km? #7 ()7 G!"K(%7 aH."#7K 3$#$K &!H%7�&$".m? #7 !($#
G!"K(!% - G"$5.#.#.#$.5 G"!1.('"4 %!"".%1$$ aH."#7K -G3!2#7K 3$#$Km?
7#73$&$H.-%!. ".2.#$. a-."7K -G3!2#7K 3$#$Km� O!"!2! )$(#!? H&! G!-3.
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)%3JH.#$K %!"".%1$$ ".='3;&7&4 o%-G."$5.#&7 6!"!2! 3!:7&;-K #7 7#7�
3$&$H.-%'J %"$)'J� �"7%&$%7 G!%7=737? H&! G"!1.('"7 %!"".%1$$ &7%:.
G!=)!3K.& $-G!3;=!)7&; G"$ "7-H.&76  !́3;2$. 27>$ G! )".5.#$ G"$ -!6"7�
#.#$$ &!H#!-&$ "7-H.&!)�

�� 6&'17/#%*#

 #7-&!Kn./ "7 !&.  43 "7--5!&".# 5.&!(? G".(3!:.##4/ ) p�q� �3>!�
"$&5  43 ".73$=!)7# (3K 5#!>!G"!1.--!"#46 )4H$-3$&.3;#46 %!5G3.%-!)
- $-G!3;=!)7#$.5 7%&'73;#!>! #7 (7##4/ 5!5.#& $#-&"'5.#&7"$K  $ 3$!�
&.% $ G7%.&!) G"$%37(#46 G"!>"755 a���? ZY,? ZP[B? Y^\A�? Z`ZYAm�
�.73$=!)7##4/ %!( G!%7=73 '(!)3.&)!"$&.3;#4. ".='3;&7&4 57-2&7 $"'�
.5!-&$� �43$ G"!).(.#4 &.-&!)4. "7-H.&4 #7 #.-&"'%&'"$"!)7##46 %"$�
)!3$#./#46 "7-H.&#46 -.&%76 ) &".65."#46 ! 37-&K6? G!%7=7)2$. 6!"!�
2.. -!)G7(.#$. G!3'H.##46 o%-G."$5.#&73;#46 (7##46 - 7#73$&$H.-%$5
".2.#$.5� �".(3!:.#7 G"!1.('"7 %!"".%1$$ 73>!"$&57? ! .-G.H$)7Jn7K
'(!)3.&)!".#$. )4G!3#.#$K =7%!#7 -!6"7#.#$K (3K )4H$-3K.546 ).3$H$#?
7 &7%:. G!=)!3KJn7K -'n.-&).##! -!%"7&$&; )4H$-3$&.3;#4. =7&"7&4 #7
%7:(!5 27>. G! )".5.#$�
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�1


&"/#%'( �++∗ 8 �12*% 	+�+∗,∗∗ 8 ��!75*% �+
+∗
∗ �������� �$'�������#�	� �������� �
������'���	� ��	,����� -/ ���� �	�	��
�����
∗∗ �	�	��
������ �	��"��������$� ������������ �	�	��
����

� �($!&%("'& 3&�&/* * :#!(� �#4#%*.

�7--5!&"$5 !&%"4&'J ! 37-&; D ) G"!-&"7#-&). R3 ? !>"7#$H.##'J 3$G�
2$1.)!/ G!)."6#!-&;J ∂D ? ∂D = ∂D1 ∪ ∂D2 ? ∂D2 < >37(%7K G!)."6#!-&;�
#.2#KK %"7.)7K =7(7H7 (3K '"7)#.#$K �7G37-7 -!-&!$& ) #76!:(.#$$
0'#%1$$ u ∈ C1

(
R3\D) ∩ C2

(
R3\D̄) ? "7)#!5."#! -&".5Kn./-K % #'3J

#7  .-%!#.H#!-&$? '(!)3.&)!"KJn./ ".2.#$J '"7)#.#$K

Δ u(r) = 0, r ∈ R3\D̄, a�m

$ %"7.)45 '-3!)$K5

u (r) = f (r) , r ∈ ∂D1,
∂u

∂n
(r) = g (r) , r ∈ ∂D2. a�m

S7(7H7 a�m < a�m G".(G!37>7.&-K ".2�##!/? .-3$ '(7-&-K #7/&$ =#7H.#$K $-�
%!5!/ 0'#%1$$ uS #7 G!)."6#!-&$ -0."4 ∂S ? K)3KJn./-K >"7#$1./ 27"7
S̄ = S ∪ ∂ S ? D̄ ⊂ S � �./-&)$&.3;#!? ) o&!5 -3'H7. 5!:#! #7/&$ =#7H.�
#$K 0'#%1$$ ) G"!$=)!3;#!/ &!H%. G"!-&"7#-&)7 r ∈ R3\D̄ ) -0."$H.-%$6
%!!"($#7&76 ) )$(. $#&.>"737 �'7--!#7 p�q

u (r, θ, ϕ) =
R

4π

π∫
0

sin θ0

2π∫
0

uS (θ0, ϕ 0)

∣∣ r2 − R2
∣∣

(r2 − 2Rr cos γ + R2)3/2
dϕ 0 dθ0, a
m

>(. R < "7($'- -0."4 ∂S ? r0 ∈ ∂S ? r1 = | r− r0| =√
r2 − 2Rr cos γ +R2 ? γ < '>!3 5.:(' ).%&!"75$ r $ r0 ? cos γ =

cos θ cos θ0+sin θ sin θ0 cos (ϕ− ϕ 0) � L!"5'37 a
m K)3K.&-K !-#!)!/ (3K G".(�
37>7.5!>! $&."71$!##!>! 5.&!(7 ".2.#$K =7(7H$ a�m < a�m? %!&!"4/ =7%3J�
H7.&-K ) G!-3.(!)7&.3;#!5 ".2.#$$ )-G!5!>7&.3;#46 %"7.)46 =7(7H ) !>"7�
#$H.##46 ! 37-&K6�

1������ ����	
�
� �� �
�
����� ��������� ��������/� 
�#+
�/� ��
�� ������� �-������-��!.
J�����)�
��	'
�� ��	�����
% ��������
� /��
��) �-��0������ ��������/� ��
�� �#
��)�
��	'�

�* ��	�����
�.
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).(�5 (!G!3#$&.3;#'J !>"7#$H.##'J ! 37-&; Ω0 - >"7#$1./ ∂ Ω0 &7�
%'J? H&! S̄ ⊂ Ω0 � �'(.5 ".27&; - G!5!n;J ��W )#'&".##JJ %"7.)'J
=7(7H' ) ! 37-&$ Ω̂0 ≡ Ω0\D̄ ? G"$ =7(7##46 >"7#$H#46 '-3!)$K6 #7 ∂D $
G.".-H$&4)7.546 #7 %7:(!/ $&."71$$ %"7.)46 '-3!)$K6 #7 ∂ Ω0 � �7 G.")!/
$&."71$$ 5.&!(7 =7(7�5 #'3.)4. >"7#$H#4. '-3!)$K #7 G!)."6#!-&$ ∂ Ω0 $
".27.5 )#'&".##JJ %"7.)'J =7(7H' (3K ! 37-&$ Ω̂0 � �"$ o&!5 #7-  '(.&
$#&.".-!)7&; ".2.#$. o&!/ =7(7H$ &!3;%! #7 G!)."6#!-&$ ∂ S � �! o&$5 =#7�
H.#$K5 !G".(.3$5 #!)4. >"7#$H#4. '-3!)$K #7 )#.2#./ "7-H�&#!/ ! 37-&$
∂ Ω0 G! 0!"5'3. a
m? $ G"!).(�5 7#73!>$H#! )&!"'J $ G!-3.('Jn$. $&.�
"71$$� �&5.&$5? H&! #7 "7=#46 27>76 o&!>! G"!1.--7 "7-H�&#4. ! 37-&$
(3K )#'&".##$6 %"7.)46 =7(7H 5!:#! )4 $"7&; ($#75$H.-%$5 ! "7=!5? &�.�
#7 k �!/ $&."71$$ )5.-&! Ω0 !G".(.3$&; ! 37-&; Ωk+1 - >"7#$1./ ∂ Ωk+1 ?
k = 0, 1, . . . , K � �!3$H.-&)! $&."71$/ K !G".(.3K.&-K G! '-3!)$J -6!($5!�
-&$ 5.&!(7 - =7(7##!/ &!H#!-&;J ε � 1 � 4 !" ! 37-&$ Ωk ? =7%3JH7Jn./
) -. K 27" S̄ ? #7 )&!"!/ $ )-.6 G!-3.('Jn$6 $&."71$K6 G"!$=)!($&-K $= -!�
! "7:.#$/ o%!#!5$$ )4H$-3$&.3;#46 ".-'"-!) $ )!=5!:#!-&$ G!3'H.#$K
#7$ !3.. &!H#!>! ".2.#$K #7 G!)."6#!-&$ 27"7� �"$ o&!5 '-3!)$. )%3J�
H.#$K S ⊂ Ωk !-&7�&-K ) -$3.� �7 )-.6 G!-3.('Jn$6 $&."71$K6 ".27.&-K
)#'&".##KK %"7.)7K =7(7H7 ) ! 37-&$ Ω̂k ≡ Ωk\D̄ $ G! 0!"5'3. a
m #!)4.
>"7#$H#4. '-3!)$K �$"$63. #7 G!)."6#!-&$ ∂ Ωk �

�� 
B(�*:($!2 *!#�&9*(%%(5( :#!(�&

�!%7:.5 -6!($5!-&; G".(3!:.##!>! 5.&!(7� S7G$2.5 0!"5'3' a
m )
)$(.

u (r) =

∫
∂ S

uS (r0) KS (r, r0) d s.

�!>(7 $&."71$!##4/ G"!1.-- !G".(.3K.&-K -3.('Jn$5 ! "7=!5	⎧⎪⎪⎨⎪⎪⎩
Δ uk+1 (r) = 0 , r ∈ Ω̂k ,
uk+1 (r) = Φk (r) , r ∈ ∂ Ωk ,
uk+1 (r) = f (r) , r ∈ ∂ D 1 ,
∂uk+1

∂n
(r) = g (r) , r ∈ ∂ D2 , k = 0, 1, . . . ,

aFm

>(. Φ0 (r) = 0,

Φk (r) =

∫
∂ S

ukS (r0) KS (r, r0) d s, r ∈ ∂Ωk, r0 ∈ ∂S, k = 1, 2, . . . . a�m

�G".(.3$5 G"$ r ∈ Ω̄k\D G!>".2#!-&; 5.&!(7 %7%

ωk+1 (r) = uk+1 (r)− u (r) . a�m
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�!>(7
ωk+1 (r) =

∫
∂ S

(
ukS (r0)− uS (r0)

)
KS (r, r0) d s =∫

∂ S

ω k (r0) KS (r, r0) d s ≡ ϕ k (r) ,
aDm

$ G!>".2#!-&;  '(.& '(!)3.&)!"K&; '"7)#.#$K5⎧⎪⎪⎨⎪⎪⎩
Δωk+1 (r) = 0 , r ∈ Ω̂k ,
ωk+1 (r) = ϕ k (r) , r ∈ ∂ Ωk ,
ωk+1 (r) = 0, r ∈ ∂ D 1 ,
∂ωk+1

∂n (r) = 0, r ∈ ∂ D2 .

aEm
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max
r∈Ω̄k\D

∣∣ωk+1 (r)
∣∣ ≤ max

r∈∂ Ωk

∣∣ωk+1 (r)
∣∣ = max

r∈∂ Ωk

∣∣ϕ k (r)
∣∣ . a�m
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max
r∈∂ Ωk

∣∣ωk+1 (r)
∣∣ ≤ max

r0∈∂ S
∣∣ω k (r0)

∣∣ ∫
∂ S

KS (r, r0) d s ≤ R

R 0
max
r0∈∂ S

∣∣ω k (r0)
∣∣ , a�@m
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u (r, θ, ϕ) = sin θ cosϕ
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(ua (θj, ϕ i)− ũma (θj, ϕ i))
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ε0
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∣∣
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∣∣
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∑
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(7H7 ) !-#!)#!/ G!(! 37-&$ Ḡb - =7(7##!/ G3!&#!-&;J &!%7 #7 G!)."6#!-&$
-&7"&7 =7"K:.##46 H7-&$1? %!&!"!/ ) (7##!5 -3'H7. K)3K.&-K Γcb � �.2$)
(7##'J =7(7H'? G.".-H$&4)7.&-K G!&.#1$73 #7 >"7#$1. -!G"K:.#$K G! G"7�
)$375? G"$).(.##45 #$:.? $ !G$-7##4/ G"!1.-- G!)&!"K.&-K #7 -3.('Jn.5
G"$ 3$:.#$$�

�-#!)#7K G"! 3.57 G"$ ".2.#$$ -75!-!>37-!)7##!/ =7(7H$ a�m < a�m =7�
%3JH7.&-K ) &!5? H&! 4 ) ".='3;&7&. G"!).(.#$K G!-3.(!)7&.3;#46 G"$ 3$�
:.#$/ #7/&$ #7 >"7#$1. Γch &7%!. "7-G".(.3.#$. G!&.#1$737 w ? %!&!"!.
'(!)3.&)!"K3!  4 $-6!(#!/ =7(7H. )! )-./ ! 37-&$ Ḡ � �3K .� ".2.#$K =7�
G$2.5 #7 >"7#$1. -!G"K:.#$K '"7)#.#$.(∂ϕ(w)

∂�n

)
c
−
(∂ϕ(w)

∂�n

)
b
= 0 aDm

!&#!-$&.3;#! 0'#%1$$ w ? %!&!"!. G! 7#73!>$$ - 3$#./#45$ =7(7H75$  '(.5
#7=4)7&; '"7)#.#$.5 �'7#%7". < �&.%3!)7� S(.-; �n < #!"573; % Γcb ? 7
$#(.%-4 c, b !=#7H7J&? H&! ).3$H$#4 ) -%! %76 !&#!-K&-K -!!&).&-&).##! %
G!(! 37-&K5 Ḡc $ Ḡb �

�"7)#.#$. aDm  '(.5 ".27&; G"$ 3$:.##!� �3K o&!>! G!-&"!$5 #7 Γcb
-.&%' ω ? -!-&!Kn'J $= N '=3!)� S75.#$5 =7(7H' !&4-%7#$K 0'#%1$$ w
#.G"."4)#!>! 7">'5.#&7 G"$ 3$:.##!/ =7(7H./ #76!:(.#$K ) '=376 -.&�
%$ 0'#%1$$ ($-%".&#!>! 7">'5.#&7 U = {ui} � �3K o&!>! ) '=376 -.&%$ ω
!G".(.3$5 -!!&#!2.#$K

fi(U) ≡
(∂ϕ(U)

∂�n

)
c,i
−
(∂ϕ(U)

∂�n

)
b,i
, i = 1, N, aEm

�!>(7 '"7)#.#$. aDm =75.#$&-K -$-&.5!/ #.3$#./#46 !G."7&!"#46 '"7)�
#.#$/

F (U) ≡ {fi(U)} = 0. a�m

�.2.#$. -$-&.54 aEm? a�m  '(.5 G"!)!($&; 5.&!(!5 �"!/(.#7? -'&; %!�
&!"!>! ) (7##!5 -3'H7. =7%3JH7.&-K ) -3.('Jn.5� �7 >"7#$1. -!G"K:.#$.
G!(! 37-&./ =7(7�&-K #7H73;#!. G"$ 3$:.#$. w0 (3K G!&.#1$737 $ ".27�
J&-K 7#73$&$H.-%$ ) Gc $ H$-3.##! ) Gb -75!-!>37-!)7##4. G!(=7(7H$� �!
$=).-&#45 0!"5'375 5.&!(7 �"!/(.#7 p
q "7--H$&4)7.&-K #!)!. G"$ 3$�
:.#$. w1 $ )#!); ".27J&-K -75!-!>37-!)7##4. G!(=7(7H$ ) G!(! 37-&K6�
�7##4/ G"!1.-- G!)&!"K.&-K (! -6!($5!-&$� �3K ".73$=71$$ G.")!>! 27�
>7 #.! 6!($5! ".2.#$. !(#!/ )-G!5!>7&.3;#!/ -75!-!>37-!)7##!/ =7(7H$ -
)!=5'n.##!/ G3!&#!-&;J &!%7�
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($!(. - $=).-&#45 7#73$&$H.-%$5 ".2.#$.5 G!%7=73$? H&! "7--57&"$)7.�
54/ 5.&!( $&."71$/ G! G!(! 37-&K5 -6!($&-K - &!H#!-&;J (! (.-K&46 (!3./
G"!1.#&7 =7 � $&."71$/�
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�
8 �� ).(.#$. ) &.!"$J $#&.#-$)#46 G'H%!) =7"K:.##46
H7-&$1� �!-%)7	 W#.">!7&!5$=(7&? �@�F� FEE -�

�� d!��(��� � $� �̂W�� $ lfdzcg li�fd�fhcscfg Zis~f�h |fj Yzjscz{
lc�ijigscz{ ^�yzscfgh� Pt|fj�	 �{zjig�fg Yjihh? ����� 
�@ ��


� ����� �f� C��<:�D B �$-3.##4. 5.&!(4  .='-3!)#!/ !G&$5$=71$$
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Q$(%$. %"$-&7334 K)3KJ&-K '#$%73;#45$ ).n.-&)75$  37>!(7"K #.�
! 4H#!5' -!H.&7#$J 7#$=!&"!G#46 -)!/-&)? G"$-'n$6 %"$-&73375? $ &.%'�
H.-&$? -)!/-&).##!/ :$(%!-&K5� �!()$:#!-&; 5!3.%'3 :$(%$6 %"$-&733!)
G!=)!3K.& )!=(./-&)$.5 )#.2#$6 -$3 $=5.#K&; $6 !"$.#&71$J $ &7%$5 ! �
"7=!5 'G"7)3K&; -)!/-&)75$ :$(%$6 %"$-&733!)� G.")4. 5!(.3; :$(%!>!
%"$-&7337  437 G".(3!:.#7 W"$%-.#!5 p�q� �!-&"!.#$J 5!(.3$ G!-)Kn.#4
"7 !&4 �.-3$ p�q? �o"! p
q $ ("'>$6 7)&!"!)�

� �&!#:&!*/#$'&. :(�#12

 pF? �q G!-&"!.#7 'G"!n.##7K 57&.57&$H.-%7K 5!(.3; #.57&$H.-%!>!
:$(%!>! %"$-&7337 %7% 7%'-&$H.-%!/ 5$%"!#.!(#!"!(#!/ -".(4 - )"7n7J�
n$5$-K H7-&$175$� �-#!)#7K -$-&.57 '"7)#.#$/ o&!/ 5!(.3$ ) ()'5."#!5
-3'H7. )4>3K($& -3.('Jn$5 ! "7=!5	

ρ ut = − px − qy, ρ vt = qx − py, j ωt = 2 q, ϕt = ω,

pt = − k
(
ux + vy

)
+ β Tt, qt = α

(
vx − uy − 2w

)
,

c Tt =
(
κ11 Tx + κ12 Ty

)
x
+
(
κ12 Tx + κ22 Ty

)
y
− β T

(
ux + vy

)
.

a�m

S(.-; u $ v < %!5G!#.#&4 ).%&!"7 -%!"!-&$? ω < '>3!)7K -%!"!-&;? ϕ <
'>!3 G!)!"!&7 5!3.%'3 %"$-&7337? p < >$("!-&7&$H.-%!. (7)3.#$.? q < %7�
-7&.3;#!. #7G"K:.#$.? T < 7 -!3J&#7K &.5G."7&'"7? ρ < G3!&#!-&;? j <
5!5.#& $#."1$$? k < 5!('3; ! �.5#!>! -:7&$K? α < 5!('3; 'G"'>!>! -!G"!�
&$)3.#$K )"7n.#$J? β < %!o00$1$.#& &.G3!)!>! "7-2$".#$K? c < '(.3;#7K
&.G3!.5%!-&;? κ11 ? κ12 $ κ22 < %!5G!#.#&4 &.#=!"7 &.G3!G"!)!(#!-&$	 κ11 =
κ1 cos

2 ϕ + + κ2 sin
2 ϕ ? κ12 = (κ1−κ2) sinϕ cosϕ ? κ22 = κ1 sin

2 ϕ+κ2 cos
2 ϕ ?

κ1 $ κ2 < %!o00$1$.#&4 &.G3!G"!)!(#!-&$ ) #7G"7)3.#$$ !"$.#&71$$ 5!�
3.%'3 :$(%!>! %"$-&7337 $ ) G!G.".H#!5 #7G"7)3.#$$? #$:#$. $#(.%-4 t
$ x ? y !=#7H7J& G"!$=)!(#4. G! )".5.#$ $ G"!-&"7#-&).##45 G.".5.##45?

1������ ����	
�
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�
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-!!&).&-&).##!�  -$-&.5' a�m )6!(K& '"7)#.#$K G!-&'G7&.3;#!>! $ )"7n7�
&.3;#!>! ()$:.#$K? '"7)#.#$. (3K '>37 G!)!"!&7? '"7)#.#$K -!-&!K#$K (3K
(7)3.#$K $ %7-7&.3;#!>! #7G"K:.#$K? '"7)#.#$. 7#$=!&"!G#!/ &.G3!G"!�
)!(#!-&$ - G.".5.##45$ %!o00$1$.#&75$�

�� �*$1#%%�? &15(�*!:

�$-3.##!. ".2.#$. %"7.)46 =7(7H (3K -$-&.54 a�m !-'n.-&)3K.&-K - G!�
5!n;J 5.&!(7 ()'1$%3$H.-%!>! "7-n.G3.#$K G! G"!-&"7#-&).##45 G.".�
5.##45�  ()'5."#!5 -3'H7. #7 %7:(!5 )".5.##!5 $#&.")73. (t0, t0 +Δt)
"7-n.G3.#$. )%3JH7.& ) -. K � o&7G!)	 ".2.#$. !(#!5."#46 G!(-$-&.5 '"7)�
#.#$/ 7%'-&$%$ :$(%!>! %"$-&7337 $ -)K=7##46 '"7)#.#$/ &.G3!G"!)!(#!�
-&$ ) #7G"7)3.#$K6 x $ y #7 G!3'$#&.")73. G! )".5.#$ (t0, t0 + Δt/2) ?
G.".-H.& ).3$H$# ω ? ϕ $ q G! -6.5. �"7#%7<�$%!3-!#? G!)&!"#4/ G.".-H.&
) #7G"7)3.#$K6 y $ x #7 )&!"!5 G!3'$#&.")73. (t0+Δt/2, t0+Δt) � �7 ��5
$ ��5 o&7G76 5.&!(7 "7-n.G3.#$K -H$&7.&-K? H&! $-%!5!. ".2.#$. =7)$-$&
&!3;%! !& x ? $ -$-&.57 '"7)#.#$/ a�m G".! "7='.&-K % -3.('Jn.5' )$('	

ρ ut = − px, ρ vt = qx, pt = − k ux + β Tt, qt = α vx, a�m

c Tt = f1x − β T ux, f1 = κ11 Tx + κ12 Ty. a
m

�#73!>$H#!? #7 ��5 $ F�5 o&7G76? %!>(7 ".2.#$. =7)$-$& &!3;%! !& y 	

ρ ut = − qy, ρ vt = − py, pt = − k vy + β Tt, qt = −αuy, aFm

c Tt = f2y − β T vy, f2 = κ12 Tx + κ22 Ty. a�m

�7 
�5 o&7G. 5.&!(7 "7-n.G3.#$K ".27.&-K -$-&.57 '"7)#.#$/	

j ωt = 2 q, ϕt = ω, qt = − 2α ω. a�m

�.")4/ $ GK&4/ a)&!"!/ $ H.&)."&4/m o&7G4 5.&!(7 "7=(.3.#4? #.-5!&"K #7
&!? H&! ()7:(4 ".27.&-K G"7%&$H.-%$ !(#7 $ &7 :. =7(7H7� �7%7K %!#-&"'%�
1$K 5.&!(7 "7-n.G3.#$K ! .-G.H$)7.& '-&!/H$)!-&; H$-3.##!>! ".2.#$K )
()'5."#!5 -3'H7. G"$ )4G!3#.#$$ !(#!5."#!>! '-3!)$K �'"7#&7�

�7 o&7G76 "7-n.G3.#$K !(#!5."#4. =7(7H$ ".27J&-K - $-G!3;=!)7#$�
.5 %!#.H#!�"7=#!-&#!/ -6.54 &$G7 �G".($%&!"<%!"".%&!"I ) -3.('Jn./
G!-3.(!)7&.3;#!-&$	 -#7H737 ".73$='.&-K 27> �G".($%&!"I (3K G!(-$-&.�
54 '"7)#.#$/ 7%'-&$%$ a�m? aFm? a�m? =7&.5 ".27.&-K -)K=7##!. '"7)#.#$.
&.G3!G"!)!(#!-&$ a
m? a�m? $ ) =7%3JH.#$. )4G!3#K.&-K 27> �%!"".%&!"I 57&�
"$H#!/ -$-&.54? G"7)7K H7-&; %!&!"!/ =7)$-$& !& &.5G."7&'"4� �!#.H#!�
"7=#!-&#7K -6.57? G!-&"!.##7K G! G"$#1$G' -6.54 ���� �!('#!)7? G"$5.#K�
.&-K G"$ ".2.#$$ 7%'-&$H.-%$6 '"7)#.#$/? -6.57 ��� �)7#!)7 - %!#&"!3$�
"'.5!/ ($--$G71$./ o#.">$$ < G"$ ".2.#$$ '"7)#.#$K &.G3!G"!)!(#!-&$�
�.5G."7&'"7 ) %7:(!5 #7G"7)3.#$$ )4H$-3K.&-K - G!5!n;J &".6&!H.H#!/
G"!>!#%$� �6.57 K)3K.&-K #.K)#!/ #7 27>. �G".($%&!"I $ K)#!/ #7 27>.
�%!"".%&!"I�
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�7="7 !&7#7 G"!>"7557 (3K H$-3.##!>! ".2.#$K -$-&.54 '"7)#.#$/ a�m
57&.57&$H.-%!/ 5!(.3$ :$(%!>! %"$-&7337� �7"733.3;#7K G"!>"7557 ".7�
3$=!)7#7 #7 K=4%. �$ - G"$5.#.#$.5 &.6#!3!>$$ �`l[ p�q? G!=)!3KJn./
$-G!3;=!)7&; >"70$H.-%$. '-%!"$&.3$ )$(.!%7"&�

�7-G7"733.3$)7#$. )4H$-3.#$/ G"!$=)!($&-K #7 o&7G76 5.&!(7 "7-n.G�
3.#$K� �7 _Y` a_jz�~c�z{ Yjf�ihhcg� `gcsm "7-H.&#7K ! 37-&; "7= $)7.&�
-K #7 %)7("7&#4.  3!%$? -!(.":7n$. !($#7%!)!. H$-3! #$&./� �37>!(7"K
$(.#&$0$%7&!"75? $5.Jn$5-K ) �`l[? %7:(!/ #$&$ -&7)$&-K ) -!!&).&�
-&)$. KH./%7 "7=#!-&#!/ -.&%$�  G7"733.3;#!5 ".:$5. #$&$ >"70$H.-%!>!
'-&"!/-&)7 )4G!3#KJ& !(#!&$G#4. !G."71$$ ) KH./%76 G! "7-H.&' ".2.#$K
#7 27>. �G".($%&!"I $? G!-3. o&!>!? #7 27>. �%!"".%&!"I -6.54�  #7H73.
G"!>"7554 #7 �Y` a�igsjz{ Yjf�ihhcg� `gcsm =7(7J&-K "7=5."#!-&$ %!#.H#!�
"7=#!-&#!/ -.&%$ $ )-. #.! 6!($54. %!#-&7#&4? 7 &7%:. !G$-4)7J&-K !(�
#!5."#4. 57--$)4 $ =7(7J&-K #7H73;#4. (7##4. (3K !-#!)#46 ).3$H$# <
%!5G!#.#& ).%&!"7 -%!"!-&$? '>3!)!/ -%!"!-&$? '>37 G!)!"!&7? (7)3.#$K? %7�
-7&.3;#!>! #7G"K:.#$K $ &.5G."7&'"4� �(#!)".5.##! #7 _Y` )4(.3K.&-K
G75K&; G!( 57--$)4 (3K o&$6 ).3$H$# $ )-.6 #.! 6!($546 )-G!5!>7&.3;�
#46 ).3$H$#� S7&.5 #.! 6!($54. %!#-&7#&4 $ 57--$)4 %!G$"'J&-K - �Y`
#7 _Y`� �7 %7:(!5 27>. G! )".5.#$ G!-3.(!)7&.3;#! ".73$='J&-K o&7G4
5.&!(7 "7-n.G3.#$K� �7 o&7G76 "7-n.G3.#$K >"70$H.-%$5 '-&"!/-&)!5 )4�
G!3#KJ&-K )-. #.! 6!($54. K("7 aG"!1.('"4m ) G7"733.3;#!5 ".:$5.� �3K
7#73$=7 ".='3;&7&!) -H.&7 ) %!#&"!3;#46 &!H%76 G! )".5.#$ ".2.#$. G.".�
(7.&-K - _Y` #7 �Y`? $ G! G!3'H.##45 07/375 (7##46 "$-'J&-K 3$#$$
'"!)#K $-%!546 ).3$H$# >"70$H.-%$5$ -".(-&)75$ G."-!#73;#!>! %!5G;J�
&."7�

�� �#3�12!&!� �&$/#!("

�$-3.##! $--3.(!)7#7 o00.%&$)#!-&; "7 !&4 G"!>"7554	 ) 5.&!($H.-�
%$6 "7-H.&76 =70$%-$"!)7#! '-%!".#$. "7 !&4 G7"733.3;#!/ G"!>"7554
G"$5."#! ) �� "7= G! -"7)#.#$J - G!-3.(!)7&.3;#!/ )."-$./� �"!).(.#7 -.�
"$K "7-H.&!) #7 )4-!%!G"!$=)!($&.3;#!5 )4H$-3$&.3;#!5 -.").". �{z�dzg
�� �� ���? (.5!#-&"$"'Jn$6 "7 !&' G"!>"7554�

�7 "$-� � G".(-&7)3.#4 ".='3;&7&4 "7-H.&!) (3K =7(7H$ ! (./-&)$$ &".6
Λ�! "7=#46 $5G'3;-!) (7)3.#$K ) #!"573;#!5 #7G"7)3.#$$ #7 H7-&$ 3.�
)!/ >"7#$14 "7-H.&#!/ ! 37-&$ ) )$(. %)7("7&7� �-&73;#4. H7-&$ >"7#$14
-H$&7J&-K -)! !(#45$ !& #7G"K:.#$/� �7>"'=%7 (./-&)'.& #.%!&!"!. )".�
5K? 7 G!&!5 >"7#$17 G!3#!-&;J !-)! !:(7.&-K !& #7G"K:.#$/� �7 "$-� �
G!%7=7#4 ".='3;&7&4 (3K =7(7H$ ! (./-&)$$ H.&4".6 $-&!H#$%!) &.G37 #7
#$:#./ >"7#$1. $ H.&4".6 $-&!H#$%!) #7 3.)!/ >"7#$1. "7-H.&#!/ ! 37-&$�
$(#!? H&! 3$#$$ '"!)#K &.5G."7&'"4 !"$.#&$"'J&-K G!( =7(7##45 '>3!5
G!)!"!&7 ϕ � � 37-&; (./-&)$K %7:(!>! $-&!H#$%7 &.G37 < �@ -5 aG"$ (3$#.
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-&!"!#4 %)7("7&7? "7)#!/ � 5m� �7=#!-&#7K -.&%7 -!-&!$& $= 1024 × 1024
KH..%�

�$-� �� Λ�! "7=#4. $5G'3;-4 (7)3.#$K #7 H7-&$ 3.)!/ >"7#$14	 3$#$$ '"!)�
#K (7)3.#$K p a��@�/ $ �@@�/ 27>$ G! )".5.#$ < -3.)7 #7G"7)!m

�$-� �� �-&!H#$%$ &.G37 #7 #$:#./ $ 3.)!/ >"7#$176	 3$#$$ '"!)#K &.5G.�
"7&'"4 T G"$ %!o00$1$.#&76 &.G3!G"!)!(#!-&$ κ1 = 5 κ2 $ '>376 G!)!"!&7
ϕ = 0, π/4, π/2 a-3.)7 #7G"7)!m? �@@@�/ 27> G! )".5.#$
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-&$ "7--H$&4)7.&-K "7-G"!-&"7#.#$. "7($!7%&$)#!>! )4 "!-7 ) 7&5!-0.".?
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"7? ) H7-&#!-&$? 2$"!%! )!-&". !)7##4. )! )-.5 5$"!)!5 >.!0$=$H.-%!5 -!�
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&". '.& G!)42.##!>! %!#&"!3K =7 %7H.-&)!5 G!3.)46 (7##46 $ -!!&).&-&)'�
Jn$6 5.&!($% ! "7 !&%$� �3K 5.&!(!) -!G"!&$)3.#$/ 3.>H. G!((.":$)7&;
#.! 6!($5!. -!!&).&-&)$.? &7% %7% $5.##! (3K #$6 $5..&-K #7$ !3.. "7=�
)$&7K &.!".&$H.-%7K $ G"!>"755#7K  7=7? %!&!"7K &". '.& -)!.)".5.##!>!
'-!)."2.#-&)!)7#$K�

�7 -.>!(#K #.& '#$)."-73;#46 G"!>"755 &".65."#!>! 5!(.3$"!)7#$K�
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$6 $-G!3;=!)7#$. (3K -3!:#46 G"$"!(#46 ! �.%&!) #. )-.>(7 )!=5!:#!�
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% (7##45 5.&!(7 -!G"!&$)3.#$/ (3K ".2.#$K G"K5!/ =7(7H$? %!&!"'J 5!:�
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#!/ =7(7H$ G'&.5 )4 !"7 !G&$573;#!/ #7H73;#!/ 5!(.3$? 7 &7%:. (7.& )!=�
5!:#!-&; G"!).-&$ 5!(.3$"!)7#$K - 'H.&!5 !-#!)#46 !-! .##!-&./ -&"!�
.#$K� � G!5!n;J G"!>"7554 ^Z�¤l�
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�$ $"$? G!=)!3$)2$. '&!H#$&; -&"!.#$. "K(7 -3!:#46 )#'&"$)G7($##46
-&"'%&'" p�? �? 
q�

�7=)$&$. -!)".5.##!/ )4H$-3$&.3;#!/ &.6#$%$? ) H7-&#!-&$ G!K)3.#$.
>$ "$(#46 )4H$-3$&.3;#46 -$-&.5? ) %!&!"46 #7"K(' - G"!1.--!"75$ &"7�
($1$!##!/ 7"6$&.%&'"4 $-G!3;='J&-K 57--$)#!�G7"733.3;#4. -!G"!1.--!�
"4? #7G"$5."? >"70$H.-%$. G"!1.--!"4 a_Y`m? G!=)!3K.& -'n.-&).##! '-%!�
"$&; "7-H�&4� �-G!3;=!)7#$. _Y` #7$ !3.. o00.%&$)#! G"$ ".2.#$$ =7�
(7H? ! 37(7Jn$6 G7"733.3$=5!5 G! (7##45? H$-3! 7"$05.&$H.-%$6 !G."7�
1$/ ) %!&!"46 ).3$%! G! -"7)#.#$J - !G."71$K5$ #7( G75K&;J� �-3$ =7�
(7H7 &7%$5 -)!/-&)!5 #. ! 37(7.&? -'n.-&).##!>! '-%!".#$K &7%:. 5!:#!
(! $&;-K? #! G'&�5  !3;2$6 '-$3$/� �3K G!3'H.#$K 57%-$573;#!>! )4$>�
"427 #.! 6!($5! !">7#$=!)7&; )4H$-3.#$K - 'H�&!5 _Y` 7"6$&.%&'"4? (!�
 $)7K-; G!3#!>! G7"733.3$=57 "7-H�&!)� �3K G"!>"7554 ^Z�¤l�
ldf�
'(73!-; G!-&"!$&; G!3#!-&;J G7"733.3;#4. 73>!"$&54�

� �($!&%("'& 3&�&/*

�"�65."#!. 5!(.3$"!)7#$. (3K =7(7H )."&$%73;#!>! o3.%&"$H.-%!>! =!#�
($"!)7#$K $ o3.%&"!&!5!>"70$$ -)!($&-K % 5!(.3$"!)7#$J "7-G".(.3.#$K
o3.%&"$H.-%!>! G!&.#1$737 &!H.H#!>! $-&!H#$%7 ) -3!:#! G!-&"!.##!/ -".�
(.�

�".(-&7)$5 G!&.#1$73 o3.%&"$H.-%!>! G!3K U ) )$(. -'554 7#!573;�
#!>! G!&.#1$737 Ua $ G.")$H#!>! G!&.#1$737 U 0 ? -)K=7##!>! - $-&!H#$%!5
G!3K? "7-G!3!:.##45 ) !(#!"!(#!/ -".(. - G"!)!($5!-&;J σ0 	

U = U 0 + Ua. a�m

�3K 7#!573;#!>! G!&.#1$737 U -G"7).(3$)! '"7)#.#$. �'7--!#7

div(σ∇Ua) = −div((σ − σ0)∇U 0). a�m

σ(x, y, z) < G"!)!($5!-&; ) -".(.� �"$ '(73.#$$ !& $-&!H#$%7 G!&.#1$73
=7&'67.& %7% 1/R ? G!o&!5' 0'#%1$K Ua = 0 )(73$ !& $-&!H#$%!)� �$-%".�
&$=71$K '"7)#.#$K a�m %!#.H#!�"7=#!-&#45 5.&!(!5 pFq $ G!-3.('Jn7K .>!
-$55.&"$=71$K G"$)!($& % -$-&.5. 3$#./#46 73>. "7$H.-%$6 '"7)#.#$/

Ax = b, a
m

>(. A (./-&)$&.3;#7K? -$55.&"$H#7K? -$3;#! "7=".:.##7K? G!3!:$&.3;#!
!G".(.3.##7K 57&"$17� �!-3. ".2.#$K -$-&.54 a
m G!3'H$5 7#!573;#4/ G!�
&.#1$73� S7&.5 - G!5!n;J '"7)#.#$K a�m #76!($5 G!3#4/ G!&.#1$73� �3K
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�� �#!(� �#4#%*.

�3K ".2.#$K -$-&.5 3$#./#46 '"7)#.#$/ a
m  43 )4 "7# $&."71$!#�
#4/ 5.&!( -!G"K:�##46 >"7($.#&!) a�_m? G!-%!3;%' ) (7##!5 -3'H7. 54
$5..5 "7=".:.##4.? -$55.&"$H#4. 57&"$14  !3;2$6 "7=5."!) a!& ��@@@@@
(! ��@@@@@ -.&!H#46 '=3!)m� -. !G."71$$ ) 0!"5'376 (3K 5.&!(7 �_ K)�
3KJ&-K 57&"$H#!�).%&!"#45$ $ 6!"!2! "7-G7"733.3$)7J&-K #7 _Y`� �!
-%!"!-&; -6!($5!-&$ ) #72.5 -3'H7.  '(.& #.)4-!%!/� �7%-$573;#!. '-%!�
".#$.? %!&!"!>! 5!:#! (! $&;-K #7 _Y` -!-&7)$& 3$2; ��� "7=� �!o&!5'
(7##4/ 5.&!( #':#! $-G!3;=!)7&; - G".(! '-37)3$)7&.3.5� �(.K G".(! '�
-37)3$)7#$K -!-&!$& ) &!5? H&! -$-&.57? #7G"$5."?a
m? =75.#K.&-K #7 -$�
-&.5' M−1Ax = M−1b $3$ AM−1y = b ? x = M−1y ? >(. 57&"$17 M−1A
$3$ AM−1 $5..& =#7H$&.3;#! 5.#;2.. H$-3! ! '-3!)3.##!-&$? H.5 -757
57&"$17 A $ -$-&.57 (3K ).%&!"7 z � #.)K=%!/ ) G"7)!/ H7-&$ r

Mz = r, aFm

(!3:#7  4&; 3.>%! "7=".2$57�  -3'H7. ".73$=71$$ #7 _Y` #737>7.&-K
.n� $ &". !)7#$. )4-!%!/ G7"733.3$=71$$ #. &!3;%! ".2.#$K -$-&.54 aFm?
#! $ G!-&"!.#$K G".(! '-37)3$)7Jn./ 57&"$14� �4 $-G!3;=!)73$ !"$>$�
#73;#4/ G!(6!( G!-&"!.#$K G".(! '-37)3$)7Jn./ 57&"$14 #7 !-#!). 7G�
G"!%-$571$$ ! "7&#!/ 57&"$14? G".(3!:.##4/ ) p�q� �7##4/ G!(6!( !&3$�
H7.&-K G!3#!/ G7"733.3$=71$./ 73>!"$&5!) Y�_ aYji�fg�cscfgi� �fgy�zsi
_jz�cigsm aG".(! '-3!)3.##4/ 5.&!( -!G"K:�##46 >"7($.#&!)m�

�'-&; 57&"$17 D0 < #7H7H73;#!. G"$ 3$:.#$. % ! "7&#!/ 57&"$1.� �-3$
‖E −AD0‖ ≤ q < 1 ? &! 5!:#! G!-&"!$&; $&."71$!##4/ G"!1.-- G"$ 3$:.�
#$K % ! "7&#!/ 57&"$1.	

D1 = D0 +D0(E − AD0) a�m

D2 = D1 +D1(E − AD1) = 2D1 −D1AD1

$ &�(�  %7H.-&). -&7"&!)!>! G"$ 3$:.#$K % ! "7&#!/ 57&"$1. 54  "73$
G".(! '-37)3$)7&.3; �%! $ D0 = diag(a−1

11 , a
−1
11 , . . . , a

−1
nn m�  #72.5 -3'H7.

o&! )!=5!:#!? &7% %7% ) ".='3;&7&. 7GG"!%-$571$$ '"7)#.#$K a
m G!3'H7.5
57&"$1' -! -37 45 ($7>!#73;#45 G".! 37(7#$.5�  &"�65."#46 =7(7H76
#7$ !3.. o00.%&$)#45 aG! )".5.#$ G"$ =7(7##!/ &!H#!-&$ "7-H�&!)m !%7�
=73!-; G"$5.#.#$. D1 �
�3K =7(7H WS a)."&$%73;#!>! o3.%&"$H.-%!>! =!#($"!)7#$Km $ o3.%&"!�
&!5!>"70$$  !3;2.>! o00.%&7 5!:#! (! $&;-K? .-3$ G".()7"$&.3;#! 57-�
2&7 $"!)7&; -$-&.5' a
m &7%? H&! 4 ($7>!#73;#4. o3.5.#&4 57&"$14 -&73$
"7)#45$ ��

aij = 1/aii ∗ aij ∗ 1/aii, i, j = 1, . . . , n.
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�!>(7? %7% 3.>%! ')$(.&; $= a�m? ($7>!#73;#4. o3.5.#&4 G".(! '-37)3$)7J�
n./ 57&"$14  '('& &7%:. .($#$H#45$? 7 )#.($7>!#73;#4. o3.5.#&4 "7)#4
-!!&).&-&)'Jn$5 G"!&$)!G!3!:#45 o3.5.#&75 -75!/ 57&"$14 A �
]	:�
<E��
��:��m8 A:>
� �
L	�fl��mQ K	���:�>
� 2 L	:�
<E��������H/
x:8 A�>	�9:8 D1 y

�#$1$73$=71$K	 x0, r0 = b−Ax0, z0 = D1r0, p0 = z0 ;

1. qi = Api, αi =
zTi ri
pTi qi

;

2. xi+1 = xi + αipi, ri+1 = ri − αiqi ;

3. zi+1 = D1ri+1 ;

4. βi =
zTi+1ri+1

zTi ri
, pi+1 = ri+1 + βipi.

a�m

-. 27>$ ��F ) a�m 3.>%! 5!>'&  4&; "7-G7"733.3.#4 #7 _Y`? &7% %7%
-!(.":7& &!3;%! 57&"$H#!�).%&!"#4. !G."71$$� �"$ ".73$=71$$ (7##46 73�
>!"$&5!) 54 $-G!3;=!)73$  $ 3$!&.%' 0'#%1$/ �`B�[A �`l[ C+,l,[�
 ".='3;&7&. 54 G!3'H$3$ G!3#!-&;J G7"733.3;#4/ 73>!"$&5 5.&!(7 Y�_?
#. &". 'Jn$/ #$%7%$6 =7&"7& #7 G!-&"!.#$. G".(! '-37)3$)7&.3K�
�-%!".#$. ) =7(7H76 WS $ o3.%&"!&!5!>"70$$ -!-&7)$3! (! D@ "7=
G! -"7)#.#$J - G!-3.(!)7&.3;#45 )7"$7#&!5� �!)4/? _Y`�)7"$7#&
^Z�¤l�
ldf� ".73$=!)7# #7 K=4%. ��c|fjsjzg - $-G!3;=!)7#$.5 $#&."�
0./-7 G.".(7H$ (7##46 ZY, (3K %37-&."7� �(#!)".5.##! "7--H$&4)7.&-K (!
� "7=#!-!) (3K '-&7#!)%$ R3J5 .":. #7 �� _Y`� �.-&$"!)7#$. G"!>"7554
G"!)!($3!-; #7 %37-&.". ����
@��_Y` �$ $"-%!>! �'G."%!5G;J&."#!>!
1.#&"7�

�"!>"7557 (3K o3.%&"!&!5!>"70$$ ".73$=!)7#7 #7 K=4%. ��c|fjsjzg (3K
!(#!/ )$(.!%7"&4 (3K 5#!>!o3.%&"!(#!/ '-&7#!)%$ ����� p�q� �"!>"7557
'-G.2#! "7 !&7.& #7 #!'& '%.? H&! G!=)!3K.& !G."7&$)#! )4G!3#$&; "7-H��
&4 $ ) G!3.)46 '-3!)$K6�

�*!#�&!��&

�� Z:�:�	
�� ZZ� =E	
���� @�� =��`�� �� �".65."#!. 5!(.3$"!�
)7#$. -3!:#46 >.!o3.%&"$H.-%$6 -&"'%&'" ww �.!0$=$%7� �@@D� x��
-�
��F�� ,AAC ��E��F��E�

�� Z:�:�	
�� ZZ� =��`�� ��� =E	
���� @� O7"7%&."$-&$%$ "7=3!5�
#46 -&"'%&'" G! (7##45 o3.%&"!57>#$&#46 =!#($"!)7#$/� �!(.3$"!�
)7#$. "7=3!5!) ww �.!0$=$H.-%$. $--3.(!)7#$K��@�F� �!5 ��� �� E
��F�
,AAC �E�E�
D
�
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�� ZZ� =��`�� ��� =E	
���� @� �".65."#!. 5!(.3$"!�
)7#$. =!# &.%&!#$H.-%$6 (.0!"571$/ (3K =7(7H >.!o3.%&"$%$ G!-&!�
K##45 &!%!5 ww �.:('#7"!(#7K %!#0.".#1$K ��.!0$=$H.-%$. $--3.�
(!)7#$K �"737 $ -!G"K:.##46 ".>$!#!)�	 57&."�%!#0� 
�� 0.)"� �@@E�
�%7&."$# '">� �@@E� �� E����

F� =�A�	�?�8 ���.!"$K "7=#!-&#46 -6.5� �!-%)7	 �7'%7? ��D�� ��� -�

�� X�%!(! TR� .!��-� � T^ [{�fjcs~d |fj A�zjhi [��jftcdzsi ,g�ijhi
Yji�fg�cscfgijh cg �fg�y�zsi _jz�cigs Zis~f� ww ki{cz}{i �fd�yscg�
a,gsij�z{ �fd�yszscfghm efyjgz{ ~ss�	wwcgsij�z{�{fychczgz�i�ywji{cz}{i�
�fd�yscg���fyjgz{wsz}{ih�f|��fgsigsh�~sd{#V olume¤18
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��� �6 ����	 � ��
���,
������D��� � 	6������
�	� �=���1

�&�#1'*% �+�+8 �*'*%& �+�+8 �&0&$ �+�+
0��$� ,�"����#�$� ������������ �	��	�*��*2	��

�.(!)4/ G!%"!) < )7:#7K -!-&7)3KJn7K H7-&; >$("!3!>$H.-%!>! ".:$�
57 5!"./� �"./0'Jn$/ $ G"$G7/#4/ 3.( -'n.-&).##! !-3!:#K.& -'(!6!(�
-&)! ) o&$6 "7/!#76? !-)!.#$. G"$ ".:#!/ =!#4? -!=(7.&  !3;2$. #7>"'=%$
#7 #.-'n$. !G!"4 5!-&!)� �!(.3$"!)7#$. 3.(!)46 G!%"!)!) K)3K.&-K )7:�
#45 #7G"7)3.#$.5 $--3.(!)7#$K G"$ "7="7 !&%. $ G"!.%&$"!)7#$$ -&71$!�
#7"#46 $ G!()$:#46 ! �.%&!) "7=5.n7Jn$6-K ) =!#76 3;(!! "7=!)7#$K�

�7n. )-.>! 5!(.3; G.".5.n.#$K 3.(K#!>! G!%"!)7 "7--57&"$)7.& 3.(
%7% G!"$-&'J -&"'%&'"'? ) -3'H7. "7--5!&".#$K 3;($# %7% !&(.3;#46 ! ��
.%&!) $6 !G$-4)7J& %7% 57&."$73;#4. &!H%$ p�? 
q�  (7##!/ "7 !&. %7:(7K
3;($#7 "7--57&"$)7.&-K %7% G3!-%!. &.3!? $ G"$ G.".5.n.#$$ 'H$&4)7J&�
-K .� %!#0$>'"71$K? 7 &7% :. (./-&)$. #7 #.� &.H.#$K )!(4 $ ).&"!)!/
#7>"'=%$�

 %7H.-&). ! �.%&7 $--3.(!)7#$K "7--57&"$)7.&-K G"!1.-- G.".5.n.#$K
3;($# G"!$=)!3;#!/ 0!"54 ) )!(!.5.? =7G!3#.##!5 !(#!"!(#!/ $(.73;#!/
#.-:$57.5!/ :$(%!-&;J� �"$ o&!5 >"7#$17 )!(!.57 -H$&7.&-K )."&$%73;�
#!/? 7 .>! >3' $#7 G".)427.& &!3n$#' 3;($#4� �7--57&"$)7.54. ! �.%&4
G".(-&7)3KJ& -! !/ 'G"'>$. G37-&$#4 G"!$=)!3;#!/ 0!"54�  %7H.-&). #7�
H73;#46 '-3!)$/ =7(7#4 G3!&#!-&; $ 0!"57 3;($#4� �! o&$5 G7"75.&"75
"7--H$&4)7J&-K G3!n7(;? 57--7 $ 1.#&" 57-- (7##!>! ! �.%&7�  #7H73;#4/
5!5.#& )".5.#$ G".(G!37>7.&-K? H&! 3;($#7 #76!($&-K ) -!-&!K#$$ G!%!K?
&�.�ut=0 = vt=0 = 0.

�"$ %!#&7%&. - >"7#$1./ )!(!.57? ()$:.#$. 3;($#4  '(.& "7--57&"$�
)7&;-K %7% -&!3%#!).#$. - &)."(!/ 'G"'>!/ G!)."6#!-&;J� S7 !-#!)' 5!(.3$
G.".5.n.#$K 3;($#4  437 )=K&7 ()'5."#7K 5!(.3; ("./07 7/- .">7 pFq� �-�
3$ ) (7##!/ 5!(.3$ G!-H$&7&; H&! !&-'&-&)'.& )=7$5!(./-&)$. - >"'#&!5?
).&"!)!. )!3#.#$. $ )!(!.5 #. $5..& #7%3!#7? &! ()$:.#$. 3;($#4 5!:#!
!G$-7&; -3.('Jn$5 '"7)#.#$.5	

M
du

dt
= FW

nx + FA
nx,M

dv

dt
= FW

ny + FA
ny, a�m

>(. FW
nx , F

A
nx, F

W
ny , F

A
ny < G"!.%1$$ "7($73;#46 -!-&7)3KJn$6 -$3 #7 !-$ x $

y �
�7 )!(!.5. -&"!$&-K "7)#!5."#7K G"K5!'>!3;#7K -.&%7? ) %!&!"!/ =7(7�

.&-K G!3. -%!"!-&./ &.H.#$K�
S75.#$) G"!$=)!(#4. G! )".5.#$ $6 %!#.H#!�"7=#!-&#45$ 7#73!>75$?

G!3'H$5	

1������ ����	
�
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�
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Δu

Δt
=
FW
nx + FA

nx

M
,
Δv

Δt
=
FW
ny + FA

ny

M
,

>(. Δ < 27> G! )".5.#$? Δu $ Δv < >"7($.#&4 %!5G!#.#& -%!"!-&$ G!
)".5.#$ aΔu = ut+1 − ut,Δv = vt+1 − vt m

�3K '>3!)!/ -%!"!-&$ '"7)#.#$K G"$5'& -3.('Jn$/ )$(	

ωt+1 = ωt +
FW
τ + FA

τ

I
Δt

>(. I < 5!5.#& $#."1$$ 3;($#4? 7 FW
τ , FA

τ < &7#>.#1$73;#4. -!-&7)3KJn$.
-$3? (./-&)'Jn$6 #7 3;($#'�

�G".(.3$) -%!"!-&; ("./07 3;($#4? #76!($5 %!!"($#7&4 .� G!3!:.#$K
(x, y) #7 -3.('Jn.5 )".5.##!5 27>.	

xt+1 = xt + ut+1Δt, yt+1 = yt + vt+1Δt, ϕt+1 = ϕt + ωt+1Δt

�"!).(.5 "7= $.#$. )-./ G3!n7($ 3;($#4 (3K G!3'H.#$K #.-&"'%&'"$�
"!)7##!/ "7-H.&#!/ -.&%$� �".(G!37>7.5? H&! )-K 57--7 %7:(!>! o3.5.#&7
-%!#1.#&"$"!)7#7 ) 1.#&". 57-- o&!>! o3.5.#&7? 7 -%!"!-&; #7 )-./ G3!n7($
o3.5.#&7 "7)#7 -%!"!-&$ .>! 1.#&"7 57--� �7%$5 ! "7=!5? ".='3;&$"'Jn7K
-$37? (./-&)'Jn7K #7 3;($#'? .-&; -'557 -$3? (./-&)'Jn$6 #7 %7:(4/
o3.5.#& "7= $.#$K	

Fres =

n∑
i=0

(
FW
i + FA

i

)
FW
i = cwρwSi

(
V W − V ice

i

)
FA
i = caρaSi

(
V A − V ice

i

)
>(. V W < -%!"!-&; &.H.#$K? V A < -%!"!-&; ).&"7? V ice

i < -%!"!-&; i o3.5.#&7
3;($#4? ρw ? ρa < G3!&#!-&; )!(4? )!=('67? cw ? cw < %!o00$1$.#& &".#$K
)!(4? )!=('67? Si < G3!n7(; i o3.5.#&7 3;($#4? %!#&7%&$"'Jn7K - )!(!/�

=7$5!(./-&)$. 5.:(' ! �.%&75$ -)!($&-K ) =7(7H. ! #7"':.#$K $ ! �
"7 !&%$ -&!3%#!).#$/ p�? �q� W&7G ! #7"':.#$K -&!3%#!).#$/ (.3$&-K #7
()7 27>7�

R7> �� �G".(.3.#$. %7#($(7&!) #7 -&!3%#!).#$.� �3K %7:(!/ 3;($#4
!G".(.3K.&-K 5$#$573;#4/ "7($'- !%"':#!-&$ - 1.#&"!5 ) 1.#&". 57-- $
G!3#!-&;J -!(.":7n./ o&' 3;($#' a"$-��m� �"7)#$)7K "7--&!K#$. 5.:('
1.#&"75$ 57-- ()'6 3;($#4 $ -'55' "7($'-!) G!3'H.##46 !%"':#!-&./
(.37.5 )4)!( ! )!=5!:#!-&$ -&!3%#!).#$K� �-3$ "7--&!K#$.  !3;2. -'554
"7($'-!)? &!>(7 3;($#4 &!H#! #. -&!3%#'3$-;? $#7H. -H$&7.5 o&' G7"' 3;($#
%7#($(7&75$ #7 -&!3%#!).#$. $ G.".6!($5 % 27>' ��
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rBPB

A

P rAP

n

�$-� �� �!5.#& -&!3%#!).#$K ()'6 ! �.%&!)

R7> �� �!$-% &!H%$ -!G"$%!-#!).#$K 3;($#� �3K ! #7"':.#$K -&!3%�
#!).#$/ G"!$=)!($&-K G!$-% ! n$6 &!H.%? G"!)."%!/ #7 G"$#7(3.:#!-&;
)."2$# G.")!/ 3;($#4 %!#&'"' )&!"!/� �"$ ! #7"':.#$$ ' G7"4 ! �.%&!)
! n$6 &!H.% #76!(K&-K ).3$H$#7 $5G'3;-7 - %!&!"45 o&$ ! �.%&4 )=7$5!�
(./-&)'J& 5.:(' -! !/�

j =
− (1 + ε) vAB1 · n

n · n ( 1
MA + 1

MB

)
+

(rAP
⊥ ·n)2
IA +

(rBP
⊥ ·n)2
IB

>(. j < $5G'3;-? ε < %!o00$1$.#& 'G"'>!-&$? vAB1 < "7=#!-&; -%!"!-&./ &.3
(! -&!3%#!).#$K? n < ).%&!" #!"573$ $= &!H%$ -&!3%#!).#$K? MA,MB <
57--7 -&!3%#')2$6-K ! �.%&!)? IA, IB < $#."1$K -&!3%#')2$6-K ! �.%&!)�

�$-� �� �7--H$&7##7K &"7.%&!"$K G.".5.n.#$K 3;($#4
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 #7-&!Kn./ "7 !&.  43$ G!3'H.#4 ".='3;&7&4 ()'5."#!>! 5!(.3$"!�
)7#$K G.".5.n.#$K 3;($#4 ) =75%#'&!5 G"K5!'>!3;#!5 )!(!.5.� �.H.#$.
)!(4 ) )!(!.5. =7(7)73!-; 1$"%'3K1$!##45 G! H7-!)!/ -&".3%.? 7 (./-&)$.
).&"7  43!  !%!)45 - )!-&!%7 #7 =7G7(� �7 "$-�� G!%7=7#7 &"7.%&!"$K ()$�
:.#$K 3;($#4? - )4(.3.#$.5 .. !"$.#&71$$ ) "7=3$H#4. 5!5.#&4 )".5.#$�

�"!).(.##7K )$='73$=71$K (7##!>! H$-3.##!>! o%-G."$5.#&7 G!%7=737?
H&! 5!(.3; (!-&7&!H#! 7(.%)7&#! )!-G"!$=)!($& G.".5.n.#$K !&(.3;#46
3;($#? $6 )=7$5!(./-&)$. 5.:(' -! !/ $ -&7&$H.-%$5 &.3!5�

�*!#�&!��&

�� � &�WW� - � � Zf�i{{cg� s~i cd�z�s f| c�i}ij�h fg s~i Afys~ijg P�izg
|jih~�zsij }y��is zg� �cj�y{zscfg ww Czscfgz{ A�cig�i �fyg�zscfg� < �@@F�

�� 3��2�� c kiz{�\cdi �f{{chcfg lisi�scfg w G!( ".(� \� �ft� < ^{hi�cij?
�@@�� ,gsijgzscfgz{ Zih~cg� kfyg�sz}{i� < ���E� < �� �
�<����


� .2+��4��/"�(+ c� .(�((�,,� � �fd�ysijcui� df�i{cg� f| hi�cdigszjr
hrhsidh ww w G!( ".(� ]� e� < A�jcg�ij? ����� < �~� ,�i}ij�h cg s~i Cfjs~�
[s{zgsc�	 Zf�i{{cg� �cj�y{zscfg �~zg�ih zg� �{z�cf�dzjcgi �i�fhcscfg� ��
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:73.#$J? &7%$6 (7##46 #.5#!>!? &�%� G!(! #4. #7 3J(.#$K "7#.. #. G"!�
)!($3$-;� �7--57&"$)73$-; (7##4. G! #7>!#' �D��E $J#K �@�F >!(7� �"!5.
&!>!? '&!H#.#$. >$("!($#75$H.-%!/ -!-&7)3KJn./ 5!(.3$ !-'n.-&)3K3!-;
G! =#7H.#$K5 '"!)#K )!(4� �7 3J(.#$. G"!)!($3$ )! )#'&".##./ &!H%. =7�
3$)7? >(. '-&7#!)3.##7K -&7#1$K "7-G!3!:.#7 ) � %5 !& '-&;K �!#7� �.G".�
"4)#7K =7G$-; $=5."$&.3.5 &.H.#$K G"!$=)!($37-; ) &.H.#$. &".6 -'&!%
a����E $J#K �@�F >m�

�7 "$-'#%. � G".(-&7)3.#4 "7-H.&#4. $ #7 3J(.##4. (7##4. G! '"!)#J
)!(4 �D��E $J#K �@�F >!(7� �!>".2#!-&; "7-H.&7 #. G".)42737 ����

�$-� �� �!).(.#$. '"!)#K )!(4 a5m �D��E $J#K �@�F >!(7� a� � (7##4. "7-H.&78
� � #7 3J(.##4. (7##4.m

�7 "$-'#%. � G".(-&7)3.#4 "7-H.&#4. $ #7 3J(.##4. (7##4. G! -!3.#!�
-&$� �!>".2#!-&; "7-H.&7 #. G".)427.& �@��  &! :. )".5K !1.#$&; %7H.�
-&)! "7-H.&!) ) G"$>"7#$H#46 &!H%76 #.3;=K? &7% %7% !&-'&-&)'J& (7##4.
#7 3J(.#$/ #7 G"$ ".:#46 -&7#1$K6�

N.3;J $--3.(!)7#$.  43! )!--&7#!)3.#$. G!).(.#$K %!#1.#&"71$$ -!3$
) (.3;&. �!#7 )! )".5K o%-&".573;#!>! #7>!#7 )!(4 �F��� -.#&K "K �@�F
>!(7? %!>(7 (7&H$%$ 'H.&7 -!3.#!-&$ #.  43$ '-&7#!)3.#4�  G."$!( - �F
G! �� -.#&K "K �@�F >!(7? %!>(7  43$ $=).-&#4 &!3;%! $=5.#.#$. ).&"!)!/
-$&'71$$ $ '"!)#K )!(4? - G!5!n;J G".(-&7)3.##!/ 5!(.3$  43 G"!).(.#
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�$-� �� �=5.#.#$. %!#1.#&"71$$ -!3$ aa� � (7##4. "7-H.&78 � � #7 3J(.##4.
(7##4.m

"7-H.& $=5.#.#$K %!#1.#&"71$$ -!3$ ) )!-&!H#!/ H7-&$ �7>7#"!>-%!>! =7�
3$)7� �=5.#.#$. %!#1.#&"71$$ -!3$ ) &!H%.? '(73.##!/ !& '-&;K �!#7 #7 �
%5? G".(-&7)3.#! #7 "$-'#%. 
�

$(#!? H&! G"$ (./-&)$$ )!-&!H#!>! ).&"7 G"$ ->!#. )!(4 $= =73$)7
%!#1.#&"71$K -!3$  4-&"! ' 4)737 (! =#7H.#$K G".-#!/ )!(4? 7 =7&.5? G"$
"7=)!"!&. ).&"7 #7 =7G7(#!. #7G"7)3.#$.? -&737  4-&"! ').3$H$)7&;-K $
(!-&$>37 =#7H.#$K �?���¥� �!-3. o&!>!? - !-37 3.#$.5 ).&"7? -!3.#!-&; -#!)7
-&737 '5.#;27&;-K�

�"!).(.##4. "7-H.&4 G!=)!3$3$ G!3'H$&; G".(G!37>7.5!. G!3. "7-G".�
(.3.#$K -!3.#!-&$ ) 5!5.#& #7$ !3;2./ .. %!#1.#&"71$$� �7##7K %7"&$#7
G".(-&7)3.#7 #7 "$-'#%. F�

�"!).(.##4. "7-H.&4 G!%7=73$? H&! (7##7K 5!(.3; G!=)!3K.& (!-&7�
&!H#! 7(.%)7&#! !G$-4)7&; G"!1.-- G.".5.n.#$K -!3.#46 57-- )!(4 G!(
(./-&)$.5 ).&"7 ) �7>7#"!>-%!5 =73$).� �(#7%!? ) '-&;K6 "'%7)!) �!#7?
>(. &7%:. #7 3J(73!-; ').3$H.#$. %!#1.#&"71$$ -!3$? '(!)3.&)!"$&.3;�
#4. "7-H.&#4. ".='3;&7&4 G!3'H$&; #. '(73!-;? &7% %7% ) (7##4/ 5!5.#&
)".5.#$ 5!(.3; #. 'H$&4)7.& G"!1.-- =7&!G3.#$K (.3;&4 �!#7�

�*!#�&!��&

�� ��>�I
� ��� �	Q�L
�� GY� n�?�� �M �!(.3;#4/ G!(6!( % )!-�
-&7#!)3.#$J G"!G'n.##46 (7##46 G! -!3.#!-&$ #7 G"$5.". �=!)-%!>!
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�6������� ��������,��1

�&0&$ �+�+8 �*'*%& �+�+
������ �(�(�( 3	�	��'� 0!1� �	��	�*��*2	��

	"#�#%*#

�)7"$K? G"!$=!2.(27K ) #!K ". �@@D >!(7 ) 7%)7&!"$$ �."H.#-%!>! G"!�
3$)7? G"$).37 % =7>"K=#.#$J ! 2$"#46 &.""$&!"$/ �=!)-%!>! 5!"K &K:.�
345$ #.0&K#45$ 0"7%1$K5$� S7>"K=#.##45$ !%7=73$-; #. &!3;%! )!(4 )!�
(!.57? .>!  .".>!)7K 3$#$K? #! $ (#! 5!"K? #7 %!&!"!. !G'-&$3-K )43$)2$/-K
57='&�  o&!/ -)K=$? 57&.57&$H.-%!. 5!(.3$"!)7#$. G"!1.--!) !-.(7#$K $
G!(�.57 "7#.. !-.)2$6 #7 (#! #.0&K#46 =7>"K=#.#$/ G!( )!=(./-&)$.5 -.�
=!##46 $=5.#.#$/ &.5G."7&'"4? G".(-&7)3K.& $#&.".- (3K G"!>#!=$"!)7#$K
#.>7&$)#46 G!-3.(-&)$/ )&!"$H#46 =7>"K=#.#$/�

� �($!&%("'& 3&�&/*

�"$ 5!(.3$"!)7#$$ G!).(.#$K #.0&K#!>! =7>"K=#.#$K 'H$&4)7.&-K G"!�
1.-- "7-G"!-&"7#.#$K #.0&K#!>! GK&#7 G! G!)."6#!-&$ )!(!.57 G!( (./-&)$�
.5 -$3 G!)."6#!-&#!>! #7&K:.#$K a"7-&.%7#$.m $ G!( (./-&)$.5 &.H.#$K $
).&"7 #7( )!(!.5!5 a("./0m p�? �? �q� �7%:. )7:#! "7--57&"$)7&; G"!1.--4
! "7=!)7#$K $ &"7#-G!"&7 o5.3;-$$ �#.0&;�)!(7�pFq� �.573!)7:#45$ K)3K�
J&-K G"!1.--4 $-G7".#$K $  $!(.>"7(71$$ #.0&$? !(#7%! ) (7##!/ "7 !&.
o&$ G"!1.--4 !-&73$-; =7 "75%75$ $--3.(!)7#$K�

�7H73;#4. "7($'-4a lmin, lmax m? G3!n7(; GK&#7 aAs m $ #7H73;#'J &!3n$�
#' ! "7=!)7)2./-K G3.#%$ #.0&$ahoil m  '(.5 )4H$-3K&; G! 0!"5'375 p
q	

lmin= 53.76

(
ρw − ρoil
ρoil

)1/3

V
1/3
oil t

1/4,

lmax = lmin + 0.95U
4/3
windt

3/4,

As =
π

4
lminlmax,

hoil =
Voil
As

.

1������ ����	
�
� �� �
�
����� ���������C
�������� ����6���
%  
�#� �� ������� ,�-���
/��#�������

�� 6���
� 8<D��� ��6���% +���'!
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=(.-; Voil < #7H73;#4/ ! �.5 )43$)2./-K #.0&$? ρw, ρoil < G3!&#!-&; )!(4
$ #.0&$ -!!&).&-&).##!? t < )".5K? Uwind < -%!"!-&; ).&"7�

�"!1.--4 G.".#!-7 ) &!3n. )!(!.57 !G$-4)7J&-K -$-&.5!/ &".65."#46
'"7)#.#$/ p�? Dq	

∂S̄

∂t
=

3∑
ß=1

(
∂

∂xi

(
M̄i

∂S̄

∂xi

))
+

3∑
i=1

∂

∂xi

(
viS̄

)
a�m

div v̄i = 0,

>(. S̄ = {Soil, T} ? Soil < %!#1.#&"71$$ o5'3;-$$ �#.0&;�)!(7�? T < &.5�
G."7&'"78 M̄i = {Doil, KT}i, Doil, KT < %!o00$1$.#& &'" '3.#&#!/ ($00'�
=$$ o5'3;-$$$ $ %!o00$1$.#& &'" '3.#&#!>! ! 5.#7 &.5G."7&'"4 a-!!&).&�
-&).##!m? vi < %!5G!#.#&4 ).%&!"7 -%!"!-&$�

�"./0 GK&#7 #.0&$ G! G!)."6#!-&$ )!(!.57 !G$-4)7.&-K ()'65."#45
'"7)#.#$.5 %!#).%1$$�($00'=$$ p
? �q	

∂h

∂t
+∇(hv)−∇(D∇h) = Rh,

v =

(
ux +

τwx
Cf
, uy +

τwy
Cf

)
, a�m

D =
g · h2(ρw − ρOil)

ρwCf
,

>(. h < &!3n$#7 #.0&$? ∂v < -%!"!-&; ("./07 G3.#%$? τwx
Cf

< #7G"K:.#$.
-()$>7 $=�=7 ).&"7? D < 0'#%1$K ($00'=$$ "7-G"!-&"7#.#$K GK&#7 #.0�
&$? Cf < %!o00$1$.#& &".#$K 5.:(' #.0&K#!/ G3.#%!/ $ G!)."6#!-&;J
)!(4 a0.02%>w52cm? Rh < $-&!H#$%!)7K a-&!%!)7Km 0'#%1$K? g < '-%!".#$.
-)! !(#!>! G7(.#$K? ∇ = (∂/∂x, ∂/∂y).

�$-&.5h a�m $ a�m =754%7J&-K #7H73;#45$

S̄
∣∣
t=0

= S̄0(x, y, z), h|t=0 = h0(x, y, z)

$ -5.27##45$ %"7.)45$ '-3!)$K5$ #7 >"7#$1. ! 37-&$∂Ω pEq	

gs
∂S̄

∂n
+ rsS̄

∣∣∣∣
Ω

= ps, gh
∂h

∂n
+ rhh

∣∣∣∣
Ω

= ph,

=(.-; ∂
∂n < o&! G"!$=)!(#7K G! #!"573$ n % >"7#$1. ∂Ω �

�!3'H.##4. -$-&.54 '"7)#.#$/ ".27J&-K %!#.H#!�"7=#!-&#45$ 5.&!�
(75$ - $-G!3;=!)7#$.5 #.K)#46 -6.5�  "7-H.&#!/ ! 37-&$ -&"!$&-K G"K�
5!'>!3;#7K "7)#!5."#7K G! )-.5 #7G"7)3.#$K5 -.&%7� �3K 7GG"!%-$571$$
'"7)#.#$K $-G!3;='.&-K G"!&$)!G!&!%!)7K -6.57 =7G$-$ %!#).%&$)#46 H3.�
#!)� �".(G!37>7.&-K? H&! G!3. -%!"!-&./ $=).-&#! #7 %7:(!5 )".5.##!5
27>.�
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�"$ G!G7(7#$$ #7 G!)."6#!-&; )!(!.57 H7-&; #.0&$ G.".5.2$)7.&-K -
)!(75$ )!(!.57 $ ! "7='.& o5'3;-$J� �#&.#-$)#!-&; G.".5.2$)7#$K =7)$�
-$& !& -)!/-&) #.0&$? !& -&.G.#$ )!3#.#$K )!( )!(!.57� �3K !G$-7#$K G"!�
1.--!) )=7$5#!>! G.".6!(7 H7-&$1 #.0&$ 5.:(' #.0&K#!/ G3.#%!/ $ )=).�
2.##!/ 0"7%1$./ #.0&$ ) )!(. Cem $-G!3;=!)7#4 '"7)#.#$K pFq	

dh

dt
= − K

ρoil
(Λρoilh− zmCem),

dCem
dt

=
K

zm
(Λρoilh− zmCem).

S(.-;

K =
(λow + λwo)λwoB1

λow + λwoB1
,

Λ =
λow
λwoB1

,

zm = αH.

H < =7(7.& )4-!&' )!3#4? α <  .="7=5."#4/ %!o00$1$.#& 57-2&7 $"!)7�
#$K? =7)$-Kn$/ !& )!3#.#$K 5!"Kaα = 1.2− 1.6m� �!o00$1$.#&4 λow, λwo <
-%!"!-&; G.".6!(7 #.0&$ ) -!-&!K#$. o5'3;-$$ $ #7! !"!& $ %!o00$1$.#&?
67"7%&."$='Jn$/ (!3J #.0&$ ) %7G3K6 o5'3;-$$ B1 < )4H$-3KJ&-K G!
0!"5'375? G".(3!:.##45 ) "7 !&. pFq�  -".(#.5 $6 =#7H.#$K 5!>'&  4&;
=7(7#4 -3.('Jn$5 ! "7=!5	 λow = λwo = 1× 10−4s−1 ? B1 = 0.5 �

�7-&.%7#$. #.0&$ G"$)!($& % ').3$H.#$J $-6!(#!>! ! �.57 #.0&$ $ %
'5.#;2.#$J .. $-6!(#46 )K=%!-&$ $ G3!&#!-&$� � $=5.#.#$J G3!&#!-&$
$ )K=%!-&$ #.0&$ $ )!( )!(!.57 &7%:. G"$)!(K& %!3. 7#$K &.5G."7&'"4
a�$-� �m�

�3!&#!-&$ )!(4aρw m $ #.0&$aρoil m ) =7)$-$5!-&$ !& &.5G."7&'"4 5!>'&
 4&; )4H$-3.#4 G! 0!"5'375	

ρw(T ) = 1000.30− 0.06 · T (1.0 + T · 0.06),
ρoil(T ) = ρ0oil(1 + ξ(20− T )),

=(.-; ρ0oil < #7H73;#7K G3!&#!-&; "7--57&"$)7.5!>! #.0&.G"!('%&7? 7 ξ <
%!o00$1$.#& .>! ! �.5#!>! "7-2$".#$K�

K=%!-&; )!(4aνw m $ #.0&$aνoil m ) =7)$-$5!-&$ !& &.5G."7&'"4 "7-H$�
&4)7J&-K G! 0!"5'375	

νw(T ) =
A

1.0 + B · T + C · T 2
,

νoil(T ) = ν∗e(−u(T−T
∗)),
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>(. A,B, C < o5G$"$H.-%$. %!o00$1$.#&4 aA = 0.00000178, B =
0.0337, C = 0.000221m? ν∗ < $=).-&#7K )K=%!-&; "7--57&"$)7.5!>! #.0&.�
G"!('%&7 G"$ #.%!&!"!/ &.5G."7&'". T ∗ �

�� 	�/*$1*!#12%�? A'$>#�*:#%!

�".(3!:.##7K 5!(.3;  437 H$-3.##! ".73$=!)7#7 #7 K=4%. �fjsjzg� �7-�
H.&4 G"!)!($3$-; #7 )4H$-3$&.3;#!5 %37-&.". �#-&$&'&7 57&.57&$%$? 5.�
67#$%$ $ %!5G;J&."#46 #7'% $5� ���� !"!)$H7 9L�� �.='3;&7&4 )4H$�
-!$&.3;#46 o%-G."$5.#&!) G"$).(.#4 #7 "$-� � $ "$-� ��

�$-� �� �=5.#.#$. G3!&#!-&$ )!(4 $ #.0&$ G"$ $=5.#.#$$ &.5G."7&'"4�

aam abm

acm adm

�$-� �� �.='3;&7&4 5!(.3$"!)7#$K "7-&.%7#$K #.0&K#!>! GK&#7 G! G!)."6�
#!-&$a-)."6'm $ "7-G".(.3.#$K o5'3;-$$ ) &!3n. )!(!.57 a-#$='m G"$ T =
0◦C a-G"7)7m $ G"$ T = 22◦C a-3.)7m
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��D� a�cs� CEm�


� 3+�� .��+�-� U�-�+p � - ��!���+ &�k�[� �^y{ijczg Pc{ A�c{{h Zf�i{
`hcg� �cgcsi�+f{ydi Zis~f� �cs~ Zf�cg� Bfyg�zjr zg� �is�ljr
�jfgsh�ww� Zf�i{{cg� zg� Acdy{zscfg cg ^g�cgiijcg� +f{ydi �@�� a�@��m?
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�E
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ED
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�� F:�
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 ]Z �$-3.##!. 5!�
(.3$"!)7#$. >$("!&."5$H.-%!>! ".:$57 #.G"!&!H#!>! )!(!.57� ww
Yjf�ii�cg�h f| ,gsijgzscfgz{ �fg|ijig�i kl[[ZZ��@@�? +f{ �? Ys �? �@@�?
����������

�� ;�	�<���� v= �.&!(4 3$%)$(71$$ $ G".('G".:(.#$K 7)7"$/#46
-$&'71$/ G"$ !-)!.#$$ 5.-&!"!:(.#$/ '>3.)!(!"!(#!>! -4";K� �!#!�
>"70$K� �357&4? �@@E? �E�-�

D� ;	E?�:	 M� �.K)#4. "7=#!-&#4. -6.54 $ $&."71$!##4/ 5.&!( $6
".2.#$K (3K !(#!>! %37--7 -$-&.5 %)7=3$#./#46 '"7)#.#$/ ww �=)�
'=!)� �7&.5? ��D�? xD? -�F�����

E� C�<�� @Z �$-3.##!. ".2.#$. &".65."#!/ =7(7H$ !-.(7#$K ).�
n.-&)7 ) �=!)-%!5 5!".� ww � !"#$% &"'(!) ,* -."!--$/-%!/
2%!34�-.5$#7"7 ��!)".5.##4. G"! 3.54 57&.57&$H.-%!>! 5!(.3$"!�
)7#$K �!-&!)�#7��!#'? �=(7&.3;-&)! ���? �@@�>�? -�F�F�F�D�

�� @Z C�<��� �M n�?��� M� n�?��� �7&.57&$H.-%!. 5!(.3$"!)7�
#$. =7(7H G.".#!-7 5#!>!%!5G!#.#&#46 G"$5.-./ ) �=!)-%!5 5!". #7
5#!>!G"!1.--!"#46 )4H$-3$&.3;#46 -$-&.576 ww �=).-&$K 9L�? �.6�
#$H.-%$. #7'%$� �@�F� x��? -- �@@���@
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Φ(M,L, I, F (K,L, I), p, l, h) = 0 a�m

>(. ∂F/∂K = PK = p, ∂F/∂L = PL = l, ∂F/∂I = Pi = h. �! %37--$�
0$%71$$ ���� �3./#."7? \ r -&7)%7 G! %".($&75? W r =7"7 !&#7K G37&7? + r
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dK/dt = ∂Φ/∂PK

dL/dt = ∂Φ/∂PL

dI/dt = ∂Φ/∂PI

d(∂F/∂K)/dt = −(∂Φ/∂K+ ∂Φ/∂F ∗ ∂F/∂K)

d(∂F/∂L)/dt = −(∂Φ/∂L+ ∂Φ/∂F ∗ ∂F/∂L)
d(∂F/∂I)/dt = −(∂Φ/∂I + ∂Φ/∂F ∗ ∂F/∂I)
dF/dt = ∂F/∂K ∗ dK/dt + ∂F/∂L ∗ dL/dt + ∂F/∂I ∗ dI/dt
PK ∗ (∂PL/∂I− ∂PI/∂L) + PI ∗ (∂PK/∂L− ∂PL/∂K) + PL ∗ (∂PL/∂K−

−∂PK/∂I) = 0 a�m
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dK/dt = ∂Φ/∂PK

dL/dt = ∂Φ/∂PL

dI/dt = ∂Φ/∂PI

d(PK)/dt = −(∂Φ/∂K+ α ∗ (G−G0) ∗ ∂F/∂K)

d(PL)/dt = −(∂Φ/∂L+ α ∗ (G−G0) ∗ ∂F/∂L)
d(PI)/dt = −(∂Φ/∂I + α ∗ (G−G0) ∗ ∂F/∂I)
dF/dt = PK ∗ dK/dt + PL ∗ dL/dt + PI ∗ dI/dt
PK ∗ (∂PL/∂I− ∂PI/∂L) + PI ∗ (∂PK/∂L− ∂PL/∂K) + PL ∗ (∂PL/∂K−

−∂PK/∂I) = 0 a
m
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G0 −G = 1/a ∗ (∂Φ/∂K)/(∂F/∂K)

G0 −G = 1/a ∗ ∂φ/∂L)/(∂F/∂L) aFm
∂Φ/∂I = (∂Φ/∂K)/(∂F/∂K) = (∂Φ/∂L)/(∂F/∂L)

 5!(.3$  43$ 'H&.#4 5.67#$=54 �m � .>-&)7 %7G$&737� $ �m �G"!&.-&7�� �
&!>(7 $-%!54/  737#- 5!:.&  4&; G".(-&7)3.# 0'#%1$./ �7>"7#:7? ) %!�
&!"!/ 0'#%1$K  37>!-!-&!K#$K � =7G$-7#7 )5.-&. - '"7)#.#$K5$ #7=)7##46
5.67#$=5!) - 'H�&!5 #.!G".(.3�##46 5#!:$&.3./ �7>"7#:7�
�&.G.#; (!)."$K 57-- -!1$'57 % )37-&#45 -&"'%&'"75 -)K=7#7 - ).3$H$#!/
_ < $#(.%-7 -!1$73;#!>! #."7).#-&)7 a�:$#$m? 7 &!H#.. α ∗ (G − G0) G!
-3.('Jn./ 3!>$%.	 H.5  !3;2. $= 4&!H#!. #."7).#-&)!? &.5 #$:. -&.G.#;
(!)."$K $ #7! !"!&� �!&$)!5 %!3$H.-&).##!/ "7="7 !&%$ o&!/ $(.$ K)$3!-;
'-&7#!)3.#$. p�q -&7&$-&$H.-%!>! 07%&7	 -&.G.#; (!)."$K * -)K=7#7 - G"!$=�
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Y = F/L = b0 + b1 ∗X, b0 = −76.631, b1 = 0.876, corr = 0.957 a�m

�!G4&%7 G"K5!3$#./#!>! $-G!3;=!)7#$K a�m (3K G!-&"!.#$K '"7)#.#$/
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(L ∗ dF/dt− F ∗ dL/dt) ∗ L−2 = b1 ∗ dX/dt a�m
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dF/dt/F ≥ dL/dt/L aDm

�54-3 -!!&#!2.#$K aDm	 &.5G "!-&7 � (!3:.#  4&; #. 5.#.. &.5G7 "!�
-&7 =7#K&!-&$ < !(#! $= '-3!)$/ #. '5.#;2.#$K '"!)#K (!)."$K % $#-&$&'&75
)37-&$� �"'>!. '-3!)$. < $= -!)5.-&#!>! "7--5!&".#$K a
?�m	

PK ∗ dK/dt+ PL ∗ dL/dt+ PI ∗ dI/dt ≥ dL/dt ∗ F/L aEm

�3$	

PK ∗ dK/dt+ PI ∗ dI/dt+ (PL − F/L) ∗ ∂Φ/∂PL ≥ 0 a�m

L!"573;#45$ %7#($(7&75$ #7 0'#%1$$  37>!-!-&!K#$K 5!>'&  4&;	

Z = f(F, L), Z = f(G,L), Z = f(I, L), Z = f(F, I), Z = f(F,G), Z = f(I, G).
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ρ′(λ) =
Λχ(β ′)

4
(
1 + | cos β ′|)[1− ΛΦ(β ′)
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